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BBEJEHUE | -

CnipaBounoe roco6ue K peleHHIo 3a1ad 1O BBICIIEH MaTeMaTH-
K€ U3/]a€TCq B YETHIPEX JACTAX: .
* AHa/IMTHYeCKasi FeOMETPHs M JIMHeliHas aredpa.
* MaremaTuuecknii aHaIU3 # AMQdepeHUNATLHEIC YPABHEHH.
e Teopus BeposiTHOCTE.
¢ Teopna Qynxumii xomniekcHoli nepeMeHHON M ofepallHoHHOE
HCUMCJICHHE,

JaHHast KHUTa IIOCBSILIEHA MAaTEMAaTHYECKOMY aHaJau3y u nudde-
PEHUHAILHLIM YPaBHEHMAM H BKIIIOYACT B ce0H CIEMYIOUUE pa3Ieibl:
BBEJICHNE B aHANU3, AUdepeHInaIbHOe HCUrcIenue GYHKIMH OZHOMN
NEPEMEHHOM, HHTErPAIBHOE HCUUCIIEHHE QYHKIMIT OXHOMN TIEPEMEHHOM,
AuddepennanpHoe MCUHCHeHHe (BYHKIMIT HECKOIbKHX MEPEMECHHEIX,
OGBIKHOBCHHBIE U epeHIalbHblE yPABHEHHS, YHCICHHbIE METOIbI
(npUOIMKEHHOE peleHue anre6panueckuX, TPAHCLECHIEHTHBIX H auco-
(pepeHIMaNBHBIX ypaBHEHHH, MPUGIIKCHHOE BBIYHCICHHE onpeneneH-
HBIX HHTETPaJIOB, HHTEPIOIMPOBaHHE (bYHKIIHIT).

ITocobue umeer crenyromyro cTpykTypy. B Hauame kaxmoro na-
parpada NPUBOAATCA COOTBETCTBYIONINE TCOPETHIECKHE CBENECHHS (on-
PEAEIEHU OCHOBHBIX ITOHATHI, YPaBHEHHUs, GOPMYIIbl, IpaBUIIA, TIPH-
3HAKH, METOMBI). 3aTeM CHEAYIOT NPHUMEPHI PEllIEeHHUs TUIIOBBIX 3a4ad
pasnuYHON crenenu TpyaHocTH. Jlajlee mpeanararoTcs 3aqaum Aid ca-
MocrosTenpHOro pemeHus. Ko BceM 3amauam gaHBI OTBETHI, a K HEKO-
TOPBIM — ¥ yka3aHui. [Tocobue cHaGXeHO HIUTIOCTPATHBHBIM U crpa-
BOYHbIM MaTepHaJIoM. B nocobuu cogepikarcs cucrema 3aMedanmit
Y4eOHO-METOMYECKOTO XapaKTepa, MONE3HbIX s CTYJICHTOB, H3Yy-
YAIOHIMX KYPC BBICHIEH MAaTEMATHKH.



Pa3den L.

| BeedeHue 6 aHanu3

naea 1.
DyHKUMUA

§ 1.1. NousTue dyHkumu. O6nacTs onpeaeneHus pyHKLMMK

COBOKYTHOCTb BCEX PALMOHANIBHBIX H HPPAMOHAILHBIX HCE] Has3bl-
paeTCsi MHOXKECTBOM Oeiicmeumenbrulx (WM 6€ujeCmeenHbX) YUCel. Heit-
CTBUTE/IBHBIE YHC/IA MOKHO M306paxaTh TOYKaMH Ha GHCTIOBOH MPAMOH.

Ab6conomuoii éenuuunoii (WA MoOynem) NEHCTBUTENLHOTO YHC/IA X Ha-
3LIBAETCA HEOTPHLATENILHOE NEHCTBUTENBHOE YHCIQ, ONPENCIACMOE PaBeH-
CTBaMHU:

]xl=x, eciu x 2 0; x|=—x, ecan x < 0. a.n
Hepasencrso
|x|<a (a>0) (12)
PaBHOCHJIBHO HEPaBEHCTBaM
—-as<x<a (1.3)

CsoiicTBa abcoMOTHONH BETHUHHbI:

1. ‘x+y|$lx|+|y|.

2 |x-yl2fxl-|y

3. xyl=[x]|y]
s |2 ={—;—ll (y#0). (1.4)

Iepemennoii 6enusunoll Ha3bIBaCTCA BENIMUMHA, KOTOpad TIpUHAMAET
PpazUYHEIE YHCIOBBIE 3HAUCHHA.

COBOKYIHOCTb BCEX MHMCIIOBBIX 3HAYEeHHH nepeMeHHOH BeJIHYHHbI Ha-
3LIBAETCH 06/aCMbl0 uIMeHeHus STOH TIEpEMEHHOM. PasmiyaioT Clieylomune
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npocreimye 061acTH M3MEHEHNUS TIEPEMEHHOM X:
1) omxpuimeiit npomexcymox wnu ummepsan (a, b), T.€. COBOKyN-

HOCTB BCEX 4MCeN, 3aK/IIOUYEHHBIX MeXAY a U b: a<x<b (Touku a u b
HCKITIOYCHBI);

2) 3aMKHYymuiti npOoMexcymox WM cezMenm [a, b, Te. asx<b
(To4kH a ¥ b BIIOYEHBI);

3) nonyunmepsannt [a, b), T.e. a<x<b,u (a,b],T.e. a<x<h.

TlepemenHas BeM4HWHA y Has3bIBAETCA (yHKyueli NEPEMEHHON BENH-
YHHBI X, €C/IM KaX[IOMy 3HaUEHHIO X, KOTOpO€ OHA MOXET MPHUHHMATh, CO-
OTBETCTBYET CAMHCTBEHHOE 3HaueHne y . [lepeMeHHas x HasbIBaeTcs wesa-

BUCUMOII NepeMeHHOTl WIH apayMeHmom.
OyHKuMs 0603HAYAECTCA OXHHM U3 CHMBOJIOB:

y=f(x), y=y(x), y=F(x), y=¢(x)uT. I

Hna ¢ysxuvu y = f(x) f(a) —3HaueHue, KOTOpOE OHAa TIPHHAMAET
IpH x = a.

DyHKIMA ¥ apryMeHT MOTYT 0003HayaThCa M npymMﬂ 6yxBamu, Ha-
npumep u = f(v), S=¢ (), r=r(9)

Kopuem (unu Hynem) GyHKIMM y = f(x) Ha3bIBAeTCA 3HAYEHHE apry-
MEHTa X = @, HPH KOTOPOM QYHKLHS paBHA HyJIIO:

f(a)=0. (1.5)

CoBOKYNHOCTB BCex 3HaUEHHH apryMeHTa, NPU KOTOPHIX (PYHKIMA MMe-
eT OmpejeNeHHble NeHCTBUTEbHbIE 3HAYEHHUS, HA3hIBAETCI 061acmbio Cy-
wecmeosanus WK obnacmoio onpedenenust GyHKUMH,

DyHkumua MoxeT ObITh 3afaHa TabNMYHBIM, rpaUUeCcKHM, aHATHATHYC-
CKHM HJIH IPYTUM CTIOCOGOM.

Asnoi GyHkuueit HasbiBaeTca QyHKUHS, 3afiaHHas ¢dopmynoi

y=f(). (1.6)
Hesgnoti gynkimeil HasbiBaeTCs (yHKIMA, 3a0aHHAsA YPABHEHHEM
F(x,y)=0, a.m

HE pa3peMICHHbIM OTHOCHTEJIBHO ).
(D)’HKIIHSI, onpeacneHHas B obnactn —a<x< a, Ha3bIBAETCA YemHOl,
ecliH A Jrodoro x u3 obnactu ONpeacneHuA BhIMIOJHACTCA PaBEHCTBO

JS(x)=f(=x). (1.8)
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OYHKIMS Ha3HIBAETCS HeyemHot, ECITH LIS OGOro x BEIMONHAETCS pa-
BEHCTBO

f==fCx. (19)

DYHKIMA Ha3bIBAETCA nepuoduyeckoli ¢ TepuoaoM 2/, ecnu mpH jo-
6oM x 13 0611aCTH OTpeeIeHHs BEINIOJIHAETCA PABEHCTBO

fx+2D= f(x). (1.10)
Ecmm
= f(u), u=¢(x)- (1.11)
(YHKIHH CBOUX apryMEHTOB, TO QyHKIms 7
y=flo )] (1.12)

HA3BIBaeTCA QyHKyueii om QyHKyuu WIA CONCHOU PyHKyUen.
Ecnu ypaBHeHHe y = f(X) paspellMMO OTHOCHTEJBHO X, T. €. CYIleCT-

ByeT dynkmma x = @ (y) Taas, 910 f [@ (y)]=y, TO dpyHKIS X =@ (Y)
Ha3LIBAETCA 06pamHOii N0 OTHOIICHMIO K QyHKIAH y = f(x).

NMpumep 1. Haifti 06nacTh M3MEHEHHA X, €CIIH |x-2}<3.
Pewenne. Iloonpenenesuio a6COMOTHOMN BENMIHHBI

|x—2|=x—2, ecmd (x—2)>0 unn x >2;

Ix—2|=—(x—2), ec (x—2)<0 wm x <2,
TI03TOMY COOTBETCTBEHHO MONY1HM Hepéneucma
x-2<3 n—-(x-2)<3,
o;n‘xyna
x<5ux> -1

CrenoBatensHo, —1 < x < 5, T. €. x MeHsieTca B HHTepBane (-1, 5).

JTOT npuMep MOXHO PELINTh M no-npyrouy Ha ocHoBaHun dopmyn
(1.2) n (1.3) MOXHO 3aIHCaTh . ‘ f

—3<x—2<3.

TpuGannss 2 Ko BCEM 4acTAM HEPABEHCTBA, MONYYHM



2-3<x<3+2 wm -1<x<5.

Mpumep 2. Haitn o6nacts m3sMeHeHns x, ecmu |x—1|> 2.
Pewenue. Ilo onpenenenmio aGcoMmoTHOM BETHIMHDI

x=1>2 opu (x-1)>0, T.e. x>1;

—(x=1)>2 opu (x-1)<0, T.e. x<1.

M3 wepasenctB x—1>2 u —x+1>2 nonywaem x >3, x <—1.
CnenoBaTenbHo, 06NacTbi0 H3MEHEHUS! NEPEMEHHOM X ABJIAETCA COBO-
KYITHOCTb JIBYX GE€CKOHEUHBIX HHTEPBAIOB: (— oo, —1), (3, + o0).
Mpumep 3. Pemmts ypasrenue |x—1|+|x—2|=1
PeweHne. Paccmorpum Tpu cimyuast: 1) x <1; 2) 1€x<2; 3) x>2.
B nepBoM ciyuae

|x~1|==(x—=1) u |x—2|=-(x—2),

N03TOMY YpaBHEHHE TIEPEIHUIIETCS B BUE
-(x-D-(x-2)=1wmwm -2x+2=0,

OTKyJa x =1, 4TO NPOTHBOPEUHT HepaBeHCTBY x < 1. B atom ciyyae pe-
LICHHH HET.
Bo BTOpOM CiTy4ae

lx-1|=x-1u|x-2|=-(x-2),

NO3TOMY YpaBHEHHE npnﬁmae*r BHJ
(x-D-(x-2)=1,

T. €. CBOAUTCA K TOXASCTBY. Cle0BaTENLHO, YPaBHEHHIO YZOBNETBOPAIOT
BCe x U3 oTpe3ka [1, 2].
B TpeTheM citydae nmosydaem

(x-D+(x=2)=1 wm 2x-4=0,

OTKYZa X =2, 9TO NPOTHBOPEYHT YCAOBHIO X > 2.

Takum 06pa3oM, ypaBHEHHIO YZOBJIETBOPAIOT BCE 3HAYEHUA X, IS KO-
TopBIX 1< x <2,
NMpumep 4. Nana pyuxuus f(x) x2-10x+16.

Haitr 3HaveHus QyHKUMH NPU 3HAYEHMAX apryMEHTa, PaBHBIX COOT-

‘ BETCTBCHHO CPCOHEMY TC€OMETPHYECKOMY M cpenneMy apn(bMeTmecxomy
‘ 7



ee KopHeii. ,
Peweunne. Haiinem xopuu, wmm Hymu, ¢yHkuud. IIpupaBHusas dynk-

M0 HYJIO, NOJy9HM KBAJPaTHOE ypaBHEHHE x*-10x+16 =0, KopHH KO-
X +x,

Toporo x; =2, x, =8. Cpennee apudmeTHaeckoe kopreil x’ = =5

H cpeaiHee reoMeTpudeckoe x” = [xx, = 4.

HoncraBnas HalileHHBIC 3HA4YE€HWA apryMEHTa B BBIpAXKCHHE U
f(x), moiry4aeM COOTBETCTBEHHO

f(4)=4%-10-4+16=-8, f(5)=5*-10:5+16=-9.

Npumep 5. Jlokazats, uro dyuxuus f(x)= %/(x+a)2 +\[(x a)
SABISIETCA YETHOA.

Pewenne. VOemuMca B TOM, YTO JUIA JAHHON (QYHKUHMH BBHINOJIHAETCS
yenosue (1.8). FloacTasnas —x BMECTO X B Bblpaxenue i f(x), nomy-

YMm

f(—x)=%k—x+a)2 +%[(—x—'a)2.
Tak kak
(—x+a)2 =(x—-a)2, (—x—-a)2 =(x+a)2,

TO

f(—J\:)-:%[(x—a)2 +§/Zx+a)2 =§kx+a)2 +_§/(7—a)2 = f(x).

‘ 35
Apumep 6. Joxasars, 4ro QYHKIMA f(x)=x-—£3—+—x? ABJIAETCH He-

YeTHOI.
Pewenrue. YGeuumca B TOM, 4TO BhNonnsercs yciaosue (1.9):

3 5 3. 5 3 5
fen=en-E2y "—")—’=-x+"—-—"?=—[x—%+"?]=—f(x).

NMpuwep 7. Hokazats, uro Pynkums f(x)=tgxsin3x+ctg2x ABnAeT-
cx nepnozcmecxoﬁ 1 HalfTH ee NepHo. '



Pewenune. Tak kak

tgx =tg (x +m),
T. €. GyHKUHA tgX MMEET IlepHon =,

sin (3x +2m) =sin [3 (x + 27”)],

o X 2x
T. e. QyHKUHMA sin3x HMEET nepHO 3

ctg(2x+m)=ctg [2 (x + _123)]’

L
T. €. QyHKIMA ctg2x HMeer epHox > o yHKUMA f(x) MMeer mepuon,
' . 2n © -
PaBHEIH HAaHMEHbIIEMY KPaTHOMY YHCeN T, 37 T. €. 2n. B camoM ne-
e,

Sx+2m)=tg (x+2n)sin 3x +21)+ctg 2x+27) =

" =tgxsin3x+ctg2x = f(x).

Mpumep 8. Haiitu o6racts onpenenenns GpyHKUUM

x—8
x?—Tx+12 7
Pewexne. Jlannas GpyHKUNA He onpeneneHa s Te€X 3HAYCHHH X, npH

KOTODBIX 3HaMe€HaTeNh oOpamaercs B HyJb (Tak Kak HelieHHe Ha Hylb He
uMeeT  cMuicia). IlpupaBHMBas = HyJI0  3HAMEHaTelb, [OJYYHM

X —Tx+12= 0, otkyma x; =3,x, =4. Hrak, ¢yHKIHA ompeneseHa Ha

f(x)=

BCel JEHCTBHTENBHON OCH — oo < X < +oo, KpOME TOYeK x; =3,x, =4.

JIpyrumu ci0BaMH, 06NacTbiO ONpeNeNeHNs ARIAETCH COBOKYMHOCTh TPEX
HHTEpBANOB: (— o, 3), (3, 4), (4, + ).

Fu(x)
0, ™

1 0,(X) — TONMHOMBI COOTBETCTBEHHO CTENEHH /M W 1, ONPENENeHa s Beex X,

kpome Hynelt gynkumuu Q, (x).

3ameuanue. lpo6Has paimonansHas dynkuma f(x) = , rae P,(x)



NMpumep 9. Haiitn 061acTs CymecTBOBaHHS GyHKIHH

Fx)=O0-x?) (7 ~4) +5x+7.

Pewenue. OyHxkums npeacrasisieT coboit cymmy nsyx ¢yHxumit. Bro-
past M3 HUX OTpeJeJieHa MPH BCEX X, TAaK KaK KOPeHb TPETheH CTeneHH Cy-

mecTByeT Tpu JoGoM x. Tlepsas byHKuMA (9-x%)(x* -4) onpemenena

JIMIIbL OpH T€X 3HAYEHMSX X, IPH KOTOPbIX MOIKOPEHHOE BHIPAXKEHHE HEOT-
puLaTeabHO (KOpeHb KBaAPATHBIH CYMIECTBYET TONBKO WIS HEOTpHUATEb-
HBIX 4ncen). Utak, 10JKHO OBITH

(9-x*)(x*-4)20.
DTO BO3MOXKHO, KOT'Aa:
1) 9-x220, x2-420; 2) 9-x* <0, x*—4<0.
PaccMOTpUM NepBOE YCIIOBHE: x2<9, e |x| <3 wm -3£x<3 n
xt24, 1.e. ]xl >2 wm x<-2 u x22. Takum obpaszoM, 3TO yCrIoBye

BBINOJIHAETCA, KOraa
—3€x<-2u2<x<3.

TlepexoauM KO BTOPOMY YCTIOBHIO, KOTOPOE MEPEMHILIETCS Tak: x?>9,
T. €. |x|23 wm x<-3 ux23, 1 x? <4, 1.e. |x|s2 wm -2<x<2.

CnenoBaTtesibHO, 3TO YCIOBHE HE BBITONHMMO (HE MOTYT OIHOBPEMEHHO
BBITIONHATECA HepaBeHcTBa —2<x <2, x < -3, x>3).

Takum - obpasom, obnacTrio onpenenecHus dyHKIMH
Six)=+/(9- x? ) (Jc2 -4)  sBnseTCA COBOKYIIHOCTh JIBYX CETMEHTOB!
[-3,-2),[2,3].

327071 23 Cymma 1Byx GyHKImi ompezerne-
T Ha TaM, TJe OTPENeNeHO KaKIoe Clia-
Puc. 1.1 . raemoe, MOJTOMY HCXOfHad (yHKUMS

TaKXKe onpeneﬁeﬂa R YKa3aHHbIX IBYX
cermenTax (puc. 1.1).
3aMeuanue. EciM QYHKUMS COACPXKHT DaIMKanbl YETHOH crcncrm To oHa
OMpeeNeHa b NP TEX 3HAYCHHMSX X, MPH KOTOPHIX NMOAKOPEHHBIC BBIPAKCHMA
HEOTPHULIATENBHBI. o )
Mpume p 1 0. Haifru o6nacts onpeneneHus dynKman
2x - 1

3

y = arcsin

10



Pewenne. Oynxuus u=arcsins onpenenena npu —1<7<1 Creno-

BaTCJIbHO, NaHHasA (bYHKlIHX onpenelieHa TONLKO JUIs TeX 3HAYCHUH x, i
KOTOPBIX

-1<

-1
2"3 <1, otkyma ~3<2x—-1<3.
Pews aTH HepaBeHcTBa, momydnm —1< x < 2. Hrak, byHxuHa onpe-
nesieHa Ha otpeske [—1, 2].
Npumep 11. Haitrn obnacts onpenenenns GpyHKuHH

f(x)=log (4-x?).
PeweHwue. Jlorapudpmmieckas GpyHKuMs onpeneneHa Npu NOIOKUTEb-
HBIX 3HAUCHUAX CBOErO apryMeHTa, T. €. npu 4 —x2 > 0, OTKyAa x° <4 wiu
|x| <2. CneposaTtenbHo, NaHHad (yHKUMS onpeneNeHa mpu —2 < x < 2,
T. €. B HHTepBase (-2, 2).
NMpumep 12. Haitrn Sle(x)] H o[f(x)], €ClH

f(x)=sinx, @(x)=x>.
Io onpenenenuio namubix Qyukumit umeem f(f)=sint, @(u)=u’,
no3TOMYy

S le(x)]=sin@(x) =sinx?,

9 Lf(x)]=(f(x))* =sin’x.

Mpumep 13. Ian tpeyronbHuk ABC, OCHOBaHHE KOTOporo AB=c u

Boicota KC = h (puc. 1.2).

c B TpeyroneHUK BOMCaB npAMo-
yronsHHK~ DENM, - BbIcOTa - KOTOpOro
DM =x. Boblpasuth mnowans npamo-
YrONbHHKA KaK (YHKLHIO BHICOTDI.

p/ L E . - Pewenue. OGo3HauuM OCHOBaHHE

MN  BIHCaHHOTO  NPAMOYroJbHHKA

uepe3 y. Ilmomans Beipasutcs ¢opmy-

K noi

M N o ey (A

Pue. 1.2 IlepeMeHHsIe X U Y He ABIAIOTCH

11



HE3aBUCHMbIMM, OHM CBA3aHBI HEKOTOPHIM COOTHOIEHHEM. VI3 noaobus
TpeyronsuukoB DEC u ABC nomyvaem
CL DE
i (B)
CK AB
Tak xak CL=h-x, DE =y, CK = h, AB=c, To paseHctso (B) npu-
MET BHJ

OTKyHa
y= % (h-x). (C)

U3 pasencts (A) u (C) nomy4aeM UCKOMYIO (YHKUHOHANLHYIO 3aBHCH-
MOCTh

S=%(h—x)x.

Mpumep 14. Haiith o6paTHble QyHKIMHU JUIA JAHHbIX dyHKum:
1) y=3x-5 2) y=+1-x%
3) y =arcsin3x; 4y y=x*+2.

PeweHwe. Palpemas kaxaoe H3 JaHHbIX YPaBHEHHH OTHOCHTENBHO X,
nosyuuM cieayiolue obparHbie GpyHKIuH:

)} x=§(y+5) (onpeneneHa npu Bcex y, T.e. A
—oo < y < +o0);
2) x= 34/1— y2 v (ompeneneHa npu BCEX y);
1 n T
3) x =—sin eneHanpu —— <y <)
) x 3 y (onpenencHa npu 5 y 2)

4) x=./y-2u x=—\/y-2 (onpeneneHsl npu y 2 2, T.e. B bec-
KOHEYHOM MOJIyMHTEpBaje [2, +oo)).

3apaun
1. Haiit 06nacTs M3MEHEHHs NEPEMEHHON X M u306pa3uTh e¢ Ha 4u-
CJIOBOI NpAMOIL B KaXJI0OM U3 CIIENYIOIUX Cly4aes:

D |x-3|<4 2) |x+2|<5;

12



3) |x-4|>7, 4) x* <25
5) x*>16.
2. Pewmrs ypaBHeHne ‘xz —9l+’ x? —4' =5.

3. Masa dynHkums f(x)=x*-x+2. Haiita f(-1), f(0), f(1),

1
f@), f(=x), f (;) J(x+h).
4. Ompenennrs, Kakas U3 AaHHBIX (YHKLMI SBIAETCA YETHOI, Heuer-
HOIA:
2

D fE=xt-Z 2) f(x)=log=%;
2 a-x

3) f(x)=a" +a™"; 4) f(x)=a*-a’%;

5) flx)=3% 6) f(x)=sinx+cosx.

5. Hoxasate, uto ciienyiomine GYHKUMH ABMAIOTCS NEPUOAMYECKAMH, H
HaATH UX EePHOABL:

D f(x)=sin2x+tg§; 2) f(x):cos§~+tg§.
6. Haiitu obnactu onpeneneﬂm byHKUMH 1 H300pa3UTh UX HA YKMCIIO-
BOH npsAMoii:

D y=16-x2+32x+3; 2) y=—i T .

x-5x+6°
1

3) y=———j
V16-x2

5) u=-+/sint; 6) y =sin/x;

7) y=Igsinx; 8) y=1/lgcosx.

7. Haittu f [0 (x)] u @ [f(x)], ecin f(x)=x>, ¢ (x) = cosx.
8. B tpeyronshnke ABC cropoHa BC = a, cropoda AC = b un nepe-
MeHHbIH yron £ ACB=x. Bplpa3suTh Iolafb TPEYroasHUKa Kak (pyHk-

4) f(x) = sin? x;

LIMIO X,
9. Haiitu sBHble 06paTHble DYHKLUMHM MUIS KaXIOH M3 HaHHBIX (yHK-
LM:
) y=2x-5 2) y=3%

3) y=+1-x% 4) y=cos>.
J
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OTBeETHI i
1.1)-1<x<7, 2)-7<x<3, 3)x<-3 »n x>11, 4) -5<x<5

2

5) x<-4 u x24 2. ~3<x<-2,2<x<3. 3.4, 2, 2; 4 x +x+2;

' 1
(2x2 -x+1)—5. 4.1)uernas; 2) meueTnas; 3) yerHas; 4) HeweTHas; S5)H
x ,

6) dyHKLMN HE YHOBNETBOPSIOT HY YCNOBHIO YETHOCTH, HH YCIOBHMIO HEYCTHOCTH.
5.1 20=2m, 2) 20 =30m. 6.1) ~4<x<4, 2) (=0,2), (2,3), (,+),
3) —4<x <4, 4) —oco< x<+oo, 5)COBOKYITHOCTE OTPEIKOB [2kn, 2k+1) w],
6) x 20, 7)cosoxymHocts uHTepBanoB (24T, (2k+1) ), 8) coBokymHoCTE

Touex x, =2mn(n=0,+1,+2,%3,..). 7. flp(x)]=cos’x, o[f(x)]=

. 1
=cosx’. 8. S=%bsmx. 9. 1) x=5(y+5); 2y x=logyy; 3)x=
= 44/1- )%, x =—+1-y% 4) x =3arccosy.

§ 1.2. Fpadmk pyHkumn. MpocTteiwmne npeobpazoBaHuA
rpacdwmka.

I'paguxom ¢yHxumn y = f(x) Ha3BIBaeTCA I'€OMCTPHIECKOE MECTO
Touex M (x, y), KOOPIMHATHI KOTOPHIX YHOBIETBOPSIOT JaHHON (yHKLHO-

HaNbHON 3aBHCHMOCTH.

Moctpoerue rpaduka aHATUTHYECKH 3aJaHHOH (GYHKUMH MO TOYKAM
BBITIOJIHSETCS B CHEAYIOIEM NOPSKeE:

1) coctaBnseTcs Tabnuna 3HaUeHHH apryMeHTa M QYHKIMH Ha OCHOBE
JaHHOM GHOpMyIIbI;

2) B BHOpaHHOI CHCTEME KOOPAHHAT CTPOATCS TOYKH, KOOPAUHATAMH
KOTODBIX ABJISIOTCS COOTBETCTBYIOMIME APYT APYTY 3HAYEHHA NEPEMCHHBIX,
cofepxanuecs B Tabnule;

3) noJNyueHHbIe TOYKH COEAMHAIOT IIABHOM JIMHHUCH.

Ioctpoenue rpaduka GyHKIHM YMPOLIAeTCA, €CTH OHA ABNAECTCA YeT-
HO#, HeueTHOM WM nepuoaudeckoif. I'paduk YeTHOH (yHKUMH CHMMETPH-
yeH OTHOCHTENbHO ocH (Oy; rpadyk HedeTHOH GyHKUMH CHMMETpHYEH OT-

HOCHTENBHO Hauana KOOpAMHAT; rpaduk NepHoIMYeckol GyHKLUMH moTyda-
eTcsl IyTeM MOBTOPEHMA 4acTH ee¢ rpauka, COOTBETCTBYIOIIEH OTHOMY

nepyony.
T'padmku cyMMB! (pasHOCTH), POU3BEACHUS H JaCTHOTO

f(x)= [ fr(x), (1.13)

14



9 (x)= f/i(x)- f2(x), (1.14)

_ A 115
CF(x) 50 (1.15)

[OJy4aroTcsa U3 rpaduxoB ¢yHxumi y, = fi(x) u. y, = f5,(x) coorercr-
BEHHO IIyTE€M CIOXKCHMA (BBIYMTAaHHA), YMHOKEHHA W NENEHHA 3HAYCHHH
AaHHBIX (GYHKIMI NPY JaHHBIX 3HAYEHUSX apTYMEHTA.

HpennmonoxuM, 4ro rpadux GpyHKuHM

y=f(x) (1.16)

u3BecTeH (puc. 1.3).
1. I'paduk PpyHxumm

y=f(x-a) .17

npeacraBnser cobod rpadux ynkmMu y = f(x), CABHHYTHIA BAOND OCH
Ox Ha |a‘ MaciTaGHBIX €HHUL BJIEBO, ecni a > 0, W BIIpaBo, ecin a < 0

(puc. 1.3).

7\ y=f(x)+Ibl ~ 2. Tpaduk dyHxuwm
/L\ y=f(x)+b  (L18)
|

nomy4yaerca ~ M3  rpaduxa

y=f(X+/a’) y=f(X) y=f(x-lal) y=f(x) CIABUIOM BIOJNb OCH
A' l 'a'\j\ Oy Ha |b| emuunu sBepx npu
- , > 5>0 u smws mpu b<0

’ 0 0 (puc. 1.3).

—

y=fx)-1ol 3. I'paduk GyHKUME
y=¢f(x) (1.19)
MONydaeTcs M3  HMCXOAHOTO
Prc. 1.3 rpadguka IMyTEM YMHOMXEHHA

€ro OpANHAT Ha kKoddduiment
¢, MpUYeM OpAHHATHI YBEJIMYMBAIOTCA B ¢ pa3 MPH ¢ >1 M YMEHLUIAIOTCS

1
B — pa3 npu 0<c<1, acooTBeTCTBYIONME aGCIMCCH OCTAIOTCS OPEKHH-
(4

M (puc. 1.4). T'padux hyHKuEH y = ¢f (x) sABAsAETCS 3epKaTILHEIM OTOOpa-
XeHHeM rpaduka y = —cf(x) oTHocurensHo ocu Ox (puc. 1.4).

15



\ YA :
y=f(-kx)
y=cf(x), c>1 ; _
y=h (X)A/
0 A g L
0 o
=-Cf(x) / \\ )

y=f(kx), k>1

Puc. 1.4 Pue. 1.5
4. T'padux pyHkumn
y=f(kx) (1.20)

1
MONY4YaeTcss W3 MCXOJHOTO rpaHKa YBENMYEHHEM B T pas abcuucc ero

Touek npd 0 < k<1 mux yMeHbIIeHHeM B k pas npu k >1 ¢ coxpaHenuem
ux opaunat (puc. 1.5). Ecau k <0, To rpaduk dpyHkimu y = f(kx) npen-
craaser coboii orobpaxenue rpapuka y = f(—kx) OTHOCHTEJBHO OCH
Oy.

VkasaHHble NpeoGpa3oBaHMA NAIOT BO3MOXKHOCTh CTPOUTH Ipadku
¢yHkunii 6onee CHOXKHOro BHIA:

y=cf[k(x—a)]+b. (1.21)

NMpumep 1. INocrpouts no ToukaM rpapux GyHxunn y = x° Ha oTpes-
ke [-2,2].
Pewe#nue. CocTaBuM TaGNULy 3HAUCHHIl apryMeHTa U QyHKLUK:

el 3 a2 e | L] 30 2
2 2 2 2

ylos 12277 |22 bo | 20 2 s
8 i 8 8

TMocrpouB Touku  M,(-2,-8), M, (—1%, -3 %), M;(-1,-1),

1 1 11 1,3
M| -—-=|  M0,0), Mg|=, <} MQD, Mg|l-,3-]
4( 2 s) 5(0,0) 6(2 8) 2,1 s( 5 8)
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My(2,8) u coemunMB MX MNaBHOH KpHMBOM, MOTY4MM rpaduk byHKuMH

y=x’

(puc. 1.6).

NMpumep 2. Hoctpouts fpadmx byukuny y = %
P

PeweHue. OyHKIMA 3Ta ONpeae/ieHa NPU BCEX 3HAYEHHUAX X, 33 UCKITIO-
4yeHueM Touku x = 0. [IpHnaBas apryMeHTy ykasaHHble HIKE 3HAYEHHS W
BBIMHCIIAA COOTBETCTBYIOLIHE 3HAYEHHNs (PYHKLIMH, COCTABJIAEM TabuLy:

x [ =321 -1 1 2 | 3
3 2
y | L1 1| 9 | 4 171
9 4 4 9
Yk YA
L8 Mg S
7 8
16 A
¥
6
ta
13 MB 5
+2 4
41 MM7 3
. . 5,
S5 T2 54 jL
7
M.? f-z 19
-3 -
M2 la 1 0 7 2 3 X
-5
N Puc. 1.7
+-7
M, ls
Puc. 1.6

IlocTpouB TOYKM MO JaHHBIM KOOpAMHATAM M COEAMHMB HX IUIABHOIA
KpuBoH, nonyuuM rpacduk manHo# ¢ysknuu (puc. 1.7). Mockonbky ¢yHk-

1
uud y = —5 ABIAETCS YETHOH, rpaduk ee CHMMETPHYEH OTHOCUTENBHO OCH
x

Oy.
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7 Mpumep 3. Ilocrpouts  rpadux
dyHKUMR Y = Jx.

PeweHue. Oynkums y=«[; on-

penesieHa, KOTa IMOOKOPEHHOE BbIpa-
)EHHE HEOTpHLATENBHO, T.e. X =0.
CnenoBaTellbHO, 00NacTbiO onpeneie-
Hust. GyHKUMM ABiseTcs GeCKOHEeUHBIN
0 > nonynntepsan [0, «).

Bo3ssons B kBagpar obe 4acTH
Puc. 1.8 JAHHOTO ypaBHEHHs, HAXOMHM J° = X.

TTonydeHHOe ypaBHEHHE onpenenseT napaboiy, mis kotopoit ocb Ox Oy-
. IET OCBKO CHMMETPHH.

H3Briexas KBaapaTHBII KOPEHb, TOTyYHM Y = +/x. Tlo YCOBHIO HYX-

HO B3ATh TOJIBKO 3HaK moc. Cre0BaTebHO, HCKOMBIM TPaUKOM SBIACT-
s uacTh napabonbl, /Ui KoTopoil y 20 (puc. 1.8).

Mpumep 4. Mocrponts rpadux GyHxuur y = —16-x>.
YA PeweHune. lanHaa ¢yHkuusa on-
penenesa, korma 16 -x220 wm

1.2 3 4 x2 <16, T.e. npu —4 < x < 4. Takum

3 /

obpazom, 06NAacTBIO  OTPEAENEHUS
sBigeTca cermeHt [—4, 4].

Bospens B ksagpar ofe dYacTH
YpaBHEHHs Y = —v16-x, nonyuum
x? +yz =16. DT10. ypaBHeHUE OK-

Puc. 1.9 pyxHOCTH paguyca R=4 ¢ ueHTpoM
B Havale KOOPANHAT.

TTockoNbKy McXomHas GyHKIMA NPUHUMAET JIMLWbG OTPHLATEIbHbIE 3Ha-

4eHHA, TO TpadukoM ee GyIeT MOMyOKpYKHOCTD, PACMONOKECHHAA HIDKE OCH

Ox (puc. 1.9).
Npumep 5. Iocrpouts rpaduk Gynkuun f(x)=x+sinx.

PeweHue. I'padux nanHoii ¢yHkuum mnojiyyaeTcs MyTEM CIOXKECHUS
rpaduxos mByx QyHkumit: f,(x)=x, f,(x)=sinx;, W300paxKeHHbIX Ha

prc. 1.10  wTpHXoBLIMM JMHUAMH. Pax  TOuex rpaduka QyHKUMA
f(x)=x+sinx MOXHO NOCTPOHTS, [IPUHHMAs BO BHUMAHHE CIelylomice:

1) f(x)=x ans Tex x, IpH KOTOpbIX sinx =0;

18



i vA
y=X
A y=x+sinx
T 3
-~ - S—~ 3
L N2 0F N 2 X
2 3p n~__7 g To~__72n
2 e y=sinx
F Puc. 1.10

2) f(x)=x+1 mia Tex x, npH KOTOPBIX Sinx = I;

3) f(x)=x-1 nna Tex x, NpH KOTOPBIX Sinx =—1.
Mpumep 6. IToctpouts rpaduk pyHkunn f(x)= xsinx.
PeweHnwne. I'paduk 3101 yHKUUYN npencrasnseT coOOi MPOU3BENEHHE
rpaduxoB aByx ¢ymkumit: fi(x)=x, fo(x)=sinx. paduk MoxHo mno-
CTPOUTH IO TOYKAM, UMes B BUALY Clienyiolee:

1) Tak xak —-1<sinx <1, To —x < f(x)<x, T. e rpabuk QyHKUMM
f(x)=2xsinx UEJINKOM PaCHONOXKEH MEXAY NPAMBIMU Yy =X U y = —X
(puc. 1.11);

2) f(x)=0, ecan sinx =0;

3) f(x)=x, ecnu sinx =1,

4) f(x)=-x, ecnu sinx =-—1.

Mpumep 7. IToctpouts rpaduk pyHkumu f(x)= cosecx.

PeweHnwne. JlanHasg ¢yHKLHS ONpeleieHa Ha BCEM MHOXKECTBE JeHCTBH-
TEJIbHBIX YHUCEN, KpOMe Todek x = kn (k=0,+1,+2,£3,...), 1. e. obna-

CTBIO €€ ONpENC/ICHUA ABIAETCS COBOKYIIHOCTh MHTEPBAJIOB ... (—T, 0),
0, ), (w,2m)...

1 .
Tak xak cosecx =——, TO rpadHK QyHKUNH MOXKHO OCTPOUTE € 110-
sinx

mowpio - rpapuka  fi(x)=sinx. Ilocrpoum  rpaguk  QyHKuUHMH

19



YA

Puc. 1.11
f(x)=cosecx B uHTepane (0, 7). NpH X =g nosy4aem f (g’—)= 1. Ipn

x—0 U x> T (yHKIMA HEOrPAaHUYEHHO BO3DACTaeT, rpadHk ee umeer
BHJ, M300paxeHHbIN Ha puc. 1.12. B nHTepBane (%, 27) GyHKUMA NPHHH-

MaeT OTpHLATENbHbIE 3HAYEHNS, IpHYEM [ (% n) =-1. I'papuk dyHKIHMH

B IPYTHX MHTEpBaax MOJIy4aeTCs U3 yCJIOBHSA MEPUOANIHOCTH.

NMpumep 8. Mocrpouts rpaduk GpyHKIMH y =sinx+3.
Pewenue. I'papukoM naHHOH GyHKUMM ABNAETCA CHHYCOHIQ, CABHHY-
Tag B HanpaBaeHMH ocu Oy BBEPX Ha TpU emuHuMupl (puc. 1.13)

(cM. dopmyay (1.18)).
Mpumep 9. INocTpouts rpaduk GyHKIHH y = COS (x - %)
PeweHwne. I'paduk 310# yHKuHN NpencTaBageT coboi KOCHHYCOHY,

CABHHYTYIO BAOJb OCH OX BINpaBO Ha BEJMYHHY, PAaBHYIO % (puc. 1.14)

(cM. dopmyny (1.17)).
20



y=sin x
- ~ 1/ ~ %777 —
— 4 ~ ) -1 771' TN 72n X
y=cosec x
Puec. 1.12
_yT
y=sinx+3
/_\/ 4
2 .
1 y=sinx
-~ -—— -
yid > - R V. - >
~ ~N —~ /0 ~ ~ - P X
Puc. 1.13
g
y=cos(x-% )
7% '/ // ~ \\ , /*»

Puc. 1.14

Npumep 10. Moctpours rpaduk GyHkuMn y = 3sin 2x.
Pewenue. Ha ocHoBaumu npocTefinX npeoGpa3oBanuit rpaduka (3 u
21



4) 3akmouaeM, 4To rpaduK ITOH PyHKIHH SBIAETCH cuHycounoi, abeumc-
Cbi KOTOPOH YMeEHbLIEHb! B IBa Pa3a, a OPAUHATHI yBEIHHCHBI B TPH pasza
(puc. 1.15).

Mpumep 11. IocTpouts rpaduk dyHKIHH

y =—4cos 2x—6)+1.

1

y=3sin2x

P D §
< —»>
~_\~ \/\‘K// X

Puc. 1.15
PeweHue. JaHHy0 QYHKLHIO MOXKHO NIPEACTABHTD B BUIE
y=—4cos [2 (x=3)]+1. (A)

CpaBuuM 2Ty $yHKIMIO C QYHKLWEH, nonydarouteiica u3 Gopmybl
(1.21) npu 3aMeHe cuMBoON2 f CHMBOJIOM COS, T. €. byHKumeH

f(x)=ccos [k (x—a)]+b. (B)
®ynknus (A) nonyuaercs U3 GyHKIUH (B) npu cnexyrolIMX 3HAYCHHAX
mapamerpoB: c=-4,k=2,a=3,b=1
Tpunnmas BO BHMMaHHe MPOCTEHIIUE npeobpasosanus rpaduka, mo-
Jly4yaeM OCHOBHBI€ 3Talibl [IOCTPOSHHA rpaduka NaHHOH QyHKIAN:

1) ysenwunsas B 4 pasa OPOMHATH TOYEK rpadpuxa QyHKIHH
y =COSX, MEHsS MX 3HaK{ ¥ COXPaHsd HEU3MECHHbLIMH abcumcchl TOUEK,

cTpouM rpaduk pyHKuma y = —4cosx (puc. 1.16);

2) ymenpias B 2 pa3a abCLMCCBl TOYEK rpaduka (QyHKLMH
y=—4cosx W COXpaHis WX OpARHATEHI, CTPOHM rpa¢puk  QyHKUMH

y =—4c0s2x;

'3) nepenocs Touku rpadpuka dymxtiuy y = —4cos2x B HaNpaBleHUN
och Ox Ha 3 eIMHHUB BIpaBo, CTPOMM ‘ rﬁa(bux ling:teivtd
y=—4cos2(x=3); L : : o

4) nepeHocs TO4KW rpaduka QYHKUMH y =~4c0s2(x—3) B Hampas-
newun ocu Oy Ha | e[IMHYLY BBEPX, NOTY4nM rpaduk VCXOHOM BYHKUMH
22



=—4c0s[2 (x—3)]+1.

Tlone3ysck NMepHOAMYHOCTHIO paccMaTpHBaeMOH (yHKIMM, MONydeH-

HBIi rpaduK MOXHO MPOJOIDKUTE B 06€ CTOPOHEL.

y=-4cos2(x-3)+1

Puc. 1.16

y=-4cos2x

y=-4cos2(x-3)

Mpumep 12. [ocrpouts rpadux GpyHKuMH f(x)=sin?x.
Pewewnune. Oynkuus 3Ta onpesieneHa npu seex x. IlocTponm cHauana

rpaguk dynkmmm y=sinx (puc. 1.17). Tak xak f(0)=0, f(%):l,

17
y=sinfx
NS X -
0 g TNFESIn X
' =Sinx
Puc. 1.17

f(m) =0, To TOYKH
M,(0,0), M, (% 1),

My(r,0)  sBasioTcs
ofmmumMH a1 oboux
rpacuKoB. I'padux
PyHKUIMH

f(x)=sin’x B mpo-
Mexcyrke [0, =] pac-

TN0/I0)KEH HIKE CHHYCOMBLI (TIOCKOJILKY KBaAPaThl YHCEN, MEHBLINX €IHHH-
Ibl, MEHbIIE CaMHX YHCEN), B MPOMEXYTKE [T, 2] rpaduk Takke npoxo-

mut Bbiwe ocH Ox (1.17), Tak kax sin®x 2 0 [pH MOOLIX X.
3ameuanne. Ipadux dyHKUMM MOXKHO MOCTPOMTH M APYrHM crOCOGOM,
TIpUHUAMAs BO BHHMaHHE, 4YTO
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2 _ 1-cos2x

sin“ x 2

. 1 1
WIK sin” x = ——— coS2x.
2 2

Npumep 13. Hocrpouts rpadux byHKIM f(x) = sinx.
PeweHue. JanHas GpyHKUMA ONpeAeNeHa JHIIb IS TEX X, U1 KOTOPBIX

y

4 'y-—V sinx
N < N\,
—2n - 0l Z g \~__."2n n_3nx
=8inx

Nf

Pnc. 1.18
sinx >0, T. e. B OTpe3kax Buaa [2kn, (2k+1) ] (k=0,*1, +2,...):
Crpoum BHayane rpaduk QyHKUMH y = sinx (puc. 1.18). I'paduk

yskuan f(x)=+/sinx PpacroioXKeH BbIIlE COOTBETCTBYIOIEH IYrH CHHY-

compp! (Tak KaK KBaApaTHEIH KOPEHb M3 YHCJI3, MEHBIUETO CANHHIIEL, 6ounb-
Hre caMoro 4ucia). To4ky, UMelolHe OpAHHATBI Y = 0, y =1, sBiamoTCA
obmumMu a1 06oux rpaduxos.

NMpumep 14. Toctponts rpadmk GyHKIWH f(x)=|sinx|.
PeweHue. ITo onpenenchuio abCOMOTHOM BENHIHHBL (cM. § 1.1, paBen-
ctea (1.1)) umeeM f(x)=sinx, ecmu sinx20 u f(x)=-—sinx, ecmu
sinx < 0.

CnetoBaTenbHO,
rpaduk NaHHOH QyHK-
LM MOXHO TIOCTPOUTh
cnemyromuM 06pazoM.
Ecnn  sinx 20, ToO
Ol g m 3 2% X  rpaduk ee COBNANAET C

2 rpadguxoM  y =sinx;

. . ‘ eci sinx <0, To ayra
Puc. 1.19 ) - rpad)“Ka »
’ ‘ L ‘,f(x)"={sinxl ABJISET-
s 0TOGpaXKeHHEM OTHOCHTENLHO OCH Ox -COOTBETCTBYIOMICH TyrH rpaguxa
y =sinx (puc. 1.19). .
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Mpumep 15. [loctpouts rpaduk pynkumm f(x) = sin ]xl

y
-3 3
2" , 2" X
oA £ 0 Z e
Puc. 1.20

Pewenwue. Tak kak f(—x)=sin|—x[=sin|x|=f(x), TO JaHHas
dynxums sBigercs yerHol. Ee rpadguk CHMMETpHYEH OTHOCHTENBHO OCH
Oy, mpu x 20 rpadux cosmamaer ¢ rpapuxoM GyHkuum y =sinx
(puc. 1.20).

Mpumep 15. IMoctpouts rpadux dpyuxumu f(x)= ixz —2x—3l .
Pewenue. [Toctpoum cHagana rpaduk GyHKIMH y = x° —2x—3. Hpe-
06pa3sys npaByio 4acTh IOCIEAHETO YPABHEHHS, NOYIHM
y=r=2x+1)-1-3, y=(x-17-4,
OTKyZAa
y+d=(-1>.

310 ypaBHeHHe ompeenseT napaboy ¢ BeplumHOH B Touke O’ (1, -4)
H OCEHI0, NapainensHoi ocu Oy (puc. 1.21). [Napa6ona nepecekaer ocs Ox
B TodKax x,=-1, x,=3 (3HaueHMs x TONYdYEHB M3 YpaBHEHHSA

xt-2x-3= 0). VpaBHenue y=x>—2x—3 MOXHO NpeACTaBATL B BHIE
y=(x+1)(x-3), oTkyna BuRHO, 9TO

(x*-2x-3)>0mpu x<—1 1 x>3,

(x> -2x-3)<0 mpu —1<x <3,

Tepexonum k pyukunu f(x)= ' x?-2x-3 l ITo 6npeneneumo abco-

JIOTHOH BEIMYHHEI HMEEM:
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4 F(x)=—(x? —2x—3); ecnm

P (x?-2x-3)<0.
4 Cneposatensho rpadpux  GyHK-
3 mu f(x)= 1 xt-2x- 3‘ HoMy4aeTcs
12 cneqytomuM obpazom: npy x <-1 u
! x>3 OH coBnagaer ¢ rpaduxkoM
3 2 -1‘\ o _1i 2 //3 7 Tx  byHxumm y=x2-2x-3; HpH
\ | 2 / —1<x <3 coBnajaer c rpadukoMm
\\ // . y= ~(x2 -2x—3), T.e. nomyvyaercs
\\ 7 u3 rpadpuka y = x?-2x-3 npu us-
MEHEHHMM 3Haka OpIMHAT BCEX €ro

Puc. 1.21 touek (puc. 1.21).

3agaun
[ocTpouts no Toukam rpaduky QyHKIHH:

1
1. y=x* 2. y=—.

. x
3. y=~x+1+2. 4, y=4—-+1-3x.
[Moctponts rpaduxn OyHxkUwE (C DOMOLIBIO CAOXKEHHA, YMHOXCHUS,
JeNeHus):

5. y=log,x+x. 6. y=x—sinx.
7. y=xcosx. 8. y =secx.
C nomoLIpbIo NPOCTeHIIEX NpeoGpa3oBaHuil NOCTPOUTH rpadyky PyHKIMA:
9.Ay=cosx—2. 10. y =sin (x+§),
11. y =4cos3x. 12. y=-2sin (3x+9).
[Moctpouts rpadguky QyHKLRMH:
13. y=cos’ x. 14. y =/cosx.
15.y=lcosx|. 16. y=cos|x|.
17.y=]co$|x". 18.y=lx2+5x—6|.
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§ 1.3. Npenen nepemeHHOM Benhquubl. BeckoHe4yHO Manas u
6eckoHeyHO Gonbiuas BeNMYUHA

Iycts nepeMeHHas x NPUHAMAET HOCIIEA0BATENLHO 3HAYCHHA:
Xis Xy X3y eees Xy e (1.22)

Takoe nepeHyMepoBaHHOE MHOXECTBO UMCETl Ha3BIBACTCA HOCNE008ament-
nocmuio {x,}. TlocnemoBaTesbHOCTS 3aAaHa, €CIIM U3BECTHa Gopmyna Wi

R -T0 4JIeHa.
Yucno a HasbBacTCA npedenom nocnedosamenshocmu {x,}, €cnu wis

mo6oro CkoJis YroJHO Manoro MOJIOKHTENLHOTO YMCIA € MOXHO yKasarh
TaKoit HoMep N, 3aBUCAMMI OT €, 9TO I BCeX n> N BBIIOJHAETCA He-
PaBEHCTBO

|x,—a|<e. (1.23)
O6o3HayeHue npeaena nociepoparensHocTu (1.22):

limx, = a. O 124)

n—yoo

Yncno b HaswiBaercs npedenom QyHKUMH y = f(x) npd x —a (B
TOYKE @), €CAH I BCAKOTO 4HMcia €>0 MOXHO HAWTH Takoe YHCIIO
8>0, yro

| f(x)-b| <k, (1.25)
Korna
0<|x-a|<é. (1.26)
TIpenen dynkimu o6o3Hauaercs Tak:

lim f(x)=5 (1.27)

(x cTpeMHTCA K @ IPOM3BONBHLIM 00pa3oM).
O603HaueHUst 00HOCMOpoHHUX npedenos GYHKUHUH:

.lim_of(x)=b o (1.28)

(x cTpemuTCA K a cleBa, OCTaBasCh MEHbIIE q),

lim f(x)=b (1.29)

x—a+0
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(x cTpeMuTCA K a Cnpasa, 0cTaBasch Oonslle a).

B uactHoctd, npu a=0 smecto 0—-0 mawyr -0 u Bmecto 0+0
nutuyt +0, nosromy dopmysist (1.28) u (1.29) npuHnumaior BHA:

limof(x) = b, (1.30)
limof(x)=b. (1.31)
Ecnu
lim_of(x) = lim 0f(x) = b, (1.32)
TO
lim f(x)=>5. (1.33)

xX—=a

Ecnu OIHOCTOPOHHHUE NPEIC/bl Pa3IM4HbL, T. €.

lim_of(x) # lim of(x) (1.34)

WM XOTA Obl OfIMH M3 HUX HE CYIIECTBYET, TO HE CYIUECTBYET M Mpenen
¢yHKIMK IpY X — 4. '

Tlepemennas BenuuuHa O (x) Ha3bIBAETCA OeCcKOHEYHO Manoil TpH

X — a, ecau mia Moboro CKois YroiHO MajOro MONOKHUTENBHOIO 4HCIA
€ MOXHO yKa3athb Takoe & >0, 4To

loz(x)‘<£, Korualx—a|<5. (1.35)
Ipenen 6eckoHedHo Manoii BeIMUMHBE O (X) PaBeH HYJIO, T. €.

lim o (x) = 0. (1.36)

xX—=a

Pa3HoCcTh MeX1y nepeMeHHON BEIMUHHON X U ee MpelesioM a ecThb Be-
Ju4rHa 6eCKOHEUHO Manas, T. €.

x-a=a, (1.37)
OTKyna

x=a+da. (1.38)

AnreﬁpameCKaﬂ CyMMa KOHEHYHOro YHcia 6eCKOHEUHO MasbIX BEJIHYHH
U UX NPOU3BEIACHHE €CTh BECJIUYHWHA 6eCKOHEYHO Mauias. Hpomaeneﬂne no-
CTOSHHOMN U OFpaHH‘{CHHOﬁ BCJIMYHHBlI Ha 66CKOHG‘!HO MaTyr €CTb BECJIUYU-

28



Ha OeckoHeyHO Maiast. (BenuuuHa x HA3BIBAETCA O2PAHUYenHOl, €CITK CY-
IIECTBYET YUCH0 ¢ >0 Takoe, YTO UIA BCEX 3HAYEHMH X BBIMTOJHAETCA He-

PaBEHCTBO ]x[ <c.)
IlepeMenHas BeM4MHA x Ha3biBaeTCA HeckoHeuno Gonvuiol, €C¥ Ans

moboro ckoab yroagHo 6OJBIIOTO MOJIOKUTEBHOTO Yncaa N MOXHO YKa-
3aTh TAKOW MOMEHT B H3MEHEHHUH 3TO# BEIHUVHB], HAUHHas ¢ KOTOPOro

|x|>N. (1.39)

BeckoHeuHo Gomblilas BeIUYHHA npeaeiia He IMECT, HO HHOrAa yCJIOB-
HO TOBOPAT, YTO MPEACH €CTh 6eCKOHEYHOCTD (°°), NpUYEM €CJIN OHa, Ha-

4MHasg ¢ HEKOTOPOTO MOMEHTa, NPUHUMAET TOJIBKO MOJIOKHTENLHbIE 3HAYE-
HHS, TO TIpees €e (+o0), eClId OTPULIATENBHBIE, TO (~— o).

1
Ecnu x — 6eckoHeuHo 6osbwas, To o6parHast eif BejimunHa — — Gecko-

x
HEYHO Manad, T. €.

Jim + = 0. (1.40)

X—eo X

1
Ecnn o — 6eckoHeyHO Manas BEJIMYMHA, TO — — OEeCKOHEeYHO Gonbuiasg
o

BENIUYHMHA, T. €.

lim — = oo (1 41)
a—->0Q
1
Mpumep 1. INokasars, 4TO [0CIEeA0BATENILHOCTD X, =—
n

(n=1,2,3,...) uMeer npenenoM Hyis. HaunHast ¢ kakoro HoMepa ee 3Ha-
YEeHHUs CTAHOBATCA U OCTaloTCa MeHbine 0,001?

1
Pewewunue. [locnenoparensHocts x, =— (n=1,2,3,...) npuHumaer
n

3Ha4YCHHUA

RN
45

(PSR

1
,2’

1 1
Ilycte €= 0,001. HepaBencteo — < To0o Oynet UMeTb MeCTo, Koraa
n
n>1000. CnenoBarensno, N =1000.
Bo3sMeM npom3sonisHOe uMcio € > 0. ITokaxkeM, 4To, HAYMHAA C HEKO-
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TOpPOro 3HAYEHUs A, BbIOJHsAeTCS HepaBeHCTBO (1.23). B naHHOM ciyyae

1
x, =— u a=0. HepaBeHCTBO

1
. - -0
n n

1
<€ unum — < € OyZAET BbIIOIHATh-
n

1 : .
Ccs, Korpa n>—. B kayectBe N MOXHO B3STh MEHBLIEE U3 ABYX HEJIBIX
€ .

- 1

Yyuces, MEXIAY KOTOPBIMH 3aKMOYEHO —. Takum 06p830M, s arpboro
.

€ >0 MOXHO YKa3aTb TaKO€ N, YTO JUIS BCeX 1 > N BBINOJIHACTCA HEpaBeH-

1 L
CTBO — < €; 3TO O3HAYACT, UTO X,, UMECT NPEAC/IOM HYIIb, T. €.
n

lim l=0
n—ow R

(cpaBuuTe TocienHee paBeHCTBO ¢ hopmynoit (1.40)).

1
Mpumep 2. JlokasaTe, 4TO Npeles MOCIENOBATENBHOCTH V, =4-— 5'7
(n=12,3,...) pasen 4.
PeweHue. JJauHas Mocaea0BaTeIbHOCTL TPUHUMAET 3HAYCHHA

32,3§,32—6,3@,...
379 27 81

3agaouMm NPON3BOJBHO MaJIO€ YUC/IO € > 0 u coctaBUM PasHOCTb

1 1
—a=|4-—|-4=——.
yoma=(4-5p)-a=-5;

IoTpebyem, uTOGHI 3T Pa3HOCTh O aBCOMOTHON BEMMYHHE Oblia MeHblle
g, T. €.

1
|y,—al<e nmu —-<e.
3
Haifzem, Ipy KakuX n 3TO HepaBeHCTBO GyneT BhnojHeHo. [lepenvcas
1 N
ero B Buae — < 3" W B34B torapiumel 06eHX YacTeH, MoTyIuM
€
1
log— < nlog3,
€

OTKyIa
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1
log—
oge

n> .
log3

B kauectse uncna N MOYHO B35Th MEHblIce U3 ABYX UCHBIX YHUCEN, Me-

1
log—
KOy KOTOPLIMH 3aKTIOYEHO YHCIIO E.
log3
Torna npu Bcex n> N YKa3aHHOE HEPaBEHCTBO GyzeT BBITONHATLCA, a
9TO M D3HAYaeT, YTO

lim y, = lim (4+—]—)=4.
n—eo n—>co 3”7

3ameuanue 1. ONHOBPEMEHHO 10KA3aHO, UTO

3aMedauue 2. AHAIOMHYHO MOXKHO NOKa3arTh, 4TO

lim —]7 =0,
n—oe

ecmm a> 1.

1
3ameuanue 3. Benmumna o (x)= ¥ OpH X —> +oo ecTh GeckoHeuHo

. 1
Manas, 1. e. lim —=0.
X+ee 3

1
3ameuanue 4. Benuyuna Q(x)=—, e a>1 mpu x — 400 ectn
a

. 1
Geckoneuno mManas, T. e.  lim — =0

X +oo oy
NMpumep 3. Hoxa3zars, 4TO npenen 10CJ1eA0BATEALHOCTH
= )
z,= (n=1,2,3,...) pasen -3,
n’
PeweHnue. JlanHas nocnenoBaTenbHOCTS MIPUHAMAET 3HAYEHUA
15
-4, 2 - 3 ——2—=
4’ 16’

IycTs nano mo6oe umcno € > 0. PaccMoTpuM pasHocTs
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~1)" ) -1
z,,_(-s)z[_3+< ) }_(_3);_2;
. n n
Ora pa3HOCTb GyIeT 10 aGCOMOTHOM BEIMYMHE MEHBIIE €

-1y | 1
<g, —<E§,
I12 I n2

|z, ~(-3)|<&, 1
| 1
Koraa — < n’, T.e. ——<n WM n>——. B kauectBe N MOXHO BbIGpaTh
£ Je Je
1
MeHbIlIee W3 JBYX LEJIBIX YACe, MEXAY KOTOPHIMU 3aKIIOYEHO YHCII0 —\/—_
€
Torga npu Bcex n >N
lz,, —(—-3)[ <§g,
a 9T0 ¥ o3HayaeT, 4ro lim z, =-3.

n—ryeo

1

1
B yactrHocTH, ecnd €, = 0,01, TO :/?: = ——
€ f 1
: 100

patenbHo, mpu n > 10 |z, —(-3)[< 0,01

=10, N, =10. Cneno-

Ecnu €, = 0,0001, To ?/—1—— =100, N, =100. CnegosarebHO, PH
%)

n>100 |z, —(~3)| < 0,0001.

JaMmeyaHue. Bee 3HaueHHs TNOCNENOBATENLHOCTH MOFYT ObiTh MEHbLlC
CROEro npenena (npumep 2), wiu GoNbIIE CBOETO npexena (MpuMep 1), nin nomne-
PEMEHHO TO MEHbLIE CBOETO MPEena, TO Goblie ero (mpumMep 3).

NMpumep 4. Jloxaszarp, YTO

. 5x+6 5
lim =—.
X —oo 6x 6

PeweHune. [ns 10Ka3aTe bCTBa JOCTATOYHO yOEIUTECA B TOM, 4TO pas-
Sx+6

Lo o 5
HOCTh MEXIy NepeMeHHOH BEJHYMHOA ) = H T0CTOAHHOH b = P

MpH A —> oo eCTh BeNHYHMHA GECKOHEYHO Matas. IpeoGpa3ys 3Ty pasHOCTb,
[OJTy4HM
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Sx+6 5 (5x+6)—5x _6 1

6x 6 6x 6x x

Tax xax B cumy dopmynsr (1.40) pemranna 1 TIPH X —> oo ABIBIERCH
X

6ecKkoHeYHO MasoH, T

5x+6 5 _

a,
6x 6

rae o — 6ecKOHEYHO Matas. JTO ¥ 03HAYAET, YTO

5x+6_5

lim

x-300  OX 6'

NMpumep 5. Jokasars, 4To
lim (2x2 -5x+4)=7._
x—3
Pewenue. [lockonibky x — 3, To x =3+, rae o — BECKOHEYHO Ma-

nas (cM. ¢opmyay (1.38)). TomcTaBsis 3TO BLIPOKERHE WA X B PA3HOCTH
(2x* —5x+4)~7 unpeobpasys ee, oMyIUM

2G+0)~5@3+0)+4]-7=2(9+60+0>)-15—50+4—7 =

=18+ 1200+ 2a* ~15- 50+ 4 — 7 = 26 + Fou.

Tak Kak O —GecKOHEYHO Manas, TO BEJIMUMHBI 200> H 70 M uX cyMMa
TAKKe ABNAOTCA GECKOHEHHO MaBIMH, CyMMY 3TY MOXHO 0D03HAYHTb 4Ye-

pes B.

Cnenoaa"renbno, HMECM paBCHCTBO
Y- b= B’

B KOTOpOM y =2x* —5x+4,b=7,B =20 +7cL
Ha ocroBanuyu dopmyisl (1.37) 3akmodaeM, 4o

limy=5,

x—-3

lim 2x%-5x+4)="7.
x—3

2 3ax. 1205 33



6

Npumep 6. Haiitu OAHOCTOPOHHHE TPEACHbI ¢ynxumu  f(x) = T3
x —

mpu x — 3 CJieBa U cIpasa. '

PeweHue. 3a1a4a CBOHTCA K HAXOXKACHHUIO ABYX MPEACIOB
. 6 . 6

lim —— u lim —.

x23-0x—-3 xo340x-3

Eciu x — 3—0, T. €. x CTPEMHTCA K 3, OCTaBasjCh MEHbIIE 3, TO BEJM-
umHa X —3 sBIAeTCH GECKOHEYHO MANoi, MPHHMMAIOLIEH OTPRUATENLHEIC
3nauenusa. O6paTtHas eii BemuunHa GyneT GECKOHEYHO 6onpio#i, TPHHA-
Malollelt Taloke OTPULATENLHBIE 3HAUCHHA, TEM XKe CBOWCTBOM obnajaeT U

6
BeNMUMHA Y =, TI03TOMY
x —

——— = —o00,

im =
x=23-0x—3

6
ViaMeHeHMe TIEpEMEHHBIX X, X—3 H 7.3 npu x — 3—0 MOXHO TIO-
x- .

ACHHTDL Clieayromel Tabnuuei:

x’ 2 291 2,99 2,999 2,9999| 2,99999 2,999999
x—3 | —1] -0,1} —0,01] —0,001] 0,0001| 0,00001| —0,000001

—é—g -6| —60| —600] —6000] —60000] —600000| - 6000000
x— .

Ecnu x — 340, T. €. x cTpeMHuTCs K 3, 0CTaBasCh 6onbine 3, TO BENU-
yMHa x-3 ABJLETCHA MOJOXHTENbHOM 6eckoHedHo Masioff. ObparHas eif Be-

JIVYHHA GyneT 6ecKOHEHHO GONBIIOH, NMPUHUMAIOIIEH MOJIOXKHUTEb-

6
HbIE 3HAYEHMA. DTUM CBOKCTBOM obnagaeT ¥ BeJIMUMHA ———3 , TIO3TOMY

m = +o00,
x—3+0x—3

I'padux Gynkimn y = 6 3 n3obpaxeH Ha puc 1.22.

X
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YA ‘ Mpumep 7. Hait-
TH OAHOCTOPOHHHE

npesensl GyHKLHH
1

o - f(x)=3* mpu x>0
43 210 1 2 {345 6 7 X cnesadcnpasa.

\'7" | PeweHue.
- , ITycts x cTpemuTes k 0,

-3 0CTaBasch MeHBIIE €ro,
.41 T.¢. x—>—0, Torma x
54 6ymer GeckOHEUHO Ma-
61 JI0#l,  MpUHHMAIOLICH
OTPHLATESLHBIE BHAYEy

‘ 1
Puc. 1.22 HMS, a B&JIMAMHA — —

x

oTpHiaTenbHON GeckoHeyHo Gonbmoii BenmuunoM (cM. dopmyny (1.41)).
Jannyio GyHKIMIO MOXKHO NMPEICTABUTH CIIEAYIOINM 00pasoM:

1 1
3% =3 [x] =_11_

X

3

1

1 1

ITockonbky ﬂ — 6eckoHeqHo Gonbias mpu x — 0, TO 3|x| TaKKe
x

1
6eckoneuno Gonbmiad, a oOparHas €if BenH4IHHa, T. €. TIT Oyner Gecko-

3 x
HeuHo Maioif (cM. popmyiy (1.40)). CnenoBatensHo, -
1 1
lim 3* = lim 3 ¥l = lim ——=0,
x—->=0 x-=-0 x—=-0
3|."

ITycts x cTpemurcs x 0, ocraBasdcs Goybme ero, T. €. x — +0, Toraa x

i
6ymer monoxurensHOH GeckoHeWHO Manol BeIMUMHOM, a @ — —
X

: 1
NONOXUTENHON GeckoHeyHo Gonpuoi, Benuunna 3* GymeT Takxke 110J0-
XKHTebHOM GeckoHeqHO GONBIIOH, T. €.
1 1
lim 3% = fim 3% = +oo.
x->+0 x—+0
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Tpeaesibl He PaBHBI MExXIy CoGoH, TO
npenen byskmy upu x — 0 mpous-

BOJIBHBIM CTIOCOOOM He CYLUIECTBYCT.
1

1 I'papuk oynxuuu  f(x)= 3%
u3oGpakeH Ha puc. 1.23.

Ty T TTockonbKy OIHOCTOPOHHHE

0 +X Mpumep 8. Haiitu npene-
Jibl
lim arctg——l—— "
Pue. 1.23 x>2-0 2~x

lim arctg ! .
x=2+0 2—-x

Pewenue. Ilyctb x — 2 cleBa, T. &. OCTaBaiACh MEHbIUE 2, TOTAA
permuuuHa (2—x) Gymer GeckoHedHO Manoi, MPHHUMAIOMWIEH TOIOKHUTENb-

1 . . .
Hble 3HAYCHHS, a BeJJMUHHa —— — GeckoHeyHo GOMLIIOHA, NpUHMMatoNIeH
-x
TaKoKe TMONOKUTENbHbIE 3HaYennd. [[pUHAMas BO BHUMaHME OTIpeleiieHHe
4
¢GyHKIMA z = arctgy M TOT (aKT, 4To tgz — oo, KOIa z —> > 3aKI0ya-

eM, 4TO

. 1 n
lim arctg—— =—.
x—2-0 2—-x 2

Eciu ke x — 2 cnpasa, T. €. OCTaBajAch Gonplne 2, TOrda BenuvuHa

(2-x) Gymer orpunatebHOi GECKOHEYHO MAJIOH, a BENMIHHA -0T-
-x

puLaTensHON GeckOHEUHO 6ONbINOH BETMYHHOM.

'
Tak kak tgz — —oo, KOIAa z — —-E,TO

. 1 T
lim arctg =——,
x->2+0 2—x 2

Ipenen ¢yskiun y = arctg Hie‘CyIHCCTByCT mpu x — 2 mpous-

2-x
BONEHBIM CHOCOOOM, Tak Kak OJHOCTOPOHHME TpENeasl B 3TOH TOUke He
paBHBI MeXIy COOOH.

I'paduk ¢pyaxuum u3obpaeH Ha puc. 1.24.
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vA 3anauu

1. HaumHas ¢ xaxoro Homepa
3HAYEHMA KaKIOH U3 NMOCNEN0BATE b~
HOCTe#H:

1 1
/ Dx,=—; 2) y,=—
n

35

n
1 2 )
3) z,=—5 (n=1,2,3,...)
. n

CTAHOBATCHA M OCTAIOTCA MEHbLIE
Puc. 1.24 €=10,0001? IloxazaTtb, 4TO Kaxgasd

NOCJIEAOBATEJIBHOCTE UMEET Mpene-

\ i
x

Ny ©

JIOM HYJIb.
2. Jloxa3aTh, YTO Kaxas U3 MOC/IEA0BATENLHOCTEH

1 1 e
2n

Xy =

on yn=—"2—,,’ Zp =

HMeEET npeaenoM Hynb. HaumHad ¢ kakoro HOMepa 3HayeHHs Kaxiaol u3
HHEX 110 a6CONFOTHOMN BEMYMHE OCTAOTCA MeHblne € = 0,0017

3. [laHbl TpU MOCIEN0BATEABHOCTH:

(-1
6"

1 1
x, =2—-4—n; Y =—3+5—n; z, =T+

Hoxazats, uro:

) limx,=2; 2) limy,=~3 3) limz,=7.

4. Jloxasarts, uto:

.4 4 .
D) lm 224 2) lim (4x~7)=5,
X0 X 5; x—3
3) lim (5x+8)=3; 4) lim (3x*—4x+6)=10.
x—-~1 x-—2

5. Haiitu oaHOCTOpOHHHE mpenensl Opd x — 2 cieBa U ChpaBa JUiA
crnexyoumx QyHKumit:

) fr)==>; 2) fr)=—3,

2-x (x-2)

1

3) f(x)=257; 4 F0)=aretg L
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OTBeTbI

1.1) N, =10 000; 2) N, =100; 3) N, =10. 2. N=10.
. lim 8

5.1) lim 3
22402 —Xx

x=2-02—x

= -—OO’

lim 5 = +oo,
x—>2-0(x -2)

lim ;
x=2+0 (x —2)

§ 1.4. HaxoxpaeHue npeaenos

Ecnx mepeMenHsle Bemuduubl f,(x), f,(x), f+(x) HMMEIT KOoHeuHbIe
npenensl Npd x — a, TO

ll_fg U+ L) - f0]1= }i_f)l}zﬁ(x“}i_ﬂfz(x)—lmﬁ(x); (1.42)
}1_131 Ax) fo(x) /(0] = }mﬁ(x)'}ig}]ﬁ(x)'}gfs(x); (1.43)
,}EE, [of (x)])= C}I_ISJ f(x) (c=const); - (144

lim [T =[Jim /(T (n—nenoe oo, n > 0); (1.45)

lim f;(x)
3 fi(x) _ X—a . )
) ™ lim ) G107 (1.46)

lim 1/ £,(x) = \ﬁgn £ (147)
lim ¢ = ¢ (c = const). (1.48)

EClH ¢ ~ NOCTOsHHAS BeIWYMHA, npudeM ¢ > 0, 10:

lim ¢cx = oo} (1.49)
Xx—>oo

lim % = co; ; . (1.50)
X—eo C k )
lim < = —oo; ' (1.51)
x—--0Xx
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lim < = +oo; , (1.52)
x—5+0Xx
im £ = oo; , (1.53)
x—0Xx : -
lim < =0; . (1.54)
X—oo X
0,ectn0<c<l;
lim ¢t ={ ccmB<c (1.55)
PR, +oo, ecmu c > |
+ oo, O<c<l;
lim ¢* ={  eomMO<e (1.56)
Xr-oo O,ecnuc>1.

Npumep 1. Hatitu lim (4x? - 6x+3).
x—2

- Pewenue. Tax kak npenen anreGpamieckoit cyMMsI MepeMEHHbIX paBeH
Takoif ke anreGpaudeckoit CyMMe NpenenoB 3THX nepeMeHHbIx (GpopMyna
(1.42)), nOCTOAHHBIH MHOXHTENb MOXHO BBIHOCHTH 32 3HAK npexaena
(dopmyna (1.44)), npexnen ueno#t nookUTENLHOM CTENEHH paBeH Takoi xe
- cTenesy npenena (Gopmyna (1.45)), npexen MOCTOAHHOMN paBeH camoif Mo-
croaHHO# (popmyna (1.48)), To nocnexoBaTebHO NOJYYUM

lim (4x2 - 6x+3) = lim 4x? - lim 6x+ lim 3 =
x—2 x—2 x— x—2

=4lim x*~6lim x+ lim 3 =4 (lim x)? - 6 lim x+3 =
x-52 x—2 x—2 x—2 x—2 -

=4.22-6-2+43=16~-12+3="7.
3ameuanue 1. BouMcnenue npefena MHoOrouneHa BTOpOH CTeneHH cae-
JTIOCh K BLIMHCICHHIO €10 3HAYCHHS NPH MPEAEIBHOM 3HAYCHHH aPryMEHTA.
3ameuanue 2. Ytobbl BHIMHCAUTE npeaen MHOro4seHa n-i creneHu
P (x)=by+bx+bx" +...+b,x" npu x — b,

AocrarouHo Haifru F,(b), 1. e. 3avenue ero npu x=b. Hanpumep,

lim (20° - 4x* +3x% —6x2 +8x+2) = 2.1~ 4.1 +3. =612 +8.142 = 5.
X > N
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3% —4x+7

x>12x2 —5x+6

Pewe e . Tax kak mpezien 4aCTHOTO PaBEH YaCTHOMY NPENENIOB, TO Ha
ecuosasuy Qopmynnl (1.46), a Takke C MOMOLIUBIO dopmyn (1.42), (1.44),
€1.45) 1 (1.4%) HocneI0BaTENBHO MOy YHM

Mpumep 2» Haiita lim

hm(3x —-4x+7) 11m3x —11m4x+11m7

lim. 3x? —4x+T x5l -1 x—1
x>12¢* —5x+6  lim (2x? —5x+6) 11m 2x? —11m Sx+1lim6
x—1 : —1 x>l x>

3limx? — 411mx+hm7

_ ol T 3P -4147 _6
21im x* —511mx+11m6 212-514+6 3
x—>1 x=1" x-—=l

Famevanne L. BeuMcrenwe. Tipeiena  PAUMOHANBHOH (byHKUHH
(OTHOIEHHS: ABYX MHOTOWICHOB) CBENOCH K BBIMHCIEHUIO 3HAUCHHA 3TOM GyHKUMH
NpH: APE/C/LHOM 3HAYCHHM apTYMEHTa,

Jameuanue 2. qTOGbl BBI‘-IHCHHTB npenen pauuouanm-xon cbyl-n(uuu

b0+blx+b2x +...+bx"
co+c1x+czx +...4+¢c, x

R(x)=

npu X —»d, NOCTATONHO HANTY 3HAYEHHC €€ IPU X = a.
Hanpumep, _ .
i o2t 32 -6x+9 _ 2°-2.2°+3.22-62+9 9 _
s ol 4Tx-11 320 -12.2747-2-11 3
Jamewanue 3. Mpenen snemenrapHoli QyHkuuy flx) npun x — a, TAe a
APHHAANEXHT 0ONACTH €€ ONPEICNCHN, PABCH 3HAMCHHIO (QYHKIMK IPH X = G, T. ©.

lim f(x)= f(a).

Hanpumep,

\/ 7+J§+_6' N4 -7 +3/4+60 _
~5x—8 2:4°-5.4-8
_Jo+ifea _3+4 7
“32-20-8 4 4 ,
2). lim [lg (¢+ 7 +80)]+ /2 +8 =g (1++81)+11+8 =1+3=4.

-1
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Npumep 3. Haiftu limx——EJ—H-—s.
. x4 x-4

PeweHue. [Ipu x = 4 yucnurens ¥ 3HaMEHaTeNb JAHHO#M ¢dyHKLMH 00-
0
-pauiaroTcs B Hynb. [losydena HeonpeneneHHOCTh e KOTOPYIO HYXHO pac-
KpBITb. Hpeo6pa3yeM naﬂﬂylo ¢yHKumio, pasnarag YHCIHTENE C TIOMOLIBIO
tdopMynsi
X 4pxg=(x-x)(x-x),
TIe X; U X, — KODHH YPaBHEHHS x>+ px+q=0.
Tak Kak ypaBHeHme x> —6x+8=0 HMeeT KOPHH X, =2, X, =4,-T0
x?—6x +8=(x-2)(x—4). Tloncrapnsa 370 BHIPAKEHHE B JaHHYIO YHK-

[MIO M COKpailiasg Ha oGt MHOXHTEAD (x —4) # 0, Hoxydum

2 ;
lim * 6x+8 (x 2)(x—4)

x4 x—-4 x—->4 x—-4

hm(x 2)=4-2=2.

3ameuanne 1. Cokpamas Ha oGuMH MHOXHTENS, Mbl IPEAONATANH, YTO
x—4# 0. Oro nelicrurensHo Tak. CorjacHo ompeaencHuio npepena GyHKIMH,
apryMeHT X CTPEMHUTCS K CBOEMY IPEAC/bHOMY. 3HA4CHHIO d, HHKOTZA C HHM He
cosnagas, T.€. X #a u x—a # 0. (Cm. gopmyay (1.26).)

3ameuanune 2. [Ipenen QpyHKUMY HE 3aBHCHT OT TOFO, ONpEENEHa (yHK-
UM B IPEJEALHOA TOUKE HITK HET. '

2
NMpumep 4. Haiitn lxm-B—xz—
x=14x% - 5x +1

Pewenue. IIpu x = | uuciurens ¥ 3HaMeHaTeNb OOPAIIAIOTCS B HYJib,

T0/1y4aeTcss HEONPEeAeNeHHOCTh BHAA % IpeoGpa3yem aaHHYO (YHKLHIO,

pasiiaras Ha MHOXHTENH YHCIIMTENb H 3HaMeHaTeb TI0 GpopMyie
ax’+bx+c=a(x-x)(x-x,),

TAE X; M X, — KOPHH YpaBHCHHSA ax’ +bx+c=0.

ToacTapias COOTBETCTBYIOIINE BbIpaXKEHMs M COKpalllas Ha o6ui
MHOXHTENb (x —1) # 0, momyuum
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_ 3xP-x-2 3(x—1)(x+5)
lim —; —— = lim =
x214x° ~-5x+1 x-1 1
4(x—1)(x——)
4
3(x+—2—) 3(1+-2—)
_ 3 3 =‘_5_
3

4 3i_.2
Apumep 5. Haittu lim 3x +2x 3 x_+5x+5' :
x--1 x +1

Pewenne. Ilpu x=— | YHCAHTENb H 3HAMEHATENDb 06PALLIAIOTCS B HYb.
Paaniaras ux Ha MHOXHTEIH, HAXORUM -

A=+ (x? -x+1),

It 23 —x2 +5x+5=(x +1) 3x* —x? +5).

BTopoe paBeHCTBO MONY4eHO B Pe3y/bTaTe HEMOCPELCTBEHHOrO NENEHHA

3x* +2x% ~x? +5x+5 Ha (x+1). Cokpaias YHCIHTENb H 3HAMEHATENDb HA
(x+1) # 0 u nepexoas x npeaeny, NOJIyIHM
L 3t +2x —xt+5x+5 . 3 -x2+5
lim 3 = lim — =
x=-1 x +1 xo-1 x"—x+1

=3(-1)3-(-1)2+5 _1
- -(-D+1 3

» 0
3amMedaHue. Yrobpl packphiTh HEOMPEACNCHHOCTh BHIA 6, 3aNAHHYIO

OTHOLIEHHEM JBYX MHOI'OWJICHOB, HATO B YMCIIUTENEC M B 3HAMEHATENC BBUIEAWTH
KPHTHYECKHH MHOKUTEND (T. €. MHOXHTENb, PaBHBIH HY/IO [IPH NPEACALHOM 3HaYe-
HHH X) ¥ COKPATHTh Ha HETO.

’ 6x% +5x+4
MNpumep 6. Haifru 1.3 2, 7 5"

Pewenue. Hpﬂ X — 4o YUCIAUTENbL U 3HAMEHATEeJlb HEOTrpaHHYCHHO

o0
YBENIMUMBAIOTCA (MOTydaeM HEOMpENENeHHOCTh Buaa — ). YToObl HaHTH
o0
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npenen, npeobpasyeM maHHYIO Apo0b, pa3genuB €€ YHCIUTEIb M 3HaMeHa-
TeNs HA x°, T.e. Ha cTapiyio crenesb x. ITone3ysace csoiicTBamu mpene-

JIOB, TIONyYaeM

5 4 5,4
4= 1 6+—+—
im 6x2+5x+4_ 6+x+x2 x—lgloo( +x+x2)
= 32 —2 gt T 2
xore3xt 4 Tx =2 xo 3+———  lim (3+1—%)
X x x> +eo X x
_6+0+0 _, ‘
3+0-0

3necs NPHHATO BO BHUMAHHUE, YTO

. cC . ¢
lim —=0, lim — =0(c=const).
X—rteo x x4 X

(Cm. dopmyiy (1.54).)
7x% +6x-3

NMpumep 7. Haifru lim ———F——.
P P 9x3 +8x% -2

X~ +oo
PeweHnune. Pasnenus uucauTeNs 1 3HaMeHaTENb Ilp06ﬂ Ha x’, T. €. HA

CTapilyio CTeNeHb, HOIy4HuM

6 _3 im [148_3
im 7x2+6x—3 =k x+?_x_3_x—)+w x xz x3 _
3 2 - - -
x93+ 9x" +8x° =2  xortee 9+_§_% lim (9+§_%)
x X X —>+oo X x
0+0-0_0_,
9+0-0 9

3ameyanue. Yrobsl packpbiTh HEONPEACHCHHOCTh BHAA —, 3aJaHHYIO
oo

OTHOLUCHHEM JABYX MHOIOY/ICHOB, HAN0 YHUCIHTCIL W 3HAMCHATENE pasfeiMTh HA
CaMy10 BBICOKYIO BXOIAILYIO B HUX CTCIICHE X, & 3aTEM nepeﬁ'm K npeaeny.
Mpumep 8. Haiitu nmpenen paunoHanbHOM GyHKUHH
R(x)= Gy Fax+ax’r.. +ax"
by +bx+bx* + ... +bx™’

rae a, #0, b, # 0, npu x, cTpemALIeMcA K GECKOHEYHOCTH.
Pewenue. IIpeobpasyem BLipaxkeHue ig BaHHOH GYHKIMH, BEIHOCA 3a

CKOGKH MHOXHTENIb x” B GHCIHTENE H MHOXHTENS x™ B 3HaMCEHaTeJIe: ‘
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n n-2
R(x)=—p1 %= =x""Q (x), (A)
x'”(—é?;+ 3-1"' :2_2+ +b,,,)
P X X
rac
a a, a
0 ) (;‘%""l_ﬁ""iﬁ Mn) ®)
X)= .
(%+ ﬁ_1+ ?_2+...+bm)
X X :
Tak kak
lim <=0 (k=1,2,3,..),
X—3ea X
TO
. a
lim Q (x)=-"2. ©)
x=ree bm

[TockonbKy mpeden NPOM3BENCHUs DPaBeH NPOM3BEACHUIO MPEIE/oB
(dopmyna (1.43)), To

lim R (x) = xlgrix""” xll_r)r:oQ (x). (D)

X —>oco
IIpenen mepBOro MHOXHTeNs B NpaBoil yacTh paseHctsa (D) saBucut
OT COOTHOLIECHHUA MEXAOY 1 H 1, 8 IMECHHO: '

lim x" ™ =0, €clii B> m

X0

limx"m—l, €CIIM n=m,; E
3
X oo

lim x"™™ =0, eci n< m.
X—>oo

U3 popmynst (D) ¢ yuetom dopmyn (C) u (E) nonyuaem
1 oo, €CU 12> M,

. a
lim R (x)=4{-—, ecnu n = m;
X—roo b, »

0,ecntu n< m.
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3ameuanue. [lonydeHHBIH pe3yNBTAT MOXHO CQOPMYJIMPOBATH CIEAYIO-
pM o6pasom. IIpesen 4acTHOrO ABYX MHOTOUJIEHOB IIPM X —) ©© PABEH OTHOLIE-
HHIO KO3((GHUNEHTOB NPH CTAPUIMX YNEHAX, €CIH CTENEHH YNCIUTENS ¥ 3HAMEHA-
TEJISL PABHEI; NIpeaen 3ToT paseH O MM oo, €CiM CTENEHb YHUCIUTENS COOTBETCTBEH-

HO MeHbIle WiIH G0NBIIE CTENEHH 3HAMEHATENA.
Hanpumep,
. 6x°=T7x* +3x’ -4x> +8x-9 6

D lim — Y 3 7 =3=2

e 3x° 4+ 5x" -6x" +7x* =11x-2 3
4 3 2

2) lim 2x"=-5x"+6x° -Tx+12 =0;

X—>eo 9x -8x3+12x2 -5x-14

3) lim —6x2+11x-18 = oo,
xoe  Sx?—9x+24

Mfpumep 9. Haiitn lime——;g—z.
x+1-

x—3

Pewewnune. [Ipn x =3 gyucnurens u 3HaMeHaTeNs Apobu obpaiuaiotcs B

Hy7b. 3HAMEHATEJNb CONEPXKUT HPPALMOHAIBHOE BhIpaXKeHHe ~/x+1. H36a-

BHMCsl OT HPPalHOHANBHOCTH B 3HAMCHATCIIC, YMHO>Kasd YHCJIMTENb H 3Ha-

meHatedb Ha (~/x +1+2). Tonyuaem

i x?-9 N DN+ x+1+2)
m
T T—2 a3 (Vx+1-2)(Vx+1+2)

= lim (x- 3)(x+3)(x/x+ +2) = lim (x=3)(x+3)x+1+2)
Ty (xtlp-22 s (x+1)~4 -

= lim3 (x+3)(Wx+1+2)=G+3) (+/3+1+2)=24.

0
3aMeuaHue. Yro6bl pPacKpeITh HEONPENEIEHHOCTL BHIA e B KOTOpO#M

YHC/IMTENs WIM 3HAMEHATENb COJEPXKAT HPPAlMOHANBHOCTb, CIEAYET COOTBETCT-
ByloIM 06pa3oM U30aBHTHCA OT MPPALHOHANILHOCTH.
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)
N . sin” x
Npumep 10. Hality lim ———.
s-nl+cos’x
PeweHue. Pasarad YucIuTeN b H 3HAMEHATelb HA MHOXHTEIH, COKpa-

1ias Ha MHOXHTeNb 1+cosx # 0, nomy4uMm

sin? x — i l—coszx_. (1+cosx) (1-cosx)

lim -2

x> ]+ cos

= I1I = =
x x-nl+cos’x X—>1t(1+cosx)(1—cos’x+cos2x)

. 1-cosx -1 -2
= lim 7= 753
x-»el—cosx+cos’x 1-(-D+(-1)° 3

Npumep 11. Haitu lim 1+3+5+...+(2n—1)‘
nse  142+3+...4+n

PeweHue. Yucnuress ¥ 3HAMEHATeNb Jpo6H SABIAIOTCS CyMMOH n ylnle-
HOB COOTBETCTBYIOIIMX apHMeTHIeCKUX nporpeccuii. Haxons st CyMMel
0 U3BECTHOM (opMyIte, NOIY4HM

+2n-1)
2 _

1+3+5+...+(2n-1) ..
= lim .
noe  1+2+3+..4n n—>e 1+n_n

2

mim 2D 20 P o fim =2,
n—se l4+n n—e n+1 nsen+l noveey

n
 P+2%+3% 4+ 40t
NMpumep 12. Haiitu lim +2 33 tn .
n—oyee n
PeweHue. Ucnonssys ¢popMydy WIs CyMMbl KBaZpaTOB HATYpPalbHOrO
pAza gkcen v

2 _ n(n+1)(2n+l)

12+2243%+...+n <

b

HoJTydaeM

2,42, 32 2
lim 1°+2 +33+...+n = lim n(n+1)(32n+1)=
n—yoo n n—es 6n
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V+x-1

Npumep 13. Hatite lim .
=0Jl+x -1

Pewetne. Benem HOBYIO epeMEHHYIO Z N0 dopMmyiie
l+x=2% (A)

(okasarens BRIGpaH Tak, 4TO6bl MOXKHO GBUIO M3BJIeUb KOPEHb H BTOpO M
TpeTbeli creneHn).
H3 paBeHctBa (A) BeITEKaeT, uTo z — 1, xorna x — 0. Moacraenss

BLIpaXKEHHE CTapo# NMepeMeHHOM Yepe3 HOBYIO, pasiiaras YHCIHTENb H 3Ha-
MeHaTeNb Ha MHOXHTENH, MOMydaeM

fim =l N1l
=0 1+% -1 _z—»l:]z“ -1 1z-1

(z-D(z+1) . oz+l 2
= 3 = lim 3 ==,
(z=-D)(z°+z+1) z-1z°+z+1 3

NMpumep 14. Halitu lim 12n+3 .
n==327n’ +6n’ +8

PeweHnne. HpPl n — oo YHCJIHTENb H 3JHAMCHATE/Db TAKXKE CTPEMATCA K

o0
6eCKOHEYHOCTH, MOJy4aeM HEOMpeAeNeHHOCTh BHAA —. YUTo6bl HakiTH
oo

Npenen, pa3feldM YHC/HTENb H 3HaMEHATENlb Ha 11 ¥ MOABEAEM n MO 3HAK
KOpHS:

1 5
. 12n+5 , o 12 12
lim = lim = T =— =4,
n—e 2/27» +6n°+8 "*"427+g+% 27 3
n n
.5 . 6 . 8
(3meck npuHATO BO BHUMaHHE, yT0 lim — =0, lim —=0, lim —=0.)
‘ n—3eo n n—eon n—e g
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3agaum

Haifru npenensi: : ‘
1. lim (2x% - 7x+6). 2. lim Gx* -5x3 +6x% —ax +7).
x—3
2 , 2
- 5x+4
3. fim X ~5%+2 4. lim X —ox+d
x-23x“ ~6x+4 ‘ v 24x? —Tx+6
2—-
5. lim > Ix+12

x5 x2_6x+5

6. lim [2:«/; Z8+1g Gt+rE—8)~ «/t 1+Jr iy +7J_

22+ ¢-11
2
3 limx, 8x+12. 8. lim x ~Tx+2
6 x“ —Tx+6 x—>24x —S5x— 6
3 ,
0. lm —-3x+2 10. lim IQx 6x* -;—7x+35
x>1xt —4x+3’ e 8—4x+3x° - 2x

11. lim 2x* =5x* +7x* +8x~9
x=e3x% —6x° +4x2 ~2x + 11"
x7 +8x% +5x* =3x2-12

12. lim 3 .
xo% 10x° +7x° - 6x° —4x +17
x? =25 e -1
13. 14. lim
Ll_rgz / x—)l«/_ 1
Nan? -3 6x-5
15, lim ————, 16. lim ————
n—roo 2n+1 o oxoe i x243
17. lim 1+2+:25+ +n' 18. lim sm2x—cos.2x—-1.
oo =1 +T  cosx—sinx
) 4
2 1
19, fim 178X~ ‘/l”gx 20. lim [ 2x2+3xJ.
x—nt sin2x x| ]—x
OtBetnl
4 15 1
1.3.2.7.3.2.4.0.5.c.6.4.7. —. 8 —.9 — 10.- 5.11.0. 12, oo,
5 44 2

3 1
13.-40. 14.-;. Ykazauue. Honoxurs x=¢. 15.1. 16.6. 17.5.

18. —+/2 . 10. —%.20.-1.
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sinQ =1

§ 1.5. Yucno e, lim
a0 QO

1. Yucnom e Ha3pIBaeTCA mpenen

lim(1+—l—) =e (1.57)
X—doo x
U
1
Hm(+a)* =e. - (1.58)
a0

Hucno e GuiBaeT MONE3HBIM TIPH PACKPHITHH HEOTIPEENICHHOCTEH BUMA
1.

Ecin ocHoBanue norapudMoB paBHO UHCIYy e, TO Jorapu(Mbl
Ha3bIBAIOTCA HaAMypalbHLIMU. ‘

Inx =log, x.
2. Ecnu yron o BhIpaKeH B pajidaHax, To
sino.

lim
a->0 O

1 (1.59)

3. Tlpu HaxoXIEeHHH MIPeNesIOB BHAA
lim [ (x)]¥* =C (1.60)
xX—a
HY>XHO HMCTh B BHAY Cleyromec:
1) ecnyu cymiecTBYIOT KOHEYHBIE HpPEIEb]

lim @ (x)=4 u limy (x)=B, (1.61)
X—a X—a

TO
C=45 (1.62)
2) ecau
lime(x)=A#1n limy (x)= o,
x—a x—a
TO MpeAes HaXOAUTCA ¢ noMouubto popmya (1.55) u (1.56);
3) ecnu

lime (x)=1, limy (x)=0co,
x—a X—a
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To monarator @ (x)=1+a(x), roe a(x)—»0 npy x—->a §
CAeoBaTenbHo,

IACICLL
imo (x) ¥ (x
C= hm{[l +0o (x)]“(’)} . =em =

x~a

lim [ (x)-1}y (x)
=7 . (1.63)

X
MNpumep 1. Haitru lim (1+£) .
x

X—ye0
X
PeweHue. Ilpu X — oo . BhIp@KEHHE (1 + —) — 1, nomyuaem
X

HEONpeeIeHHOCTh 17
Beegmem HOBYIO nepememxyxo o 1o (bopmyne

k
_=a’
x

k
otkyfa x = —. Eciau x —> eo, TO O — 0, moaToMy
o

k x L3 1 k
lim (1+—) = lim (1+o)® = lim ~(1+oc)°‘] .
X a-—0 a—0

X —roo

IMonp3ysck ceoicTBOM (1.45), Ha OCHOBaHHH ¢dopmynei (1.58) Haxonum
1 1)
lim |(1+a)® | =] lim (1+(x)°‘} =,
a—0 a—0

lim (1+—k-) =é~. (1.64)
X—yoo X :

CrneoBaTeNbHO,

B 4acTHOCTH, el k =3, TO
. 3Y
lim|[1+=| = & s
x—ro0 x
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mpy k = —2 nomydaeM

p 4
lim (1—3) =2
X~)o0 X

NMpumep 2. Haitrn limm.
x—=0 X
Pewenwne. Tak xak
1
InQ+x) 1y G+x)=In@+x)s,
x x

TO Ha OCHOBaHWH (opmyisi (1.58) Haxomum
1 1 oo
fim B+ [ln (l+x)":l= n [lim (1+x)":|= ne=1.
x—0 X x—>0 x—0

~ Takum obpasom,

fim 20+%) (1.65)
x—0 x
. a1
Mpumep 3. Haitrn lim .
x>0 Xx

PeweHne. BeeaeM HOBYIO IEpEMEHHYIO z O QOpMyIie
a*-1=z,
OTKyJa
a=1+z
Jlorapu¢mupys 3T0 paBEeHCTBO [I0 OCHOBAHHIO ¢, TIOMyYHM GOpMYITy
xlna=In(1+2),

M3 KOTOpO#H
x=nd+2)
Ina

OuemHo npu x — 0 1 z —» 0, NO3TOMY

tim %=L = Jim = lim~—24
=0 x  0In(l+z) 20 In(l+2z)°
Ina z
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Tpunnmas Bo BHUMaHue cBojictea (1.44) u (1.46) u dopmyny (1.65),
NOJIy9aeM

. Ina z
T2 =In-— [1n(1+z)]”1““
— lim| ————=
Z z—=0 z .
Hrak,
x—

lim & = na. (1.66)
x—0 Xx

X
NMpumep 4. Haiitu lim (x+2) .
x—oe\ x—3

Peweuue. Pazienus UHCIMTENL W 3HaMeHaTenb npobM Ha x H
ncnons3ys opMyny (1.64) npu k=+2 u k= -3, nomy4um

x

1+2 2
X - Z
lim (x+2) = lim jc3 =%=e5_
X0 \ X — x|y e
x
NMpumep 5. Haiftu lim Smax
x>0 X

o
Pewenmne. [Honoxum ax=0o, orkyma x=-—. Ecim x—0, 10 1
a .

o — 0, noatomy

. sinax . sina ) sina . sino

lim = lim = lima =a lim =q-l=a

x>0 X a=0 _(1 oa—0 o as0 O

: a

CiienoBaTesibHO,

. sinax
lim =a. (1.67)
x—0 X

B uacTHoCTH, pU @ =2

1
mpn a=3 HMeeM
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. X
s -

lim =—.
x>0 Xx 3
npumep 6 . Haiitn hmtg—x
x>0 x
sinx
PeweHnwne. [[puaumas Bo  BHHMaHHME, 4TO tgx =
cosx

lin}) cosx =cos0 =1, Ha ocHOBaHMHM cBoifcTB mpenesio (1.43) u (1.46) u
x—

tdopmynst (1.59) noay4aeM

. tgx . sinx 1 . 1  sinx
hmg—= lim|—— —|=lm| — —~|=
x=0 x  x-o0icosx x) x-0\cosx x

= lim dim 2B o
x—>0C0SXx x>0 Xx
Hrak,
lim &% =1, , (1.68)
x>0 x

.2 X

sin” —

Npumep 7. Haiity lim
x>0 x

PeweHune. [Ipunumas Bo BHHMaHUe (bopmyny (1.67), Ha ocHOBaHUM
CBOWCTB NPENesIoB MOJIy4aeM )

2

2 2

.2 X . X . X

sm- - sin— sSin-— 2

. . 3 1 1
lim = lim =( ) =
x—0 x x—0 X x-0 x

in ax

Mpumep 8. Haiitu lim
x-0sinbx

PeweHwue. Pasienus 4uciuTeNh ¥ 3HAMEHATENb HA X, HA OCHOBAHHMH
tdopmyael (1.67) mostyqaem

sinax . sinax
lim

lim sinax _ .. x _x20 x _a
x—>0sinbx  x—0 sinbx tim sinbx  p’
X x—=0 x
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CienoBaresHO,
sinax a
x—0 sin bx b

Npumep 9. Haiitn 11m sinx
:}x+9 3

PeweHnwue. [lpu x = O YHCAMTENb U 3HAMEHATENb OOPAMAIOTCA B HYJb.
3HaMeHaTeNb  CONEPKHT  MppauMoHambHOCTh.  OcsoGogmmca  OF
MPPALMOHATLHOCTA M BOCHIONb3yeMca GopMyIIoi (1.59) :

sinx = lim smx(Jx+ 9+3) _
Ho‘/}+9 3 HO(I+9 ) Wx+9+3)

- lim SPX(X+9+3) S 11m(«/x+9+3)—1(3+3) 6.

xo0 (x+9)-9 x>0 x x-0

Npumep 10. Haittu lim Lsm3x)
. x>0

X
' sin3x
PeweHue. Oto npenen suna (1.60), rue @ (x) = , W(x)=x+2.
H3 (1.67)
lim 323 3 im (x4+2)=2.
x>0 X x—0

B cootBeTcTBHM ¢ GopMyIoii (1.62) nomyyaem
_ (sin3xY"? .,
lim =3"=9,
x—0 X

x
Npumep 11. Haiira lim (2x—1)
x—\3x+4

PeweHne. 310 TaKKe npeaen BHJA (1.60), raoe
(x)= 2x -1
¢ 3x+4

Tax xaK

, ¥ (x)=x.

2-1_ . 27X 2

x£3x+4—x—>~3+i 37 x>
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TO B COOTBETCTBUH ¢ opMyJioit (1.55)

XZ
lim (2"'1) =0.
x|\ 3x+4
1
Mpumep 12. Haifru lim (1+sinx)*.
x>0

Pewenxue. Ha ocHoBaHuu opmynsl (1.63) nosmyqaem

sinx

1 T |ims_i“.£
lim (1+sinx)* = lim {| (1+sin x)sin* = * =¢l=¢
x—0 x—0

1

-Mpumep 13. Haitru lim (cosx);.
x—0

Pewenune. [Ipubasnan u BeuMTas 1 H3 cosx H NpUMeHAd
COOTBETCTBYIOLIYIO GOpMYTy, NONydaeM '

i L
lim (cosx)* = lim [l—(l—'cosx)]* = lim (1—'2sin2f—)x'='
x=0 x>0 x50 2

25“'2% 25in21;—
— tim| -
! x r!—rn) X

. LX) oo ax
= lim || 1-2sin? = | 2sin’3 =e
x—0 2
Iockonsky
2sin? = sin? =
lim | - = - lim =
x—0 x x=0 X
2
. X
sin = N
=—lim -limsin==-1-0=0,
x=0 X x—-0 2
2
TO
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i

lim (cosx); =’ =1.
x—0

Npumep 14. Haiitu lhr})(l+tg2x)2“gz‘.
xX—

Pewenne. Tak kak ctgx:—l—,-ro
tgx

: 2
lim (1+1g?x)**®'* = lim (1+1g? )¢ * =
x—0 _ xﬁo.

: i 2 e 2
= lim l:(1+tg2 x)‘s’*] =‘:ling(1+tg2 x)'S’*} =e%.

3anaun
Hatitu npenensi:
- 2\ . 1
1. lim (1+—) . 2. lim (1-3x)*.
n—yeo n x—0
3, lim A*4%) 4. lim x [In (x+1)=Inx].
x50 X X—yoo
L .
5. lim ("“) . 6. lim (””J .
xse\ x—3 x5\ X+m
” H/
sin— 1
7. lim - 8. lim xsin—.
X X x—0 X
9. lim 2Ct&x 10. lim 3%
x50 X x—0 tgbx
. 3X
sm- — - .
sSin x
11. 1i 2 12. lim ———.
xl—>m° x* x0+/x+4 -2
s 2
13. lim S0 =D 14, lim 17 C0S¥~18 x|
-1 x°-1 x-30 xsinx
x+3
sin-)i x
15. 1im | —2 | . 16. lim (2“1) .
x—=0 X xoee \ 4x ~3
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1
17. lim (cosx)* . 18. lim (sinx)® *.
x50 T

X—)E

OrBetsl
1. e*. 2. ¢33 3.4 Vkazanu e . Tlonoxurs 4x = 0. K BOCIIONL30BATHCH

e

1 E :
¢dopmyno#t  (1.65). 4.1.Ykaszauue. Ilonoxurs  — = 0. Bocnoas3osarbes
. x

) | » oy
dopmynoit (1.65). 5. e*. 6. " ™. 7, 5 8.1. Yxazanue. [osoxurs — = 0L
x

1
9.1.Ykaszanue. [lonoxurs arctgx=o. 10. %. 11. 3 12. 4. 13. 3

1 1
1 1 1 -
14. -5 15. 3 16. 0. 17.e 2. Cm. nmpumep 13. 18.¢ 2.

Vkazauue. Ionoxurs cos’x = q.

§ 1.6. Pasnbie npumepbi Ha HaxoxaeHue npenenos

Ipn HaxoXAEHHH TNpPENENOB MOryT écrpeTmbcz HeOIpeIeIeHHOCTH
BHAA (co—c0) H 0-00, DTH ciyyau myTeM mpeobpasoBaHuA GyHKIMH
NpHUBOMATCA K OOHOMY M3 IBYX PacCMOTPEHHBIX Cly4JaeB, T.€. K

0 oo
HEOIIPEACCHHOCTY BHIA 6 win —. [Iloxaxem Ha NpUMEpax, Kak

[~ -]

HaxoasaT1CA TAaKUE NMpEeHECibl.

Npumep 1. Haittw lim (Vx +6x+5—x).

X +oo
Pewenne. Hpﬂ X —»+o0 Zla.HHaﬂ q))’HKuPIﬂ npe,t(craaneT Ppa3HoCTh

IBYX OeckoHeUHO OONBIIMX BENHYHH, MPUHHAMAIOIHUX TOJNIOKHUTEIbLHEIE
3HauYeHMA (Ciydalt oo —eo). VYMHOXHB U pasnemm JaHHYIO (PyHKOHIO Ha

(\]x +6x+5 +x), nonyuyum

lim (Jx +6x+5-x)= lim (\/x +6x+5— x)(\/x +6x+5+x) _

Xeo Xk \/x +6x+5+x

I ) ki i . 6x+S

o4 3l L 6x+54+x  FOrex? +6x+5+x
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. 6
= lim X =—=3
X—>+oe 6 5 1+1
1 —"+'—2+1
X Xx

16
n 2. Haitu lim | ——-—— |
pumep 2. 44 x'_,ms(x-s x2—9)

PeweHue. 3uech TaKke HMEEM HEOMPENENEHHOCTh BHAA (oo —oo) NpH

x — 3. IlpoussonuM BhiyuTaHHe Apobell U COKpAllEHHE HAa MHOXHTENb
x -3 # 0; nepexoas K npereiry, HaXoJAuM

. 1 6 . (x+3-6 . x=3
lim| ——-— =lim | ——— |=lim — =
x=3\x—-3 x°-9 x=3\ x°-9 x=3x“ -9

= lim =—

~3x+3 "9
Npuwmep 3. Halttu lim( ! - ! )
: x>0\ 4sin’x sin®2x/

Pewenue. B JaHHOM Cilyuae TaKkKe HMEEM HEONPEACNCHHOCTH BUIA
(oo —oo). ITpHMeHSAS COOTBETCTBYIONIYIO TPHTOHOMETPHYECKYIO (opmyIy,

“IpOM3BOASA BbIUMTaHKe Apobeil H Mepexosd K npeaeny, norydaem

o 1 1 . 1 1
hm( 3T T3 ):hm( N ) 2)=
x-0\4sin“x sin“2x x>0\ 4sin“x 4sin” xcos°x

. cos?x ~1 . —sin?x
= lim —— >—=lim —
x-04sin“ xcos“x  x—>04sin” xcos

2,
S IR SE B PO

4 x50 cos® x 4 4

Mpumep 4. Haiitu limxctgf.
x-0 -3

Peweuue. Illpy x— 0 mnomyuyaeM HeolpeneNeHHOCTs Buia 0-co.

3anuceBadA B APYTOM BHAE JAHHYIO QyHKUMIO ¥ npumensis gopmyiy (1.59),
HaxoaHM

X

cos—

. X . .X x
lim x ctg—=limx = lim cos—=
x—=0 3 x—=0 . X x=0 . X 3
smg sin—
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1
3 -coslim£=l-
301

3

= lim
x—-)Ol -
3 3

Mpumep 5. Haitrn lim (2-x) tg—’Ex.
x—>2 : 4
PeweHnue. [Ipu x > 2 nMeeM HeonpeneleHHOCTh Buaa (- co. Ionaras
X =2-0 ¥ Iepexons K npeneiy, Haxoaum

. T . n . T R
ll})rzx(Z—x)tgzx— E_xz;atgz(Z—a)—g_rpoatg(E—za)—

L
cos— - o -
cos—a. =

. n .
= lim occtgza= lim o T 1:
0 . 0 .

o a= smza * smza

Ta
=lim4— lim cos— =—L 1=i.
a-»ogs. T a0 T T
4 4 4

NMpumep 6. Haitru lim x(arctgx—a).

X—+oe
Pewenune. IomoxnM arctgx =o, Toraa x =tgo, ecll Xx —> +eo, TO

4
o —.
2
CnenosarensHo,
. n . T
lim x(arctgx-——)= lim tga(a——)=
X +oo 2 N 2
2
4
sing (1: ) o 5T
== ——0o [== lim siho—45——<=
a—»l;- cosa \ 2 a-—;%.r sin (E_a»)
2
r
——q
= - lim sino- lim —2 =-11=-1
a-—»f— a—)—ﬂ-: sin (E_a)
2 2 >
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3anaun
Haiitu npenesnsr:

1 lim Wx2+5x+4-vx*+x). 2. lim( 1 __8 )

1s-4\x+4 16—x2
3. lim ( (foszx —ctg2 x). 4. lim (ctgx—cosecx).
x—=>0\sm°x x—0
5. lim xctglt—x. 6. lim (x—zj tgx.
x50 2 n 2
X
2
e ¥ -1 :
7. lim 8. lim m[ln (m+4)—Inm].
x>0 3x m—yeo
- - n
9. fim X293 T gy
77 x50 sinéx n—ses S+ 2
2
11. lim (cos2x)"® %, 12. lim 1 FX S 008%
x—>0 x>0  sin“x
OTBeTbI
1 1 ' T
1.2.2. ——. 3. —. 4.0.5. —. 6. ~1. Ykazanue. [lonoxurs X = -+ Q.
8 2 4 : 2
1 1 1 1 3
7. ——. 849, —.10. ——. 11. ——. 12, —.
3 36 2 Je 2

§ 1.7. CpaBHeHne 6€CKOHEYHO MasibiX BEMUYUH

1. JiBe GeckOHEYHO Maibie BeNMYMHBI O ¥ [ HasbIBAKOTCA

0eCKOHEYHO MAJIBIMH OJHOTO TMOpsAKa, €CIH TIpeles HX OTHOLIEHUS
OTJIMYEH OT HYJIA, T. €.

’lim%za (a#0). (1.69)

2. BenuuuHa O Ha3bIBaeTcsd GECKOHEUHO MalOR BBICIIETO MOPSAKA 110
CpaBHEHMIO C 3, ec/ Npezies1 OTHOWEHUA ¢ k B paBeH Hymo, T. €.

o
lim - = 0. 1.70
1mB (1.70)

3. BenuuuHa O HaspiBaeTcs OECKOHEYHO Majof HM3LIEro MopsAakKa ro
CpaBHEHHIO C , ecnu oTHOWEHHE O K [ AByseTcs GeckOHewHO 6ONbIIOH

BEJIMYHUHOMN, T. €.
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o
lim — = co, 1.71
1m[3 (1.71)

4. DeckoHe4HO Mayible BENMYMHBI O HM - [ Ha3plBalOTCA
SKBHBAJICHTHBIMH, €CJIM MPEJeN HX OTHOLIEHUS paBeH eAUHHMLE, T. €.

lim< =1, 1.72
ImB (1.72)

O603HaueHHe YKBUBAICHTHBIX OECKOHEYHO MAJILIX BEJIMYMH O U P
o~p. (1.73)

OKBHBaNeHTHblE  GECKOHEYHO  Maible . BeJNM4YMHB  06JagaioT
CIEAYIOLIMME CBOHCTBAMH: .

1) pa3sHOCTP JABYX OKBHBQJIEHTHHLIX OECKOHEYHO MalbiXx €CTh
6eckoHeYHO MaJiad BRICHIEro HOPSIKA [0 CPABHEHHIO C KAX/OM U3 HHUX;

2) OpHM HaxOXICHUH Npefesia OTHOWIEHHA ABYX OGECKOHEUHO MabiX
MOXHO KaIyIO M3 HHMX (WIH TOJIBKO OOHY) 3aMEHHUTE APYroii GeckoHeYHO
MaJIoH, eff SKBHBAIECHTHOM, T. €. ecid oL ~ ¢, U B~ P;, TO

lim < = lim & = lim 2 = [im &t (1.74)

B B By Bl'

3ameuyanne 1. Ipoussenenue nsyx GeCKOHEUHO MaMbIX €CTH GECKOHEUHO
Majiasi BRICLIETO MOPAAKA 1O CPABHEHHMIO C KaXI0H U3 HUX.

3ameuanue 2. Yto6bl CcpaBHHTL MexAy co000ii GECKOHEMHO Manbie
BEJIMYMHL], HAXOAAT NPEAEN UX OTHOIUCHMA. EcChIM 3TO OTHOLIEHME mpeRena He
HUMECT, TO BENIUYHUHBI HECpaBHHMBI.

NMpumep 1. Ecnu x > 0, To kakve U3 6ECKOHEUHO MaiblX BENUYUH
N 1
3x, x°, x, X, ~2~x ABJIAIOTCA BEMMYUHAMM OJHOrO MNopsAika C Xx,

BEIWYMHAMH BBICIIErO IOPAKAa M BEIMYWHAMMU HU3LIErO TMOPAAKA MO
CpaBHEHHIO € x7
PeweHwune. PaccMoTpuM npeiesisl OTHOLICHHUI JAHHBIX BETHYHH K X.
Tak kak
1

—X

lim 2% =3, fim2- =21,
x>0 Xx x—0 X

1
TO BEJWYUHBI 3x U Ex SBJIAIOTCA OECKOHEYHO MATLIMH OIOHOr0 nopsanka ¢

BeJIMUKHOM x (cM. popmyny (1.69)).
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TTockonbky

x2 x3
lim X~ = limx =0, lim — = limx% =0,
x—0 X x—0 x—0 X x—0
TO BCIIHYHHBI x2 H x3 ABIAIOTCA GCCKOHC'{HO MAaJIbIMH BLICILIETO nop;mxa

110 CPaBHEHHIO ¢ BeJMYMHO# x (cM. popmyty (1.70)).

Tak xax
. Ax .1
lim — = lim —= = oo,
x>0 Xx x50+/x

TO BeJWYHHA ~/x ABJIfETCS OECKOHEYHO MAJIOH HU3IUEro nopsaka Io
CPAaBHEHHMIO C BEJMUMHOM x (cM. dopmyry (1.71)).
Npumep 2. Jlana GeckoHeuHo Manas BenuuuHa x. CpaBHWTL ee C

6eckoneyHo ManbiMi In (1+x) u xsinl.
x
PeweHune. Tax xak no dopmyie (1.65)

g DO+
x—0 X

3

to In(14+x) ¥ x-—3KBHMBaNEHTHbIC GECKOHEYHO MANble BETHYHMHbI (cm.
dopmyny (1.72)).

.1 ' .
BenpunHa xSIn— . SABIAETCA OeckoHeyHO Mayioll BENHMYMHON Kak
X

npousBefieHHe GeCKOHEYHO Majloii Xx Ha OrpaHHYEHHYIO BEIHYHHY
.1
xsin—
.1 . x .1
sin— ( l sin zt <1). Tak kak OTHOMIEHHe ——=- = Sin— Ipefiena He MMeeT,
x x x

.1
TO BEJIMYHUHBI X U X SINn — HECpaBHHUMBI.
X

Mpumep 3. Jlokasats, 4To Npu x —> 0 GECKOHEUHO MajibIe sincx H cx
SIBJIAIOTCS IKBUBAJICHTHLIMH.
Pewenwne. Tak kak

. sincx . sincx
lim = lim =
x—=0 ¢x x>0 x

1,

To u3 onpenenenus (cM. dopmyny (1.72)) BbITEKaeT 3KBHBaJIEHTHOCTDH
JAHHBIX BEIWYHH.
Npumep 4. Jlokasars, yro mpu x —> 0 GeckOHEYWHO Manbie arctgex H

¢x SABJAIOTCA DXKBHBAJICHTHBIMH.
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PeweHue. Ilonoxmm

arctgex =z,
Toraa
tgz=cx
Hz~>0mpu x—>0.
CnenoBartennHo,
. arctgex . z

lim adeex lim —=1,

x=0 o z-50tgz
9TO ¥ TpeGOBAIOCH AOKA3aTh.

xsin 6x

fipumep 5. Haifty lim —————,
P P x—0 (a.rctg2x)2

PeweHwue. IlpuauMas BO BHUMaHKE, 9TO
sincx ~¢x W arctgex ~ ¢x

(cM. npumeps! 3 U 4), noirydaeM

_xsinex . _x_.g’f_l.g,—é
x>0 (arctg2x)2 _x—-)02x 2x 2 2’

2
Npumep 6. Haiirn limw.
xo3 x-3

0
Pewenne. Ilpy x — 3 momyuaeM HeOIpeNENeHHOCTh BUAA o TaK Kak

x2-5x+7>1 u In (x2-5x+7)— 0. Bripaxenne x> —5x+7 MOXHO
MpeICTaBHTh TaK:

x2—5x+7=1+(x2—5x+6)=1+z,

rae (x2—5x+6)=z—->0 opu x — 3.
Tak xak ipu z —> 0 In (1+2) ~ z (cM. mpuMep 2), TO

In (x> =5x+7) ~ x* - 5x +6.
Ipumensa popmyy (1.74), nomyanm

2 _ 2 _ _
limln(x 5x+7)=limx 5x+6___1im(x 2)(x 3)=

£33 x-3 -3 x-3 x—3 x-3
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= lim (x—-2)=1.
x—>3

Q+x) -1

fpumep 7. Haiitu lim
x> x

PeweHnne. IIpu x — 0 senmumua (1+x)° -1 aBagerca GeCKOHEYHO
Maioit. [Tonoxum

(1+x) -1=z.
INockonsky .
z~In(1+2),

TO
(1+x)" —1~n[1+(1+x) —=1]=In (1+x)° = aln (1+x).

CnenoBartelbHO,

. (Q+x)¥ -1 . aln(l+x
lim ( ) = lim ( ) =a
x—0 X x—0 X
3agaun
1. CpaBHuTh OECKOHCYHO Majbie BEJIHYHHBI ax, o’ , b%/; c

OeckoHeYHO MaJIoH x.
2. Jloxa3aTh SKBUBAJIEHTHOCTh 6ECKOHEYHO MAJIbLX BEJIMUMH!

1) tgex u cx; 2) arcsincx 4 Cx;
3) %tg3x HX, 4) x+2x* ux.
3. Hajttu npeaenel:
3
D Egﬂ; 2) lim t.gfx;
x-)otgbx x—0sin” bx
1
-1
S v _ 3
3) tim F* 71, 4) lim M*Ex .
x—0 X x—0 X
2
5) lim In (l+ax); 6) lim 111(3;: +5x 21)‘
x>0 X x—2 x“—6x+8
OTBeTbI

3
1. ax 4 x — OeckOHEYHO Malble OJHOrO MHopsilKa;, CX — OecKOHEYHO Maas

BBICLIEr0 IOpAJKA MO CPaBHEHHIO C X, b/x —6eckoHeuHo Manas HM3IIEro
TOpAIKa 10 CPAaBHEHHMIO ¢ x. 2. Y Ka3aH u e. Bocnonsiosarses dopmyo#t (1.72).
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| O - 17
3.1) %; 2) ibl3—; 3) g Ykazauue. Cum. npumep 7; 4) —%; 5) a; 6) —7.

§ 1.8. HenpepbiBHOCTL (PyHKLIUMK

Qynkuus y = f(x) HasBIBACTCA HENPEpLIBHOU 8 MOYKe X;, €CiM B
ITOH TOouke OGECKOHEYHO MAJOMY NpPHPALICHMIO aprymMeHTa Ax
COOTBETCTBYET 6ECKOHEYHO MaJioe NpHUpaiieHue QyHKIMM Ay, T. €.

A‘,}’_’,‘OA? = lim [f(x+4x)~ f(x)]=0. (1.75)

DyHKUMA y = f(x) HA3BLIBACTCH HENPepLiGHOU 8 MOuKe Xy, €CAN TpH
X — x;, npefien GYHKUMN CYIIECTBYET H PaBEH €€ 3HAYCHHIO B TOYKE X;,
T. €. '

Jim f(x)=f0n). (1.76)

OTH [IBa ONPEEICHHA HEMPEPHIBHOCTH QYHKIMM B TOYKE PABHOCHILHBI
Ipyr mpyry. :

@yHKkuMA HA3HIBAETCA HenpepbieHON 6 unmepsane, €CM OHA
HEenpephiBHA BO BCEX TOYKAX 3TOTO MHTEpBaNa.

CaoiicTBa HenpepbIBHLIX GYHKIHIH

1. CyMmMa HECKONBKMX HEMpPEPHIBHBIX (QYHKIMH ecTh (yHKIHA
HEeMpephIBHas.

2. Tlpou3BeJeHHE HECKOJBKUX HENPEPbIBHLIX (YHKUHH eCTh (GyHKIUs
HEMpepbiBHAA. ,

3. YacTHOe ABYX HENPEPHIBHBIX (PYHKUMI €CTh (PYHKIIMA HEMPEPLIBHAA
BO BCEX TOUYKAX, B KOTOPBIX ACIUTENb OTIMYEH OT HYJA.

4. Ectu y=f(z) u z=@(x) — HenpepriBHbIE (QYHKIMHM CBOMX
apryMEHTOB, TO clioxHas GyHKIMA y = f [@ (x)] Takke HempepsIBHa.

5. Ecmn ¢ynkuma y = f(x) HempepoiBHa M cyiecTByeT obparHas
¢yHKIMA x = @ (), TO HOCHERHSAA TAKKE HEMPEPLIBHA.

DyHkuMs y = f(x) Ha3BIBACTCA PA3PLIGHON 8 MOYKe X;,€CA OHa
omnpeieieHa B CKOJNb YrOAHO ONM3KMX TOYKaX, HO B TOYKE X, He

YIOOBJIETBOPSAET YCJIOBHIO HENPEPHIBHOCTH.
Ecnu pna ynkimu y = f(x) CymECTBYIOT koneuHbie IPEALibl

lim f(x)u lim f(x),
x~3x,—0 x> x,+0
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npHdeM He Bce Tpu dmcna f(xy), lim f(x), lim f(x) paBHBI MeXIy
xox-0 x—ox+0
co6olt, TO X, HA3LIBAETCS MOUKOU paA3pL6a 1-20 poda. B 4aCTHOCTH, €C/IH

lim f(x)= lim f(x), (1.77)
x—x-0 x->x+0
TO X, Ha3bIBAETCA YCMPAHUMOU moukoi paspuisa.

Touku pa3psiBa (QYHKUHMH, He SBIAIONMECS TOYKaMH pa3pbiBa 1-ro
pona, Ha3bIBAIOTCA MOYKAMU Paspbiea 2-20 poda. B Takux TOUKax Xots Gbl
OIMH W3 OIHOCTOPOHHMX MpEJeNOB ABIAETCA GECKOHEYHBIM WIH HE
CYIIECTBYET. : '

Mpumep 1. Joxasars, 9TO QyHKUHA Y =X
NPOMEKYTKE (o0, o).
PeweHune. Qyukumi y= x> ompenmenena mpHM Bcex X, T.€. B

3 sBIIseTCH HETNpPEPHIBHOH B

GECKOHEYHOM HHTEpBANe (—oo, 00).

[MokaxeM, 4YTO OECKOHEYHO MaloMy TNpPHPaHICHHIO apryMeHTa
COOTBETCTBYET GECKOHEUHO Maloe Npupamenue QyHkuuH. DHKCHPYeM
NPOM3BONLHYIO TOYKY X, apryMeHTy X JajiuM [pHpaleHue Ax,

NpUpaIleHHoe 3HaYeHHe PYHKLIMY OTIPEACTHTCA dhopmynoit

y+Ay=(x+Ax)’ =x° +3xAx+3xAx" + Ax’.
Ipupamenne GpyHKIMHA PaBHO
Ay = x* +3x°Ax+3xAx% + Ax’ - y = 3x*Ax +3xAx" + Ax.
Hrak, ‘
Ay = Ax (3x* +3xAx+Ax?).
Ilepexons K Mpeeiy, OTydaeM

lim Ay = lim Ax- lim (3x? +3xAx+Ax*)=0-3x* =0.
Ax—0 Ax—0 Ax—0

Takum o6paszom, ycinoBue (1.75) BBHILIONHEHO TpH moboM x H3
(—oo, o), OTKYZa U CIIEAYET, 9T0 HyHKLHMA HENPEPHIBHA NIPH BCEX X.
NMpumep 2. I[oxa3af5, YTO dbyHkuus y=x" (n — uenoe,
TIOJIOXHUTENBHOE) HETIPEPHIBHA B IPOMEXKYTKE (— o0, o°).

PeweHue. Oydkuus oOmnpeneleHa 0pu Bcex X, T.€. B MHTepBaie
(= oo, o). [IpupaineHHoe 3HaYeHue GyHKIHH NPH (UKCUPOBAaHHOM X PAaBHO
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y+Ay=(x+Ax)" =x" +nx""Ax+M x"Ax? +

+...+Ax",

OTKyZa

" 2AxX+ . +AX" =

Ay = (x+Ax) —-y " Ax 4+ —2 (n21)

=Ax (nx"‘l + ﬁ(IL;—ll X" Ax+ ...+ Ax"! ]

lim Ay = Jim Ax- lim ( - +M X"PAX ... +Ax""J =0.
Ar—>0 Ar—0 1.2
Mpumep 3. Jlokasats, 4T0 QYHKUMA y = COSX HENpEpLIBHA [PH BCEX X.

Pewenwe. Ora ¢yrkimsa Takke onpeaencHa mpd mo6oM x M3
MPOMEXXYTKA (o0, 00), DUKCHPYS X M JaBasi eMy IHpHUpallieHHe Ax,

NOJTy1HM NIpHpamenye GpyHKIMH

A
Ay =cos (x+Ax)—cosx =—2sin (xw%%c—) sin—2—{.

Tak kak |sina|< o u |sina|<1, 10

|ay|=2 sin(w%) {sin Azx <21 I—é—I—IA |
CrnenoBatennsHo,
|ay|<|Ax],
FIO3TOMY
lim Ay=0.

Ax—0

NMpumep 4. Jloxazars, 410 QyHKIHA y = cosx? HEIpEpPbIBHA NPH
moboM x.
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PeweHnune. QyHKUMI "y = COSX’ SBIACTCA CIOXKHOH WK GyHKUMEH OT
¢$yHKIMY, 2 IMEHHO

y=cosz, z=x".
Kaxas u3 5TuX (QyHKUMHA HepepsIBHa (IpUMep 3, MpUMED 2 OPH n=2).
B cuuny cBoiicTsa 4 pyHKIpA y = cosx’ GyaeT Tarke HeMPEpLHIBHOH.

-2
NMpumep 5. [lokazars, uTo MIA PyHKIHM f(x)=|—x—2‘ Touka x =2
x—-

sBIAETCA TOYKOM pa3psiBa 1-ro pona.
PeweHne. Brouke x =2 GyHKIMA HE ONPENesieHa.
Tlo onpeneneHmo aGCOMOTHOM BenudmHbl (§ 1.1) umeeM

f(x)=——zc_22)=_1, Korma (x—2)< 0 wmm x <2;
— x—
f(x)= x—i =1, xorma (x—2)>0 wim x >2.
x.—

Tak kak
lim f(x)=-1, lim f(x)=1,
xX—2+0

xX—2-0
To Touka x =2 (puc. 1.25) sABIsAieTCA TOUKOH paspeiBa 1-ro pona.
vA 3amevanune. Januyo ¢ysxumo
Henb3s AOOIPEACNUTH Tak, yroOBl OHA
OKa3aiach HenpeprIBHOH B Touke X = 2.
NMpumep 6. [Tokasars, YTO TOYKa
x=0 sABIgETCA YCTPaHHMOH TOYKO#H

paspbiBa wist GyHkouu f(x) = Smx
x

Y

PeweHune. Oyaxkuus

sinx
-1 f(x)=-—> He ompejeieHa INpH
x

x=0, HO ompedeleHa MpH BcCeX
x#0. OnHOCTOPOHHHE  Hpedesbi
¢yuxumu B TOouke x =0 pasHbI

Puc. 1.25

MexIy coboit

. sinx . sinx
lim = lim ——=1
xX—>—0 X X->+0 X

B cumy ycnous (1.77) sakmodaeM, uTo Todka x =0 sBisercs
yCTpaHMMO# TOUKO#M paspbiBa (puc. 1.26).
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Puc. 1.26

MNpumep 7. I[lokasats, uro dyukuus f(x)= HMeEET pa3pbiB B

(x=3)
TOYKe X = 3.
PeweHne. OyHkuud onpesiesicHa BO BCEX TOUKAX, KPOME TOYKH X =3,

Ilpu x <3 nomyyaeM f(x)>0, mpu x>3 f(x)>0.
Hmeem

1i = 400
Jm S =
li = +oo,
Jim J=+

Touka x =3 ABNAETCH TOUKOH paspsiBa (puc. 1.27).
7\ 3apaun
1. [loka3ath, 4T0 QyHKUHA

fx)=ay+ax+ax®+...+ax"

HeMpepbIBHA [PH BCEX X.

2. Jokaszare, uto  ¢yHKuUMA
A y =sinx HempepbiBHA MPH BCEX X.
0l 12 3 4 5 6 7 3. JHoxa3ath HENPEPHIBHOCTH
byHKumi:
1) y =2cos3x;
Puc. 1.27 2) y =3sindx;
3) y =sinx?;
4) y= cos’ x.

4. Tloka3ats, uTo (PyHKUHA UMEET pa3phbiB B TOYKE X = 3.

_sin(x-3)

=255
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5. Haiftu TOuKy pa3pbiBa ¢GyHKIMH

fo=—

x+4’
6. IokasaTh, 4T0 (hyHKIMA HMEET YCTPAHUMBIH pa3phIB B TOUKE X = 3.

x2-9

x-3

y:

7. Onpenenurts TOYKH pa3pbisa QyHKUHAH

x2

kf(x)=(x—1)(x+2).

OTBeThl
1. Vka3zaHue. Bocnons3oBaTbCsi  CBOMCTBAMH  HENPEPHIBHBIX

Qyukuuit ¥ TeM, 4rto QyHKUMA y = x" wHempepsiBHA. 5. x=-4.
7. x=Lx=-2
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Pasden Il.

HAugbpepenyuansHoe ucqucneHue
yHKyull 08HOU nepemeHHOU

naea 2.
fMpouzBoaHan u audrchepeHuman

IIpouseoonoii yHxkMu y = f(x) B TOYKe x Ha3bIBaeTCs MpPENEN OTHO-

LICHHs NpHpaneHus GyHKUMN K NPUpaIeHHIO apTryMeHTa, KOra Ipupatie-
HHE apryMeHTa CTPEMHUTCA K HYJIO:

Uin
B S-S o
dx Ax—=0 Ax

Ecnu x MeHsgeTca, 1o npenen (2.1) 6yaeT Takke MEHSITHCA (JUIA HEKOTO-
PBIX X OH MOXET M HE CyIIECTBOBATh), CIEAOBATENLHO, NMPOU3BOHAS JaH-
HOH (yHKLHM ecTh HEKOTOpas (pyHKLHS.

DyHKUUs, UMEIOLIas KOHEYHYIO TIPOU3BOJHYIO, Ha3bIBAETCS Ougddepen-
yupyemoti. Onepauus HaXOXKICHHA HPOU3BOIHOM Ha3bIBaeTCA Ougpgpepen-
YUPOBAHUEM.

TI'eomempuyeckoe 3nauenue npouzsoonou. I[IpousBogHas GYHKUMM
y= f(x) 1A Ka)KZOro 3HAYCHUA X paBHa YIJIOBOMY KO3(OHMLMEHTy Kaca-
TEJBHOM K rpaduky JaHHOH! QYHKLIM B COOTBETCTBYIOLICH TOUYKE, T. €.

f ,(xO) = tgaa
rie o — yroJ, obpasyeMsiii kacaTteabHOU K rpadMKy ¢ MOJOXKUTENLHBIM Ha-
npaejeHueM ocd Ox MPAMOYTONBHOM HEKapTOBOM CHCTEMbl KOOpAHMHAT;
3TOT yrod sBisercs ¢yHKUuel apryMeHTa x.
Mexanuueckoe 3nauenue npousgoonou. na pyHkumu s= f(z), me-

HAIOINENCA CO BPEeMEHEM !, NMpPOM3BONHAA s  €CTh CKOPOCTH M3MEHEHUs
(hyHK1IMH B NaHHBIA MOMEHT £, T. €.

()= (%),
rae v(¢;) — CKOPOCTb U3MEHEHHUS S B MOMEHT £ = 1.

BBICTpOTa NpOTeKaHUA PU3HYECKUX, XAMHYECKHX U APYTHX TIPOLECCOB
BBIPAXKAETCS ¢ HOMOWbIO NPOU3BGOOHOU.
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Ecmu u, v, w— nuddepermmupyemsie GyHKIMA OT X, a ¢ — NOCTOAHHASA
BEJIHUMHA, TO UMEIOT MECTO CIEIYIOIINE OCHOBHbIE NpAsuna ouggepenyu-
poséanus.;

¢’=0 (c=const), 2.2)
u=v+wy=u—v'+w, (2.3)
Y =u'v+uw’ (24)
(@) =0 (c= const); (2.4")
(E) -5 2.47)
c c

(z) _vmw @5

v v

§ 2.1. NMpoussoAHbIE CTENEeHHbIX U TPUFOHOMETPUYECKUX
yHKumn

OcHoBHble GOpMYJIbL:

(x*) =ox®; (2.6)
1
(\/;)'=2—J;—; 2.6")
1y 1
(;) == (2.6")
xp=1 2. 6’;' )
(sinx)’ = cosx; ‘ 2.7
(cosx)’ = —sinx; ' (2.8)
(tgx)' = 00312 = 2.9)
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1
(ctgx) = ———. (2.10)
sm- x
3ameuaune. Qopmynsl (2.6"), (2.6”) u (2.6") nomysarorcs us pop-

MyJibl (2.6) COOTBETCTBEHHO NPH Ol = o M= -1, a;=1

2
Mpumep 1. Haitru nporssonHyio GyHKIMHA y = %xs ——3—x3 + X.

PeweHune. Ha ocnoBauunn dopmyn (2.3), (2.4°), (2.6) u (2.6"") mosy-
HaeM:

’

y'=(§x5) '(%ﬂ) +(x)’=_;-(x5)'—§(x3)'+(x)'=

=.;_.5x4_§.3x2+1=x4—2x2 +1=(x2 =12,

Mpumep 2. Haiitn npoussoanyo pyHkmmn f(x) = 24x 3352,
Peuwenue. Kax 1 B npenpiayiieM npuMepe, IMeEM

l 2 ’ l ’ 3 ’
f'(x)=[2x2 —3x3J =2[x2] —3[;&} =

1 1 1 1
2.l 32 5 o5 L2
2 -3

Vx Vx

NMpumep 3. Haiitu npousBoanyio ¢yHKLIMH Y = X COS X.
PeweHue. INonssyice hpopmynamu (2.4), (2.6"") u (2.8), Haxoaum

y’ = (xcosx) = x’cosx+ x (cosx)’ = 1-cosx + x (—sinx) =

= CcOsSX — xsinx.

NMpumep 4. lana dynxkmma f(x)= x? =3x+2. BbYHCIHTH f’(—- D,
7)), /M, ).

PeiweHue. HaxonuM BHayase NpoU3BOIHYIO JaHHOU GyHKLHH

f'(x)=2x-3.
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IMoacTapnss 3Ha4eHUs apryMeHTa X B BRIP@XKEHHE [UIA NPOU3BOIHOMH, mony-
qaeM:

f=)=2(-1)=-3=-5; f'(0)=2-0-3=-3;
f'{(Hh=2-1-3=-% f'(2)=2-2-3=1

=2

2 +2

Mpuwmep 5. Haitru npomssonHyio GyHKmH f(x)=

PeweHnue. ITo dopmyne (2.5) HaxoquM

f’(x)=(§_2) ISR (G el b S

+2 (x? +2)?
2 (P +)-(P-2)2x 8
(x*+2)* (x2+2)*

Npumep 6. Haiitu npoussouHyto GyHKIMH 7 = bcos®.

PeweHue. 3nech dysxims obosnauena GykBo# r, apryMeHT — OykBoii
@, b — nocrosuHas BenuuHa. JnddepeHuupys, Haxoaum
r’ = (bcos®) = b (cos@)’ =b (—sing)=—bsing, r’' =—bsing.

7. Haiitt npou3BoAHYI0 QYHKIHH § = at’ +bt+c.
®ynxims obosnauena GykBoil s, aprymeHt OyksoH f, a, b W ¢—
noctoaunsie. J{uddepeHunpys, noiyyaeMm

s=(at?) + bty + () =a () +b(t) +(c) =2at+b.

3agaun
Haifti npousBoaHble QyHKIMH:

1. y=lx5—2x4+zx3—§x2+4x—5.
5 3 2

LS S

2x? 3x3 5

3. y=4%/;c—3_——3%/;2_+2«/;. 4. y=sinx—cosx.

2. y

ax-b-
5. y=x’ cosx. 6. y= .
Y Y ax+b
7. s=50 1% 8. r = @sing.

9. f(x)= x2 =5x+6. Haittu £7(0), f’(1), f'(4), f'(=2).
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10. r(¢) = sing + cos¢. Haitru r’(0), r'(g), r’(- g), r'(.})_

O1BeThbI
Ly =x*-83+2x2-3x+4. 2. y'=—%+i4—i6- 3.y'=
x> x7 x

——3———2—+L 4, y’ = cosx+sinx 5. y" = x (2cosx — xsinx)
Tl iy ot . . . .
, 2ab , 2 S : ’
=———=. T.5=15"-2t. 8 r'=sing+e@cosp. 9. f'(x)=
(ax+b) '

=2x-5;, f/(0)=-5 f'N)=-3; f'(4)=3.

§ 2.2. MponsBoaHasn CIIOXXHOMN (hyHKLIMMU
Ecnu y= f(z) n z=¢ (x) — mbdepeHuupyembie QyHKLUH CBOUX ap-
I'YMEHTOB, TO IPOH3BOJHAA CJIOKHOHN (PYHKILUH

y=flo(x)]

CYIIECTBYET M paBHa NPOU3BEICHHIO NPOM3BOAHON JaHHOH QYHKLMH y TO
MPOMEXKYTOUYHOMY apryMEHTY Z Ha NMPOW3BOIHYHIO MPOMEKYTOYHOIO apry-
MEHTa Z 110 He3aBUCHMOM TIEpEMEHHOM X

Vi =Y 2z, WIH £y_=gjl_% 2.11)

dc dz
B uacrHocTH, dopmynsl § 2.1 mpuMyT BUA:

’

1
(Y =z 2% (\/;) = 2‘/—-z’; (sinz)’ = cosz-z’;
zZ

e ’ ’ l 7 ’r 1 ’
(cosz)’ =—sinz-z’; (tgz)’ = 72 (ctgz)’ = —— 7 _Z-
] cos” z . sin” z

NMpuwmep 1. Haiitn npoussoanyto ¢pyHKUMH y = sinSx.
PeweHune. ApryMeHTOM CHHYyCa 3JIECh SBASETCA HE X, a Sx. 3TO ClOX-
Has TPHrOHOMeTpHYecKas (YHKLHS, KOTOPYIO MOXKHO IPEACTABUTH TaK:

y=sinz, z=5x.

Hmeem:

¥, = (sinz), = cosz = cos5x; z, = (5x)} =5.
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TMoncTasnss BeIpaXKeHUs sk ¥,  z, B popMyiy (2.11), naxomum:

¥, =cos5x-5, (sin5x)” =5cos5x.

ToT e pe3yasTaT MOXHO NONYYHTh H HENOCPEACTBEHHO, HE BBOIA fAB-
HO MPOMEXYTOUHEIH apryMeHT z = 5x:

(sin5x)’, = (sin5x)’ - (5x); = cos5x- 5= 5Scos5x.

3ameuanue 1. B mocreanux paBeHCTBax WTPUXOM 0603HaueHO audde-
PEHIIMPOBAHHE TI0 NPOMEXYTOUHOMY apryMeHTy Z = 5X. lllTpux BBEpXY U X BHU3Y
osHavaroT auddepeHUPOBaHHME TIO X.

3ameuaHue 2. Mol MONs30BAIKCE 3[ECh TEM, YTO NPOU3BOAHAA CHHYCA MO
€r0 apryMeHTy paBHa KOCHHYCY TOTO XK€ apryMeHTa.

Mpumep 2. HaiiTh npou3BOIHYIO OT QyHKIHMH y = sin®x = (sinx)z.
PeuweHue. DTo CloXHasA cTeneHHas QyHKUHA ¢ IPOMEKYTOUYHBIM apry-
MeHTOM z = sinx. JIaHHYI0 (PYHKIMIO MOXHO NPEICTaBUTh B BUIC

y= 22, z=sinx.
JTTuddepenumpys, NoaydaeM:
yi=2z=2sinx; z; =(sinx)’ = cosx.
Tonacrasnss 3Tv BelpaxeHus B GopMymy (2.11), Haxoaum
yr = 2sinxcosx = sin2x.
ToT e pe3y/nsTaT MOJTYyYaeTCsl HENOCPEACTBEHHO:
» (sin®x), = (sin® x)’ - (sinx)’ = 2sinxcosx = sin2x.
Mpumep 3. Haiitu npoU3BORHYIO QYHKUMH y = cosx?.

PeweHune. DTO ClOXHAA TPUrOHOMETpHuecKasd QyHKIMA C HPOMEXY-
TOYHBIM apryMEHTOM Z = x*. OyHKUKA IpeICTaRNAETCS B BUIE

y=cosz, z=x".

Huddepenimpys naHHbe QYHKIMH 0 CBOUM apryMeHTaMm H IOACTaB-
55 TIOTy4EHHLIE BolpaxeHus B dopmyiy (2.11), Haxoaum:

y; =(cosz), =—sinz = —sinx?, z/ =(x*), =3x7;

y, =—sinx® 3x? = —3x%sinx?.

DTOT Pe3yNbTAT MOXKHO IOIYYHTh U HE BBOJSA AIBHO MPOMEXYTOUHOTO ap-
FYMEHTA Z:
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(cosx’), = (cosx’)’- (*), =—sinx®-3x? = = 3x? sinx’.

Npumep 4. Haitru nponssoanyro GyHKImu y=(ax— b)4.
PeweHwue. JlanHas QyHKIMA SBASETCH CIOXHOM CTeNEHHOMN dynxumen
C IIPOMEXYTOYHBIM apryMeHTOM z = ax — b:

y=z* z=ax-b.
Huddepenunpys, nonxyyaem:

yvi=(Y =42 =4(ax-b)’, 2z, =(ax~b) =a,
Vi =4(ax—b) -a=4a(ax—b)’.

NMpumep 5. Haitru npoussoanyro GyHximn y = Vx? +4x+2.
PeweHune. Ipencrasnss nannyro GyHkumo B Buze

y=+z, z=x* +4x+2
¥ TuddEpEHIMpPYS, HAXOLUM:

y§=(\/;)’ 1 1

:2Vz 2yt iaxe2

z, = (x> +4x+2) =2x+4;

2x+4 x+2

s

< 2\/x2+4x+2 - \/x2+4x+2‘

Npumep 6. Haiitu npoussoanyro dpyHkumn y = sin? %

PeweHwue. 3o croxHas cTeneHHas QyHKUHS, apryMeHT KOTOPOH SABIIs-
€TCA CIIOXKHOM TpUroHoMeTpudeckoi ¢yHkuueit. [lepsbiii MPOMeXyTOHBIIH

. X . X
aprymeHT eCTh smE, BTOPOI — 3

3mech Gopmysy (2.11) HYKHO NPUMEHHTb ABAXKALI

yo=|sin?Z | fsinZ | =[sin?Z | [sinX | [X] =
2 2 2 2)12),

. X x 1 .
=2sin —cos —-— = —sin x.
2 2

2

Nype
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NMpumep 7. HaitTu mpon3BoaHyio QyHKIHM y=x2sin2x2.

Pewenue. JagHas (yHKIMA NpencTaBigeT coboif npousseseHHe ABYX
‘(yHKIHH, OZTHA U3 KOTOPBIX SBIAETCA CIOXKHOM dyHKime#H, npu tuddepen-
UMpOBaHMM mocnenued ¢opMyny - (2.11) HY)KHO TNpPUMEHHTS - ABAXKMABE
(cM. pumep 6). :

Hudpdepenunpys qaHHyI0 GYHKIHMIO KaK MPOH3BEACHHE M (YHKIIO OT
byHK1MH, NOTydaeM

y' = (xsin? x2)’ = (x*) sin? x? + x2(sin® x?)’ = 2xsin” x? +
+x22sinx? cosx? - 2x = 2xsin® x? + 2x? sin2x? =
= 2x (sin® x? + x? sin2x?).
2

cos” x

Mpuwmep 8. Hailte npousroaHyo GYHKIMH y = ——.
sinx

PeweHue. JupdepeHunpys ee Kak 4acTHOE M CIOKHYIO (YyHKLwIO,
HaXO0quM

’
= cos® x _ (cos® x)’ sinx — cos? x (sinx)’ _
sin? x

sinx
i/

_ 2cosx (=sinx) sinx — cos’ xcosx _

sin? x

cosx (sin2 x+ cos? x)+ cosx sin? x

sin? x

=—cosx( '12 +1)=—cosx (cosec2x+1).

sin“ x
3agauu
Haiitu mpou3BoaHbIe (yHKUMIA:
1. y=sin32‘—. 2. y=cos(3—4x).
3. y=cos3x. 4. y=sin4x+oos4x.
5. y= x* +2x+3. 6. y=(2x2-7)3.
1
7. y=(a*-ex?) . 8 y=———.
y=1{(c ) y (@t )’
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1
y=——7.
(1+ sin2x)?
2

10. y=—ctg’ x+ 3étgx+ 3x.

11.y=sln x 12.y=coszx2.
cosx
OTBeTHI
1 . .
1. Py cosgzc—. 2. 4sin (3—4x). 3. —3cos® xsinx. 4, —sin4x.
3
2
s 2t 6 12x@nt -7 7 —6ex (@ -cx?). 8 ——
Vx4 2x+3 (ax+b)
9 _:M, 10. 3ctg® x. 11. sinx (sec® x+1). 12. —2xsin2x?.

" (1+ sin2x)*

§ 2.3. Mpou3BoAHble NoKa3aTenNbHbIX U florapuMuyYecKux
pyHKUMH

OCHOBHbIE (HOPMYJIBL:

(@) =a"Ina; 2.12)
(") =¢"; (2.13)
, 1
(log, x)' = —log, e=——; (2.14)
x xlna

, 1
(Inx)’ =—. (2.15)

e

Ecnu z =z (x) — nuddepenunpyeMan GyHKLIHA OT X, TO GOPMyJIbl Npu-
MYT BHI:

(@®) =a’-Ina-z’; 2.127)

(e*) =é"-2'; (2.13")

(log,2)"=— — (2.147)

(Inzy =% 2.15)
z

79



Mpumep 1. Haittu npoussonHyio GpyHKuum y =4",
Pewenune. [Tomesyemca dopmynoit (2.12). B panHoMm ciygae a=4.
INosyuaem

(4*)Y =4"In4=2In2-4*,
NMpumep 2. Haitrn npousBoaHYIO (ﬁymcunn y= a* .
PeweHwue. [To popmyne (2.12") nomyuaem

(axz) =a¢* .Ina-(x*)' =a* -Ina-2x=2Ina-x-a* .

sin®x

NMpumep 3. Haiitu npoussonHyio GyHkuun y = e
Pewewnune. ITo popmyne (2.13") Haxomum

r
2 s 2 . in2 . in? .
(es"‘ ") =S . (sin® x)’ = "™ * . 2sinx- cosx = " * sin2x.

Mpumep 4. Haitru npomssonnyio pynkuma y = Invx? +2x+3.
Pewenrwue. Ilo popmyne (2.15") nomyyaem

Invx?+2x+ 3) =——1———-(sz +2x+3) =
( VxZ+2x+3

1 1
B 1/x2+2x+3 .21/x2+2x+3

(x?4+2x43) =

_ 2x+2 _ x+1
2(x2+2x+3) x*+2x+3

3ameyaHuc. Jannyio QyHKUMIO MOXHO O6bUIO Obl  3amMcaTh  Tak.
1 .
y= 3 In (x2 +2x+ 3) u npoxuddepeHumposars crenyonMM 06pazoM .

’

[11(2+2 +3)] R WA I SV 5.4 S
—1In(x =—. (x = .
2 * 2 (X2 +2x+3) * X +2x+3
. 1+ 2x
Mpumep 5. Haiitu npoussoauyio GPyHKIMU y=ln1’1 o
— X
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PeweHnune.

3aMeuyaHHeE.

1 1
= lin (1+2x)- In(1-2x)] = 5(

(1+2x 1- 2x) 1-4x*

Ecnu non 3snakoM nopnexatueit auddepennuposanuio yora-

prdMuieckoi GYHKIMH COREPXKHUTCA BRIPKEHUE, NOUIAIOMEECS JI0rapudpMupoBa-
HHIO (IPOM3BEACHUE, YACTHOE, CTEMEHb, KOPEHB), TO TMOJE3HO CHaYala BHIOJHATH
norapu¢MupoBaHue.

Mpumep 6. Haiitu nponsBomHy1o GYHKIHMH y = COS2x- €

Pewenue. Jupdepeniupys NpOU3BEACHHE M IMONBL3YACh (GOpMYysioH
(2.13%), vaxogum

= —2sin2x- 2%
= ~2sin2x- 2%
= _2eZcoszx
3agayH
Haiiti npon3BoaHble GYHKLUMIHA:
1. y= x*Inx.
' -a
3. ln
r= X+ a
5. y=Inlnx
7. y=4"+x".
9 y= esm2x
X
11.y=In .
Y bx*+c¢

2
(cos2x- €25 XY = (cos2x)’€* ™ * + cos2x (2% *)' =

sin2x (1+cos2x) = —

—2sin2x-cos2x-e

2 )
+c0s2x- 2% * .4¢cos x (—sinx) =

2
4e2cos x

y=In(x?+5x+6).

—1In a—bx
Y a+bx’
. y=ln2x.
sini
y=a 4.
10. y=¢e™ "~
X -X
12.y=m <
ef—e

2cos’ x _

-sin2x cos? x.
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OTsBeThl

2x+5 . 2a ab i
1. x(2nx+1). 2. .3 . 4. . 5. .
( ) X +5x+6 x> - a? bxr-a? xlnx
. X
6. 21nx. 7. 42In2+4x>. 8. -!-asm4 cos>Ina. 9. 2cos2xe™**.
X 4 4
2 2bx 4
10. —sin2xe™ *. 11. 1- .12 .
b +c¢ e -~

§ 2.4. NMpou3soaHble 06paTHLIX TPUFOHOMETPUYECKUX
yHKUMA :

OcHoBHEIE GOpMYJIBL:
1

(arcsinx)’ = JT—_Z ; (2.16)
-x
(arccosx) = — ! ; 2.17)
1-x?
(arctgx) = s ; (2.18)
(arcctgx) = — o (2.19)
JIns croXHBIX QyHKIMIA:
(arcsinz)’ = —— = (2.16")
1-z
(arccosz)’ =~ Z__; 2:17")
1-22
(arctgz)’ = 1jz2 : (2.18")
(arcctgz) = — 2.19")

1+2%

Mpumep 1. Haiitu npoussonnyio GpyHKuuM y = arcsinx+Vi-x’.
PeweHue. QubdepeHuupys, noayiacm
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’ 4

(arCSinx+m) = (arcsinx)’ + (m) =
1 x

1 1 .
+ (A-x°) = - =
w[l-—x2 2\/1—x2 ) 1/1—-x2 1-x?

_ l=x ’l—x
1/1-x2 1+x
NMpuwmep 2. Halith npousBoaHyI0 QYyHKIHH y = 1-x” arccosx.

PeweHnue. Jupdeperunpyem, ucronnsys dopmyast (2.4) u (2.17), Ha-
XOHM

( 1-x? arccosx) =(1/1—x2) arccosx +

x
+v1-x? (arccosx)’ = — arccosx —

1-x2

- l—xz-——1——2-=—(l+ X = arccosx).
Vl-x 1-x

NMpumep 3. Halitn npousBoaHyI0 GyHKIHH

y=arctg£+lln(x2+a2).
a 2

PeweHue. [upbdepeHunpyeM NOWIEHHO H HCHONBIYeM GopMyiTy
(2.18"):

[arctg£+lln(x2+a2)] =(arctg£) +l[1n(x2+a2)]'=
a 2 a 2

4

X 1 1 2 N
—_ e (x"4+a =
) 2 x2+a2( )

mEc

a X x+a
+ -

+a? x*+a®> P +ad’
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Mpumep 4. Haiith nponssoanyio GyHKUMH y = arcctg/2x — 1.
Pewenue. Ilo dopmyne (2.19") naxomum

(arcctg V2x—-1 )’ = _._(__2i__1_)_2
1+(v2x-1)

_ 1 2 1
142x—-1 242x=1  2xy2x—-1

1
Mpumep 5. Haiiru mpousBonHyo GyHKLMM y = arcsin —.
: x

PeweHnue. C nomompsio Gopmyisi (2.16") nomyuaem
(ein) = (3) - ()
arcsin— | =————— | = | =——| -——|=

x 2 \x 2o\ %
1-1 —

)
S S
lew/xz—l

Mpumep 6. Haittu mpousBoaHyo GYHKIMH Y = arctgl—-l_—x.
x

PeweHue. Ilo dopmyne (2.18") Haxomum

l1-x 1 l-x
a.rctg1 =2 3 =
+x 1-x I+x

(1)

1+x

—2+2x2

(1+x)? [—1(1+x)-1(1—x)] -2

T U +(1-x) (1+x) - -

3agauu
Haiit npousBoaHbie QyHKLmMIL:

1. y=arcsin2x. 2. y=-—arcsin—-.
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3. y= arccosx. 4., y= arccosx>.

1
5. y=arcctg z 6. y=arcctg —.
a x

7. y=arctgv4x—1. 8. y=arctg%.
x

OT1BeThI
: 2
L2 22 oL 3>
V1-14x? xwxt =1 24x—x2 1-x8
5 .94 6. 1 1 1

. .7 . 8. - .
a® +x? x2+1 21/4x3—x2 2\/;(x+1)

§ 2.5. NpounsBoaHbIe HEABHbIX (PYHKLIMIA

DyHKUMA y OT apryMeHTa X Ha3bIBAeTCS Hes6HO, €CH OHa 3ajaHa
YpaBHEHHEM

F(x,y)=0, (2.20)

HE pa3spelICHHBIM OTHOCHTENILHO 3aBHCUMOI ITEPEMEHHOIA.

Yro6b! HANTH NPOU3BOMHYIO ) OT HeABHOM (QyHKUMH, HYXHO Tpoaud-
¢epenumpoBats no x obe yacth ypaeHeHus (2.20), paccmaTpuBasg y Kak
$yHKUMIO x. VI3 MOMY4eHHOro ypaBHEHHA HAXOIMTCA MCKOMAs IPOM3BOHAL
Y.

Npumep 1. Haiitn nponssonHyio HeABHOM GYHKLMK x> + y -at=o.
Peweune. Cuuras y pynkuueit or x 1 muddepeHUMpys y Kak CIOKHYIO
ObyHK1MIO, TOTy9aeM
(x*+y*-a*)’' =0, 2x+2y-y’'=0,
OTKyZa
y ==
y

3amedanue. B 3TOM NpUMeEpe TOT jKe Pe3yabTaT MOKHO NOTYHHTb U IPY-
TUM criocoGoM. Paspeius HCXOIHOE ypaBHEHHE OTHOCHTENBLHO Y, HailgeM JBE AB-

Hele OYHKUMH Y = va? —x? > V2 = ~va?-x%. Nuddeperuupys stH dynxk-

IIMK, HAXOAHUM:

, 1 B , —2x x , x
e e Gt it O
2vVa’ —x 2vVa” —x N V2
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Onnako nepexox ot HesnHo# gymkmm F (x, y) =0 x ssuokt y = f(x) He Bcerna
BO3MOJKEH.

NMpumep 2. Haittu npon3BoaHyIO HEABHOM GyHKIMH x}+y —3xy=0.
PeweHune. [lubdepenumpys, norydaeM:

3243y Y =3 (xy+ 1) =0; X’ +y7 -y —y—xy =0,

x2—y+y' (> -x)=0.

W3 nocneaHero ypasHeHus HaxomuM )’

2
/_x =)

= x_yz }

NMpumep 3. Bouuciurh 3HAaYeHHe NPOM3BOJHOH HEABHOH QyHKIWH
xy2 =4 Btouke M (1,2).
P e weHue. Halinem BHavase MpOH3BOIHYIO:

Y +x2yy' =0, y' = —%.

ToxcTasnas B MpaBylO 4acTh NOCJHEIHEr0 DaBEHCTBA 3HAaYeHHs x =1,
y =2, ony4aeM

Mpumep 4. Haiitn x; npu =1, ecan tInx—xInr=1.
PeweHue. D10 ypaBHEHHE OTIpeeNsAeT X KaK HEABHYIO (YHKIIMIO 7.
Juddepenuupyem 1o £

1 1)_
t-Inx+t-—x/— x,'lnt+x--—)=0.
x t).
Tax kak ¢, =1, To
t , X t X
Inx+—x, —x;Int—==0, x|—-Int|-| ==Inx =0,
X t X t

OTKYZa
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Yro6hl HakiTh x; mpH f =1, HEOGXOAMMO ONpENEIHUTD elle 3HAYEHHE X,

COOTBETCTBYIOIICC HNaHHOMY 3HadyeHuto f. IloacrtaBiaas =1 B ucxoaHoe

ypaBHeHue, nonyduMm 1-lnx-xInl=1, orkyma Inx=1, cnenoparensHo,
x=e,
Honcrasum ceituac 3HaveHus ¢, x B GopMyny ana npousBonsoit. [To-
JIy4uM
e
171 e
x{ =1_='T-=e(e 1), x/ —e(e—l)
——0 il
(4 e
3apnaun
Haliti mpousBoaHbIe HESBHEIX QyHKIMiL:
1. x2+y2—4xy=0. 2. xy2+x2y=2.
2 2
: . x y
3. +siny=0. 4., —-—=1
xy y 2B
2 2z 2
5. & +x=y. 6. x3+y3=
7. Iny-2x=0. 8. y2+x4=x2.
9. Haiiti »’ B Touke M (1,1), ecim Z+xy=2.
x
10. Hatitn y* npu y =0, ecnu xcosy~siny+sin2y=1.
OTBeTBI
1 x=2y _y(+2x) y 4 b*x 1
) 2x—-y’ x (x+2y) xX+cosy ) azy' T 1-e
1
! 5 .
6. —(1)3. 7.2 8 X022 56 4o -1
X y

§ 2.6. Mpou3BoAHbLIE BLICIIMX NOPAAKOB

IIpouzeodnoii emopoeo nopadxa WM BTOPOH rIpOI/I3BOIIHOI7[ ¢byHKIHK
¥y = f(x) Ha3pIBaeTCA MPOHM3BOAHAS OT ee MPOM3BOAHON )’ = f’(x). OHa

obo3HauaeTcs CI/IMBOJIaMPI

Yi=0) mmm [ =[f(x)] wm 5

d2y

@I
dx.
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Mexanuuecxuii cmvicn émopoi npouseoonou. Ecnu x = f(¢) —3akoH
NpAMONMHEHHOrO IBIKEHHA TOUKH, TO X" = f”(f) ecTb YCKOpEHHE 3TOr0

JBHKCHHA.
AHaJIOTMYHO OMNpEeneIioTCa U 0003Ha4YarTCA IpOM3BOAHBIE TPETLETO,
4eTBEPTOro 1 IPYrux NOpsaKkoB:

»nr nr 7N\’ d3y 1{{aN4 d4y
Y= =( =—dx3,y'v=f”(x)=(y ==
d"y
M = £ ()= (yVy = =
YO = O ="y ==

dopmyna JleGHNL A i NPOU3BOLHOMA 1-TO HOPAIKa OT NPOM3-
BeICHUA IBYX (QyHKIMIA:

()™ =™y 4+ Dy + _n(_r;—_ll u"DV g
+ v D ™
NMpumep 1. Halith DpOM3BOAHYIO BTOPOro  mopsika  QyHKUMH
y= sin? x.
PeweHnune. JlupdepeHuupys, nomy4aeM NEPBYIO MPOUIBOAHYIO
y’ = 2sinxcosx = sin2x.

JuddepeHuupys elle pas, HAXOAHM HCKOMYIO ITPOM3BOIHYIO BTOPOFO

nopsAaxa:
y” = (sin2x)" = cos2x- (2x)" = 2c0s2x.
Mpumep 2. Haiitu MNpOH3BOAHYIO  TPECTHETO IIOpﬂI[Ka‘ (yHKIHMU
y= x> +3x+2.
PeweHue. [TocaenosarensHo auddepeHIMpys, MoayyacM:
¥ =(x? +3x+2) =2x+3; y=(2x+3) =2

ylll = (2)' = 0.
NMpumep 3. HaliT NpoOu3BOAHYI0 HETBEPTOTO MOPAAKA (GYHKLMH
y =sinx.
PeweHnue. IocnenosarenbHo quddepeHUMpys, onpeeseM:
y’ =cosx, y” =-sinx, y” =—cosx, yIV =sinx.
Npumep 4. Haitru £(0), f’(0), f”©0), f7(©0), f V), ecmm

f(x)=cos2x.
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PeweHue. Haxonum npoHs3BORHEIE TIEPBOTO, BTOPOTO, TPETHEFO H HET-
BEPTOrO TIOPAAKOB:

f(x)=-2sin2x, f”(x)=-4cos2x, f”(x)=8sin2x,

WV (x)=16cos2x.
IlpyunaBas x 3HaUCHHE, PABHOE HYJIIO, HAXOANM
fO=1, f/©=0, f"©=-4, f©0)=0, fV(©0)=16.
NMpumep 5. Haiitu npousBoaHyIo AecATOro MOpAAKa I QyHKIMY y =
=e*(x3-2).
Pewewnune. [Ipumensas popmyay Jleiibuuna, noayunm
y(lo) - [ex (x3 _2) ](10) — (eX)(IO)(x3 _2)+ 10 (eX)(9)(x3 _2)'+

1098
+

#1222 (@) -2y (e ~2y"

Bce mocnenyiomue ciaraeMeie paBHBL HYJIIO, TakK KaK BCE BbICLIME PO~
U3BOJHbIE OT (YHKLUH x* -2, HaunHan ¢ YETBEPTOH, 00pallaoTcs B HyJb.

IMockonbKy Mpon3BOAHAs MOOOro MOpsAaKa OT e* eCTh &*, TO

Y19 = % (x3 —2) +30e* x? + 45¢* - 6x +120¢” - 6,

Y1 =¥ (x* +30x% +270x + 718).

3agaun
Haiith npon3BoHbIE BTOPOTO MOPAIKA OT QYHKLMIA:

y=(x=-1% 2. y=(ax’-b)°.
3. y=a". 4. y=Inx.
5. y=tgx. 6. y=ctgx.
Hajith npoH3BOAHbIE TPETHETO NOPAIKA OT (YHKIIHIA:
7. r=a(@-sing). 8. r=a(l--cosg).
9. s=asinds. 10. s =acos3t.
Orsernl

i
1.4Gx2-1). 2. 4a(ax?-b). 3.4 ’a 4. -lz. ed
X cos” x
2cosx

6.

. 7. acos@. 8. —asing. 9. —64acosdt. 10. 27asin3t.
sin’ x
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§ 2.7. MpousBoaHbie runepGonuyeckux hyHKUNH U
cyHKUMIA, 3aAaHHBIX NApaMeTPUYeCcKn

X _e—x e).’ +e—x

e
BripaxeHusa ,
2 2
BETCTBEHHO 2unepbOonuYecKuM CUHYCOM, KOCUHYCOM, MAH2EHCOM, KOMmaH-

N UX OTHOIIICHHA HA3bIBAKOTCA COOT-

2encom 1 0003HAYAKOTCA:
X

0 ef—e* . e +e” 0 shx e —e”
shx=——: chx=——7; thx=—"—"=—>"77;
2 ’ 2 ’ chx ex+e_x’
chx e +e*
cthx=——= -

OcHOBHEIE GOPMYJIB [UIsi FUNEPOONTHIECKHX QYyHKUHA:

ch’x—sh?x=1;
ch? x +sh? x = ch2x;

sh2x =2shxchx.

1. TIpousBonHbIC rUNEPOOTAUECKUX QYHKIMIA:
(shx)’ = chx; (chx)’ =shux;

2.21)
thx) = : (cthx) =— .
(thx) ch?x (cthx) shzx
2. TpousponHas y, GyHKIMH, 3a0aHHON NapaMeTPHIECKH
x=0(1), y= 900,
HAXOMUTCA 110 GopMyIIe
y=2=22 2.22)
X ¢

3. TpomssomHas QYHKUMH y=1u', TAe u U v IUQQepeHuupyembie
yHKIMM OT X, HAXOIMTCA C TOMOLIBIO peaBAPUTENBHOrO JIOrapudMHupo-
‘BaHMSL
Npwumep 1. Haittu npousBogHy:o QyHKUME Y = sh? x.

PeweHne. JnppepeHUMpYs CIOKHYIO (QYHKIMIO M NONL3YACH NMEPBOK
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u3 hopmyi (2.21), nonydaem
" =2shx- (shx)’ =2shxchx = sh2x.

NMpumep 2. Halitn npoussonryio ¢yHkumu y = x— cthx.

Pewenne. [IuddepeHunpys pasHocTs ABYX GYHKUMI H IMPUHHMAasd BO

BHHMaHHE YETBEPTYIO U3 opMy (2.21), Haxoqum
1 sh’x+1 _ ch®x

y'=]+ =

5 3 3 =cth’ x.
sh” x sh® x sh” x

Npumep 3. Haifru npoussoanyio y, GYHKUMH X = acoSt, y = bsint.
Pewenune. Haxomum cHauana npouseomHsie mo F  x/ =—asint;
y{ = bcost. TloacTasnas HaliieHHEIe BhIpakeHUs B Gopmyiy (2.22), nony-
YHM

Npumep 4. Halita mpomssoanyio y;  ¢yHkumm  x = e’ cost,
y=eé'sint npu t=0.
Pewenune. OyHKIMH X 4 ¥ IMEIOT CIEYIOIUE IIPOU3BOIHbIE 110 [

x] = €' cost —e' sint = e’ (cost —sint);

y: = €' sint +e' cost = €’ (sint + cos?),

HO3TOMY

, _ sint+cost

¥ cost—sint

Ilpn ¢ =0 nomyyaem y; =1

Npumep 5. Haittu nponspoanyto ot GpyHkuuu y=x".
PeweHune. JlorapupMHpys N0 OCHOBAHHIO ¢, HOTy4aeM

Iny=xInx.

Huddepennupys, naxoxum

’

-y’=1-lnx+x-l; L =Inx+1,

1
y x’y

91



OTKyZa
y' =y(lnx+1).
[1OACTABHB B NOCJCAHEE PABEHCTBO. BHIPOKEHHE Y = X, TOTY4HM
y =x"(Inx+1).
NMpumep 6. Haittu npousBoaHyio GyHKIMM Y = xS
PeweHue. JlorapupMuUpyeM IO OCHOBAHHIO €

Iny = sinx-Inx.

JuddepeHunpys, HaAXOAUM

1, .1
—y =cosx-Inx+sinx-—,
Yy

X
OTKyZa
y'=y (cosx- Inx+ smx)
X
1, HAKOHEL,
y’ = xS (cosx-lnx+ smx).
x
3anayu
HaiiTi npou3BoaHbIe rHNepOOIMUecKnX QyHKIHiA:
1. y=ch’x 2. y=xchx.
3. y=In(shx). 4, y=thx—x.
5. y=arcsin (thx). 6. y=arccos (thx).

Haiiti nponssoaHbie (yHKUMM, 3aJaHHBIX NMapaMeTPHICCKHU:
7. x=bcos u, y=bsin3 u. 8. x=arcost, y=atsint.

9. x=1%, y=4t npu t =1

a 1 b 1
10. x=—|t+-|, y==—|t——| npu t=2.
* 2( t) Y 2( t) P

11. HalfTH TpOM3BOAHYIO CTEIEHHO-TIOKA3aTENbHOH QYHKIMH y = u’,

rae u u v — muddepeHuupyeMele GyHKIMH OT X.
HaiiTi IpoH3BOaHbIE CTENIEHHO-TIOKA3aTELHBIX (yHKIH:

12, y= x*%*, 13. y = (sinx)”.
14.y=V;. 15.y=x‘/;.
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OTBeThI
1 1

1. sh2x. 2. chx+xshx. 3.cthx. 4. —th’x. 5. —. 6. ———.
chx chx
sint + £ cost 5b
7. —tgu. 8. —— 2= 9.2 10. 2. 1L " | v Inu+ 2w’ |,
cost—tsint 3a u

Ykaszanue. Jlorapupmupys pasencrso y =u", nonysum Iny=vinu. Ilpo-
ZuddepeHUNpPOBaTL NOCTENHEE PABEHCTBO W IOICTABHTE B NOYHeHHYIO (hopMyy
cosx

). 13. (sinx)*(Insinx +

- Ll
+xctgx.) 14. x‘/;(l 12’”) 15 x 2(1+%lnx).
b

Bupaxenne y=u". 12. xcosx(—sinx- Inx+

§ 2.8. AudrdepeHuman ¢yHKUMM

Huepgpepenyuanom gynxyuu y = f(x) HazbiBaeTCA NPOU3BEICHHME e
NPOH3BOAHOMN Ha MPHpallleHHe HE3aBUCUMOI TIepeMEHHOM:

dy = f'(x) Ax. (2.23)
B wactHOCTH, IpH f(Xx) = X, MOTyYaeM
dx=1-Ax, dx = Ax, (2.24)
T. €. QugbpepeHyuan He3a8UCUMOU NEPEMERKON PAseH NPUPAWEHUIO MO
nepemeHHou.
®opMyity (2.23) MOXKHO, CIEAOBATENBLHO, HAMUCATD TaK
dy = ['(x) dx, (2.25)
OTKyJa
f(x)= ﬂ (2.26)
dx

Huddepenupan pynkuun y = f(x) paBeH npupamieHuo LN OpAdHATHE
KacaTesibHOH ML, npoBeACHHOH k rpaduKy 3Toil (pyHKIMHA B TOukKe M, Ko-
r7ia apryMeHT noiy4aeT npupamenue Ax (puc. 2.1).

U3 onpenenenus npou3BoaHo# U puddepeHImana BrTEKaET, 4TO

Ay =dy +€Ax,
roe €0, xorma Ax—0, T.e. nuddepeHman GyHKUMH OTIUYAETCH OT

npHpainesus Ha 6eCKOHEeYHO MaJTyiO BBICHIETO TIOPs/IKa, 4eM Ax = d'x.
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Mpu mMameix Ax cHpaBeUIMBa

y f .y
M npubmnkeHHas popMyna
M Lt ay fx+Ax)-f(®)=f'(x)Ax  (2.27)
N WIH

f(x+Ax)= f'(x) Ax+ f(x). (2.28)
P L AX Ecnu u, v, w— muddepenumpye-
0 X 7 MBIe (yHKUMM OT X, 3 ¢ — HOCTOsIHHA,
TO BEpHBI CIIEAYIOLINE CBOHCTBA AUG-

(epenHmanos:

Puc. 2.1

dc=0, ¢=const;
d (u+c)=du, c=const,
d(u—v+w)% du—dv+ dw;
d (cu) = cdu, c= const,
d (uv) = udv +vdu;

d(£)= vdu—udv

s
v V2

df (u)= f'(u) du, u= @ (x).
NMpuwmep 1. Haittu nmuddepentman Gynxkuuu y = sinx.
Pewenue. ITo dopmysne (2.25) HaxomnuM
dy = d (sinx) = (sinx)’dx = cosxdx, dy= cosxdx.

Npumep 2. Hairrn muddeperiman ynxipn y = x* +4x+8.
Pewexune. Ha ocHoanud $popMyisl (2.25) nomyuaem

dy=(x*+4x+8)dc=(2x+4) dc =2 (x+2) dx.

Mpumep 3. Haitru nuddepentman dyHkuun r = a (¢ — Cos®).
PeweHue. B nannoM cinydae ¢ynkuua obosHazena Gyksoil r, apry-
MeHT — GykBoili @. ®opmyna (2.25) nepenuuerca Tak: dr = r’dp. Ha ocHo-

BaHHH 3TOM GOPMYNLI HAXOXHIM
dr =[a (9 —cos®)'dp = a (1+sing) d¢.
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Npumep 4. Bouucmurs  3HaueHwe  auddepenumana  PysKuum
y= x4 2x, xorna x uaMensercs ot 1 jo 1,1.

PeweHune. [Ipexne Bcero HaxoauM obiiee Bhipaxenue 1 muddepen-
HHana 3toi GyHKuun:

dy= (3% +2)dx.

[Mopcrapnss 3maveHns x=1, dx=Ax= L1-1=0,1 B mnocaemsiow
dbopMmyiy, nomyuaem uckoMoe 3Hauenue auddepenIpana:

dy=(3-12+2)0,1=501=05

Mpumep 5. 3aMemm npYpaiienne GyHKIM zm«btpepeﬂunanom TpH-
6mwkeHHO Hadtty arctg1,02.

PeweHnne. ®opMmyna (2.28) NpHMEHHTENLHO K JaHHOH (yHKLUMM nepe-
NHIIETCS B BHAE

arctg (x + Ax) = arctgx + ] +1 Ax.

x2

B Hawem ciryyae x+Ax =102, x= 1_, Ax =0,02. TloacraBnsas 3tH
3Ha4YeHHUA B GOpMYITy, TIOIYUHUM

+ 0,01=0,795.
CnenpoBartenbHo, arctgl,02 = 0,795.
3apaun
Haiitu nnddepennmans: pyHKimii:
2
1. y=x4+4x3+6x2+4x. 2. y=x 21
x
3 y=tg22x. 4. y=+x*+6x. h
5. y=¢Mr 6. r=@cos@Q-sing.
7. s=bsin’t. 8. y=x3,x=t2—1.

9. Jlana ¢yHkima y= x* + 4x. Haittn Ay ¥ dy, CpaBHHTb HX MEXIY
coboif, ecm: 1) x=1, Ax=1; 2) x=1, Ax=0,.

10. Beruncnute npHOIMKEHHO NpHpalleHde (QYHKUHM Y = x? +
+2x 4+ 3, Kornma x Mensercs ot 2 j1o0 1,98.
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11. 3amenss npupauesue GyHKIMA anuddepeHmanoM, MpHOIKEHHO
HaiTH:

1) arctgl,05; 2) ¢%%; 3) In1,01; 4) sin31°.

OTereThI

2
LaGrlYd 2 2d 3 82X g g B HIX
x cos” 2x ) /x3+6x2
5. 4% cosdxdx. 6. dr=—<i)‘sin(pd<p. 7. 3bsin® rcostdt. 8. 61 (1% -
-D7dr. 9.1 Ay=19, dy=8 2)Ay=0364, dy=08 10.-012

11. 1) 0,81; 2) 1,2; 3)0,01; 4)0,515. Yxasauue. Bepasute x=arc30° u
Ax =arc1® B panuaunoii Mepe.
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[naea 3.
MpunoxeHusa NponsBoaHONU

IloHATHE NPOUSBOAHON HAXOAWT MHOTOYHCJIEHHBIe NpwiokeHus. C
IIOMOINBIO MPON3BOAHON MOXKHO HafTH KacaTellbHyIO K KpHBOH B JaHHOK
TOYKE, OTPEAENUTh CKOPOCTh U YCKOPEHHE HEPaBHOMEPHOIO JBIDKCHHS B
JaHHBIH MOMEHT BpeMeHH. [Ipon3BoHas IIMPOKO MPHMEHAETCA MPU HCClie-
noBaHuM GyHKUMH, ABJIOLIMXCA MEPEMEHHBIMU BeYaHaMH. C nepeMeH-
HBIMH X€ BEJIHYMHAMH TTOCTOAHHO BCTPEYAIOTCA NPH M3YyYECHHH 3aKOHOMEp-
HOCTEH MpUpOALL.

§ 3.1. Npasuno Jlonurans — BepHynnu

IMpaBuno Jlonutans — BepHy/uu sapiagercd 3@eKTHBHBIM CPEACTBOM
HAXOXKAEHUA Npelesia PyHKIMH B TEX CllyyasiX, KOTAa apryMEHT HEOTPaHH-
YEHHO BO3PAcTaeT MIIH CTPEMHTCA K 3HAUYEHMIO, KOTOpPOE He BXOMHUT B 00-
JlacTh onpenesieHus QyHKIHH.

o0

. 0
|. PackpbiTue HeonpegeneHHOCTENn BUAa 6 "u—

o0

Iycts ¢yskuumn y= f(x) B y=@(x) nuddepeHIUpyemMsl [pU
0<[x—a|<h, npudeM NpOM3BOAHAA OHHOM M3 HUX He obpamaercsa B

HYJIb,
Eciu f(x)u ¢ (x) —o6e GeckoHeuHO Maiibie uiam obe  Geckoneuno

fx)
¢ (x)

0
X = a HEOUPECACJICHHOCTb THIA 6 WIH —, TO
)

Gonbue nmpu x—a, T.€. €CJIH 4YacCTHOE NpEACTABIACT B TOYKE

tim £® _ i L3
x>a @(x) s-a ¢'(x)

TIpH YCIOBHH, YTO NPEieN OTHOIIEHHS MPOU3BOJHBIX CYIIECTBYET.
Mocnennss ¢opmyna u Bolpaxkaer npasujo Jlonurtansa —
BepHYNNH: npeden omuowenus d8yx 6eckoHeuHo Manvix unu 08yx bec-
KOHEYHO Oonbuiux GeluyuH paseH npedeny OMHOULEHUA UX NPOU3EOOHDBIX,
ecnu nOCIeOHUN cyuecmayem unu pages becKOHeUHOCmuU.
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IIpaBwio 3TO MPMMEHRMO H B Ciydae, koraa a=-ce. Ecim gacTHOe

’
x
I_;Q B TOYKE X = @ BHOBL Jae€T HEONPEACNCHHOCTh OAHOTO U3 yKasaH-
9'(x)
HbIX THTOB, f’(x) M @'(x) yAOBIETBOPAIOT TpeGOBAaHWIM, paHee chopmy-
VMPOBaHHBLIM I f(x) M @ (X), TO MOXHO NEPEHTH K OTHOIIEHKIO BTOPBIX
NPOU3BOAHBIX H T. [l.
Id ”
AR c))
x—a (p'(x) x—a (P”(JC) )
3ameuanne 1. Ilpenen orHowenns GyHKUMH MOXET CYLIECTBOBATL B TO
BpEMSi, KOT/(a OTHOUIEHYS IPOM3BORHEIX HE CTPEMSTCS HH K KAKOMY TIpEneny.

1. PackpbiTue HeonpepeneHHocTel Buaa (- oo, co—oco, 17, 00,
0

oo

1. Jins packpbiTus HeonpeaeneHHoCTel THra (- oo He00X0auMO Tpe-
06pa3oBaTh  COOTBETCTBYIOLlCE  NpoM3BefeHue [ (x) ¢ (%), rae

lim f(x)=0, lim @ (x)= o, B 4aCTHOCTH
x—=a x—a

19 (s ) e 22 (o 2)

1 oo
9 (x) VG

2. B cnyuae HeONpeneNeHHOCTH Bu/a °° — o0 HeoOX0AuMO npeobpaso-
BaTb COOTBETCTBYIOLIYI0 pasHocTb f(x)— @ (x), rae lim f(x)= o,
X—a

lim @ (x) =, B mpomsBenenue f(x) I—M M PacKpBITh CHa9ala
x—a f(x)
HEOTIPEeENEHHOCTh L (x); eciy lim _(g(_x)____ 1, To clenyeT NpWBECTH BLI-

S (x) x>a f(x)

paxKeHHe K BHITY

6]
C10 (u 2)
f(x)

3. HeonpeneneHHOCTH BHIOB 17, 0°, oo° PacKpBIBAIOTCSA € TIOMO-
IIBIO TIPEeABAPUTENBHOTO JOrapuMUpOBaHys M HAXOXKACHUA MpeMena CTe-
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nend [f(x) ]“’("). OTH HeoNpeIeNieHHOCTH CBOIATCA K CIIy4alo Heollpene-
JIEHHOCTH (- oo, IpH 3TOM MCHOJNB3YETCA TOXKIAECTBO

[f()1° () = o) Infx)

JameuaHue 2. BepaxkeHHE «PACKPHITh HEONPEACICHHOCTh THIA 0%» os-
) . x
Hagaer HaliTH npenen lim [ ) ]w( ) npu YCIOBUU
x—a
lim f(x)= lim @ (x)=0.
xX—a x—=a
B HekoTopeix ciaydasx npasuno Jlonuransa — bepHY/UTH nose3sHo KoM-
GMHHpOBATH C HAXOXKIEHHEM IPENIEJIOB MEMEHTAPHBIMU CTIOCO6aMM.
sinxe™ — 5x

Mpumep 1. Hality lim
P P -0 4x% +7Tx

Pewenme. [lpu x—0 uucmurens 1 3HaMeHaTeNb Apobu obpamaioTcs

0
B HyJIb, TIOJTy4aeM HEONpENENEHHOCTL BHIA T
INpumenss npaswio Jlomurand — BepHyIJUTH, HAXOAUM

sinxe* —=5x _ . (sinxe” —5x)" _ .. cosxe' +sinxe’ -5 4

im 3 = lim > = =
=0 4x°+7x 00 (4x°+7x) -0 8x+7 7

i 2x
NMpumep 2. Haiirn lim—sﬂxzﬁ——:*—Ji
x>0 5x“ +x
Pewenne. B manHoM ciyqae npaBwio Jlonurans — bepHy/imHM Hy:KHO

NPpUMEHHUTDh IBaXAbl, TaK KaK OTHOLICHHE IEPBLIX NPOH3BOAHBLIX CHOBa

0
NpeACTaBIACT HEONIPECAEIICHHOCTh BHOA 6 .

HelicTBUTENBHO,
lim sinxe?* — x o (sinxe®* —x)’ e cosxe>* + 2sinxe’* —1
=0 5x24x’  xo0 (5x?4+x?) x-0 10x + 3x?

0
Hpﬂ x—>0 cHoBa noydacM HEONPEACHCHHOCTh, BHOA "6 . Hpmem eie

pa3 npaBuno Jlonurans — Bepryumy, Haxommm

cosxe?* +2sinxe?* — 1

m 2 22
x>0 10x + 3x =0 (10x+3x7)

. (cosxe** +2sinxe?* —1)’
im -
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= lim —sinxe®® +4cosxe’™ +4sinxe’” 4 2

x>0 10+ 6x 10 5
NMpumep 3. Haitru lim tgx.
tg3x

T
x>
2

Peweuue. C noMmoinsio npasuia Jlonurans — bepHyinmu noixy4nm

2 . cos?3x
€08 X = lim ———.
LD £ 3¢ > SN o 3c08" x

cos” 3x
Ipenen OTHOIIEHMA MEPBBHIX npo_mnom-fmx— HeonpeeneHHOCTh BUAA

0
e PackpbiBaeM 3Ty HEONPENEICHHOCTE:

cos® 3x o —6¢c0s3xsin3x _ lim sin 6x

__,g sin2x

x._,§3cos‘x ) %—6cosxsmx .

0
CHOBa MOJNyYUn# HEONPeeJeHHOCTh BH/a e Tlprmensa elle pas OpaBHIIO

Jlonwurans — BepHyJuiH, HAX0AUM

sin6x i 6cos6x 6
- = —_— =
x_,% sin2x x_,zzt_ 2cos2x 2

TaxuM 06pa3oM,

lim “BX =3
L rEtg3x
2

X

X
Mpumep 4. Hainu lim %npu a>1, a>0.
X X

Pewenue. TIpy BLIUMCICHHH 3TOr0 Mpelea MOXHO CHWTATE X > {
(Tax Kak x—>oo ) ¥ ecnu n— Osmkaiiee K O, NPEBOCXOAAUIES €TO: nejoe
YHCIIO, TO '

aX X

a
-xT>-;,-l- (n>0).

CrenoBatelibHO,
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X
. a .. a
lim —2 lim —,
x=00 x%  x5e x”

rae 1 — 1eN0e YUCIO.
Tak xak n>0, To mpemen NpaBoi YacTH MOCNEIHETO HEPABEHCTBA
MO’KHO HaiiTH C HOMONIBIO NpaBhita JlonuTtass — BepHyuin.
IIpumeHsd # pa3 3To NPaBHUAO, NOTYYHM
a® a* [Ina]”

Jm = - D (n-2) 1

Hrak,ecmt a>1 1 >0, 10

x

.. a
lim —=oo.
x—3oe x&
H, CJICIOBATENRHO,
o
lim —=0.
x—eo ¢

Bameuanne 1. IlokasarenvHas dynxums @* npu a > 1 pacrer 6bicTpee

1:060#1 CTCHEHH x.
3ameuanue 2. Ecin P (x) — mo6oii MHOrOUNEH

P(x)=ag+ax+ax*+-+a,x",

TO
. P(x)
lim ——==0
x—=e0 g%
H, C/IE/I0BATELHO,
ax

lim ——— = oo,
x=e | P (x)]

. b
Npumep 5. Haiitn hmn—: mpu a>0, x>0.
. X—eo ¥

Pewenue. [Npumenas npaswio Jlonurans — Bepnynnu, nomyuaem

. Inx . 1 . 1
lim —= lim = lim =0.
roe x%  xoe xox® xoe ox®

Taxum o6pazom,
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lim 22X =0 mpw o> 0
X—3o0 X

o
im ——=oo,

x=e Inx

3ameuanne. Jlorapupmuueckas Gynkuus Inx pacrer Mennensee moGok
TIONIOKHUTEIbHOH CTCIICHH Xx.

x>0 sinx
Pewenne. Ilpy x—0 mnomydaeM HeONpeleJE€HHOCTh BHA oo —oo.

Npumep 6. Haiitn hm(l——l—)

0
P aCKpOeM 3Ty HEOIPEACHEHHOCTD, TIpHBOJIA €€ K HEeONpPEACJCHHOCTH '6' "

npuMeHsia npaewio JlomuTans — BepHyuH,

. 1 1 . sinx-x cosx —1
lim|————1|=lim - = lim
x=0 sinx ] x-0 xsinx  x-0 sinx+ xcosx

—sinx
= lim =0.
x—0 COSX + COSX — xSinx

Npumep 7. Haiitu lin})[(x—sinx) Inx].

x>
PeweHue. 31ech HMeeM HeompeneneHHoCTs 0-co. [lannyo QyHKIMIO
MOXHO [IPEIICTABHTE B BHAE

Inx
1

x—sinx

(x—sinx) Inx =

o0
TloNMyYeHHYI0 HEOTIPENENEHHOCTh —— PACKphIBaeM C IOMOLIBIO MpaBHNa
(- -]

Jlonurans — bepHynu:
1

—_ G 2

lim _mx e X lim (r=sinx)”

x—0 1 x=0 —(1—cosx) x-0 x(cosx—1)
x —sinx (x—smx)
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0
3T0 ~ HEOTIpeIeIeHHOCTh BH/a s TIO3TOMY

. (x-—sinx)2 =L 2 (x—~sinx) (1-cosx) _
x50 x (cosx—1) x>0 cosx—1—-xsinx

. (1—cosx)? + (x —sinx) sinx
x—30 —Smmx-sSmx—xcosx

. 1—-2cosx+ cos® x + xsinx —sin’ x
=2 lim - =
x—0 —2sinx —xcosx

. 1—2cosx+ xsinx+cos2x
=2 lim - =
x50 —2sinx - xcosx

. 2sinx+sinx+ xcosx—2sin2x
=2 lim - =0
x~0 —3cosx+xsinx

Hrak,
lim (x—sinx) Inx=0.
x—0
Mpumep 8. Haiitu liml (x=D'"*.
x—>

Pewetxune. [lpu x—1 umeem Heonpeneneuuocts 0°. Bocnonb3yemcs
TOXIECTBOM

[f(x)]‘p(x) =% lnf(X), (A)

KOTOpO€ B JaHHOM CiIy4yac MPHMET BHA
(x - l)lnx = elnx-ln (x-1)

HNmeem
. . _ lim In x- lim In (x-1)
lim (x_ l)lnx = lim elnxln (x-1) _ e <ol
x~>1 x—1
Haitnem ceityac lim [Inx-In(x—1)]. D10 HeonpenencHHOCTh BHAa
x—1

0- oo. PackpsIBas 3Ty HEONPEAENEHHOCTD, IOTYIHM
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In(x-1) _

lim [Inx-In (x—1) ]= lim = lim —1=X— =
x—=1 x->1 _L_ x-1 _ 1
Inx x (lnx)2
2 (lnx)2 +x2]nx-—1—
= —lim x(nx)” e X -
-1 x-1 x-1 1
= lim [ (Inx)? +2Inx]}=0.
x-1
CrnenoBareibHO,

lim (x-D)"* =" =1
x—1

sinx |x
NMpumep 9. Hailty lim[——] .
x—

x
sinx .1
Pewenne. Tak kak lim ——=1, lim —=oo, TO 34€Ch HMEEM HEOM-
x>0 X x-30 X

peneneHHoCTs Bama 17

INpunuMaA BO BHUMAHHE TOXAECTBO (A) (cm. mpumep 8), ¢ nomomuo
npaepwia Jlonurans — BepHyJLTH HaXOIUM

sinx

. - 1  sinx . fn X
smx |x ~In— lim
tim| — | =lime*x * =& * .

x>0 X x>0
sinx
In 0
Haifnem lim —%—, 3To HeoNpeneNeHHOCTb BUAa —!
x—0 X 0
In sinx X xcosx-—sinx
. . inx 2 . xcosx—sinx
lim ——%— = Jim S11.X X =lim e =
x>0 X x—0 x—0 xsmx
. €OSX—XxSsinx—cosx . xsinx
=lim - =-lim — =
x>0 smx+ xcosx x—0 sIn x + XCOSX
= —1im sinx + xcosx =0
x>0 COSX +COSX —xsinx
Takum oGpasoM,
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NMpumep 10. Haiftn lim Xx.

X300

Pewenne. [[py x—>oo HMeeM HeONpPENEACHHOCTh BHAA oof, Tpeo6-

pa3ys Hauuyio QYHKUMIO W npuMenss npaswio Jlomuranst — Bepuyny, mo-
aydaeMm’

==

Inx

1 1
L Inx lim —Inx lim — m

1 ;... x — = X — roe x5 __,h_l.rf.—;__o__
limx* =lime =e =e =e =e =g’ =1
X300 X—oe
CreoBaTeNnksHoO,
1
lim x* =1.
X—>oo

. . x-—sinx
NMpumep 11. Haiitk lim ————.
) x—o0 X+ SINX
Pewenue. Ilpumennm npaeuio Jlonurans — bepHyuin:
. x-sinx .. l-cosx
lim ——= lim ————.
x—e X+8iNX x> 14 cosx
B npagoii yacTu moclegHero paBeHCTBa IpezeN He CYLIeCTBYeT, Io-
3ToMy npaBwio Jlonurans — BepHyinH 3€ch HENPHMEHHMO.
Vka3aHHBIi Ipeesl MOXHO HalfTH HENOCPEACTBEHHO:

i sinx
. x=—sin .
lim =% — lim sifxx =1
x—ee X+ SIMX x—doo 1+
x
3anaum
Haiitu npenensr:
n
. tgx—si . X
1. lim u 2. lim —L‘mx—
x>0 Xx-—Sinx x—0 Ctg—
2
. tgx .
3. lim =X 4. lim (1-cosx)ctgx.
x—)% tg5x x>0
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5. lim (1-x) tg —. 6. 1im( X ——1—).
x—1 2 x—1

x—=1 Inx
7. lim ( 1 -3 > ) 8. limx™.
x=23\x-3 x“—-x-6 x>0
tgx )
9, i - . 10. lim (ctgx)™"".
x?o(x) x—0 (C gx)
1 R
. sinx Y1-cosx . T Inx
11. hm( ) . 12. lim (——arctgx) .
x—0 X xX—+oo 2
OTBeTHI
2
2 1
1.3. 2. -n—. 3.5.4.0.5. —. 6. —. 7. l 8.1. Vkaszanue. [Tonoxurs
2 T 2 5

* = y, mponorapudMUpoBaTh 3TO PaBEHCTBO M NepeiTH k mpenery. 9. 1. 10. 1.

m -1 oL

Yo e

§ 3.2. KacaTenbHasi U HOpPMarb K NNOCKOW KPUBOM.
Yron mexay KpuBbiMu. KpMBHU3HA NNOCKOA KPUBOMK.
CKOpOCTbL ¥ YyCKOpeHue
Kacamenvnoii x xpuBoii y = f(x) B ee Todke My(x,, yo) Ha3biBaeTCs
npenenpHoe nonoxenne M,T cekymeﬁ MM, xorza To4ka M CTpeMHTCA
K M, Brons nasHo#M KpHBO# (puc. 3.1).
YpaBHeHHe KacaTenbHOM K KpuBoil y = f(x) B Touke Mo(xo, Yo):

Y=o =f"(x) (x—xp). (3.1)
Hopmanwio K KpuBoii B Touxe M, (x,, yy) Ha3bIBaeTCs NpsAMas, MPoXo-

IAlas yepes M, U NepneHaNKyIAPHas K KacaTe/lbHOM B JaHHOHU TOYKE.
VpaBHeHHe HOPMaIH K KpHBOii y = f(x) B Touke M{(xg, ¥o):

Y=o = (x—%p)- (3-2)

1
’
S (x0)
Kpusuznoii kpusoit B ee Touke M Ha3bIBaeTCs Mpenen aGCoMOTHOH Be-
NHMYMHBI OTHOIEHMS Yrila AQl MeXy KacaTeNlbHBIMH B TOUKaX M u N xpu-

Boii k tHe myru MN = As, xorna N — M (puc 3.2), T. e.
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k= tim | 3%
As—0| As
rie yroj o BbIpaxkeH B pajHaHaXx.
YA ' v
M
T
M, N
M Aa
> ‘
0 X 0 57
Puc. 3.1 Puc. 3.2
KpuBu3Ha kpuBoit y = f(x) BeI9HCIseTcA O GopMyJIe
yll
k= |—|3 (3.3)
(1+y?)?

Ecnu KkpHBasd 3ajaHa nNapaMeTpPHYECKMMM YpaBHEHMAMH x = @ (1),
=9 (t), TO ee KpHBH3HA ONIpeneNseTcs Gopmyo
xl}’ II ?
k= l l (34)
( xll + yIZ ) 2
Paduycom kpususnbi KpHBOI B TOUKE HA3LIBAETCS BENHYMHA, 0OpaTHas
€€ KpHBH3He B 3T0H Touke. Eciii paaMyc KpHBH3HBI 0003Ha4HTH Yepe3 R, TO

1
R=e (3.5)

OXpyJICcHOCMbIO KPUSU3HBL (CONPUKACAIOWENCA OKPYNCHOCMBIO) kpm;oﬁ
B €¢ TouKke M Ha3biBacTCA MPEREIIHLHOE TOJI0KEHHE OKPYXKHOCTH, IPOXOas-
e gepes Touky M ¥ aBe OpyrHe TOuKHM KpHBoit L M N, xorma L—> M wu
N-oM.

PagHyc OKDY)KHOCTM KDHBH3HBI PaBEH DaJHyCy KPUBHM3HbI KPHBOWH B
COOTBETCTBYIOLIEH TOUKE.

LleHTp OKPYXHOCTH KpDHBH3HBI Ha3biBAE€TCA YEHMPOM KPUBUIHBI KPHBOH
B naHHoH Touke M. KoopauHatel X W Y UeHTpa KpPHBHM3HBI KpHBOMH

107



y= f(x) BBIYHCIAIOTCSA 110 GOpMyIaM:

’ ’2 ’2
1+
X=x-20TY ) (+y ); Y=y+—J,i4 . 3.6)

”

Deoniomoii KpUBOM HasbIBAETCH TE€OMETPUYECKOE MECTO €€ LIEHTPOB
KPUBU3HBI.

@opmynnsl (3.6) naloT mapaMeTpudeckie ypaBHEHHUsS 3BOJIOTH C mapa-
METPOM X WIH . ’

Ecan kpuBas 3aaHa mapaMeTpuyeckH, TO YPaBHEHHS €€ 3BOJIOTHIL:

, xt2+y/2 . x12+y12

_ ’
III’Y_y+x r

X=x_y r_ 77 r_r7
- T XY =y xy"=y'x

3.7

Deonveenmotl KpUBOI HA3BIBAETCA Takas KpHBas, JUId KOTOpOH AaHHas
KpHBas SIBJIIETCS 3BOJIOTOH. ]
NMpumep 1. Hanucate ypaBHeHUs KacaTeNbHOW M HOpPMa&IM K KPHUBOH

f(x)=x> B TOuKE M,(2,8).
Pewenune. Ilpexnae Bcero Touka M, JIEKUT HAa KPHBOMH, TaK Kak e

KOOPAMHATHI yIOBJIETBOPAIOT JAHHOMY YPaBHEHHUIO.
HaxonnM npou3BoaHy1o KaHHOH QYHKIMH U ee 3HaYEHHE NPH X = 2:

@)=Y =322, f(x)=f'()=32" =12
Moncraenss 3HaueHns x, =2, y; =8, f'(xy)=12 B ypaBHenus (3.1)
4 (3.2) noTy4yuM COOTBETCTBEHHO:
y—8=12(x~-2) wm 12x - y— 16 = 0 — ypaBHeHHe KacaTeIbHOM;
1
y~-8= BT (x=2) wm x+12y—98 = 0 — ypaBHeHHe HOpMAIH.

Mpumep 2. CocTaBUTh YpaBHEHMA KacaTe/IbHOM U HOPMaJIU K 3JUTHIICY
' 2 2

x_. + Z_ =1
18 8
B Touke M, (3,2).
PeweHune. Haxoaum MPON3BOAHYIO HESBHOI dyHKIHN
2 2
X+ i=0
18 8
2x.20
18 8
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OTKyZa

4x . . v 4.3 2
’ = - )=V () =——T= =,
y'(x) 9y V() =y G =-5—5==3

N . . 2 N .
Toxcrapnss 3Hauenus xg =3, yo=2, y'(x)= -3 B ¢opmynei (3.1) u
(3.2), mony4um

y=2= —% (x=3) mm 2x + 3y —12 = 0 — ypaBHEHHE KacaTeJIbHO;

y-2 =%(x —3) wm 3x -2y —5=0 — ypaBHCHHE HOPMaIH.
Npumep 3. CocraButh ypaBHEHHA KacaTeJbHOH M HOPMAM K KpHBOM,

3aaHHOH NapaMeTpHYECKH,
x=2(t~sint); y=2(1-cost):

. T
1) B npou3BOIBHON TOUKE; 2) TIpH ¢ = 2

PeweHne. VpaBHeHhe KacaTesbHOi (3.1) MOXHO HamucaTh B BUAE
Y—y=y.(x) (X -x), 3.1

rae (x,y) — KOOpAMHATH TOUYKH KpHMBOM, (X, Y) — KOOpAMHATE TOYKH Ka-
caTeJIbHOM.
Haxoaum npoussonnyo y; no gopmyne:
,_Y, _ 2sint _ sint

b
X/

= = =ctg—.
2(1—cost) 1-cost 2

IoacTasias BeIpaXeHHs AN x, y ¥y, B popmyny (3.1), momysaem
ypaBHEHHE KacaTelbHOMN K JaHHOH KPHBOH B IPOU3BOABHOMH TOYKE

Y-2(1-cost) = ctg-;—[X—Z(t—sint) 1
Tpu t=12t— 13 noce/iRero yi)aBHeHm HaXO UM
Y-2= 1.[)(-2@-1) ] Y-2=X-m+2
HITH
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X-Y-n+4=0.

Npumep 4. [lokasaTh, YTO KPHUBH3HA JHHUH x2+ y2 =25 gBagercs

MOCTOAHHOH.
Pewenue. HckoMyio KpHBH3HY BRIYHCIHM 1o dopmyne (3.3). Halinem
CHauala TEPBYI0O M BTODYI0 TpPOH3BONHYIO HEsBHOH  (yHKUMH

x*+ y2 —25=0. InddepeHUHpYs, MOMYIUM:

2x+2yy' =0, y' = —-{;

y
, yox|-%
" x xy—-xy’ y x2+y? 25
y =|-— = - 2 = 3 = 5 = -7
y y y y y
ToacTasnsas NojiydeHHble BHpaKeHHs B gopmyiy (3.3), Raxoaum
B
3
k= y _ 25 = 253 =l,k=l.
5 5

o=
[ (x)zr r+y?)? 252
1+ —;

CrenoBaTeNbHO, KPHBU3HA JAHHOM TMHHH NOCTOAHHA.
Npumep 5. Haiitn pamiyc KpUBH3HBI UMKIOHIBI X =4 (t—sint), y=
=a (1—cost) B ee MPOH3BOILHON TOUKE.
Pewenne. U3 popmyn (3.4) u (3.5) BRITEKAET, YTO PajMyC KPUBHU3HbI
KpHMBOIi, 3aaHHO# napamerpnqecxnmn ypaBHEHUWAMH, ONpPEAEIAETCA Q)op-
MyJIoi
3
(@ + y'2)2
HaiineM riepBuie U BTOPbIE MPOU3BOMIHLIE QYHKUUA X U y:
=a(1-cost); y’' = asint; x” = asint; y” = acost.

L /4 2 II)

CocTaBUM BBIPaXKECHHA x24y? u (x'y" - y'x

x4y =a*(1-cost)? +a° sin t = a*(1—2cost +cos’ t +
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+sin’ £) = a*(1-2cost +1) = a(2 — 2 cost) = 2a*(1 - cost),
x’y” — y’x" = a (1- cost) acost ~ asintasint = a* (cost —

—cos? t — sin? t) = a*(cost — 1) = —a?(1- cost).

Ioncrasnas nomyveHHbie BhIpaxeHHs B (OpMyTy IS paauyca KpH-
BU3HBI, HAXOMM

[2a (1- cost)] _2324°1- °°St)2 = 22aT—cost.

l-—a - cost)l a (l—cost)

Tak xak v1-cos =\/Esin%{, T

R=4q

.t
S —.
El

B yactHocTH, ecnv =T, To R=4a; ecnu t =0, To R=0.

Mpumep 6. CocTaBuTh ypaBHEHHE SBOMOTEI Napabonsl y = 2x2.
PeweHne. Haiinem nepsyio n BTOpYio POM3BONHYIO NaHHOM (YHKLHM:
y'=4x, y”=4. Iloncrasnas Bulpaxkenns mwis.y, y’, y” B bopmyIbl
(3.7), nomyunm

_4x(1+16x2)=

7 -16x, X =-16x;

X=

1+16x® 14 24x? yo 1+24x
4 4 4
Hckimouns napameTp x, Haliziem ypaBHEHHE SBOJIFOTH! JAHHOH napabobi

3
Y=—1—+6(X)2
4 \T6

Y=2x%+

Npumep 7. Hanucats ypaBHEHHE 3BOIFOTHI HUKAOHIBI
x=a(t—sint), y=a (I—cost).
PeweHune. Tak kak

xl2 +yI2 = 2a2 (I—COSt), xly”_y/x” = _02(1_ COSt)
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(cM npumep 5), TO B cooTBETCTBHH ¢ opmynamu (3.7) noxydyaem

2, 02 2
+ . . 2a“(1-cost
X=x_y’. 'f” y, "=a(t—smt)—a(81nt)‘—a'2—§——&5)'=
xy ' —yx —a“(1—-cost)
= at —asint+2asint = at + asint;
2 2
Y=y+x" — ”+y, —=a(l-cost)+a(l-
x'y”—y'x
2
1-
—cost)~—2£3(—co-sﬁ-=a(l—cost)—2a(1—-cost)=
—a“(1-cos?)
= —a (1 - cost).

Cl1e10BaTeNbHO, YPABHEHHS SBOMIOTH! (IMKIOM Il HMEIOT BHIL:
X =at+asint; Y=—a(l—cost).
BBesieM HOBYIO NepeMeHHYIO 1o gopMyiie ¢ = T+ T. YpaBHEHUS 3BO-
JIFOTHI IPUMYT BHI:
X=a[r+T+sin(n+1) ]=an+at—asint=a(T—sinT)+an,

Y==a[l-cos(n+1)]=—a(l+cost)=—a—acost=

=-2a+a—-acosT=a—acost—2a=a(l—cost)-2a,

T.C.
X =a(t-sint)+an; ¥ =a(l-cost)-2a.

DTH ypaBHEHHS MOXHO 3aM¥icaTh TaK:
x=a(t’'-sint’);, y=a(l-cost’),

roe x=X~an, y=Y+2a, 1=t".

ClieI0BATENBHO, SBOMIOTOM LUKJIOMABI SBISIETCA TaKas e LHKIOHAA,
cMeleHHas no ocd Ox Ha BeJHYMHy Ta W 1o ocu Oy Ha BEJIHMYHHY 2a
(puc 3.3).

NMpumep 8. ITox kakum yriom kpuBas y =e* nepecekaet ock Oy?

PeweHune. VrioM Mexmy KpuBoii JHHHEH U NpAMOH Ha3BIBAETCS Yrof
MeXIy ITOH MpsIMOM U KacaTeJIbHOM K KPHBO# B TOUKE UX MEPECEYEHHUA.

Haiinem Touxy mepeceueHHs kpuBol y =e* u ocu Oy. Tak kak ock Oy
HuMeeT ypaBHeHHe x = 0, TO TOYKa MEPECECUYCHUS ONPENEUTCS U3 CHCTEMbI
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ypaBHeHHil: y=e"; x=0, orkyna y=1 CnemoparensHo, M (0,1) —
TOYKa NepeceyeHu.
YrioBoit k03¢ dHIMENT kacaTeNsHOM B JAHHOM TOYKE PaBEH 3HAYEHHIO

npousBoAHOH QyHkumm B 3TOM Touke: f'(x)=e*, f(0)=€’=1,
tgp=1, @=45°,

Wrak, yron, obpasyemblii kacaTeasHoi ¢ ocbio Ox, papeH 45°. Oue-
BUIHO ¢ ocbi0 Oy xacatenbHas o6pa3yer Takoi ke yroi.

YA v A

<Y

0\/\/

0 —%

Puc. 3.3

2

b4

Npumep 9. [lon KaKkUMH YITAMH [EPECEKAOTCH KPHBHIE J =X

y2=x?

Pewenune. YrioM Mexay IByms KPHUBHIMH B TOYKE HX riepeceyeHus
Ha3bIBAIOT YTOJI MEXIY KacaTelIbHbIMM K KPUBBIM B TOM TOYKE.
Hafiznem Touku nepeceueHns NaHHBIX JIMHMHA. Pemas cucTeMy Hx ypaB-

HCHM
y=x7;
¥y =x,

NIoJTy4UM IBe To4KH nepecevenus: O (0,0), M (1,1).

YpaBHeHUs KacaTeNbHBIX K KPHUBBIM B IIPM3BOJLHOM Touke GyIyT COOT-
BETCTBEHHO:

Y—y=2x(X-Xx),

1

2Jx

Y—y (X—x)y

B 4acTHOCTH, B Touke O (0, 0)
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Y=0, X=0,
aBTouke M (1,1)

Y-1=2(x-1), Y—1=%(X—-1).

Kak BMAHO M3 ypaBHEHMH, kacaTelbHbie K KPHUBHIM B TOHKE 0(0,0)

COBMAZalOT C KOOPAHHATHEIMA OCAMM, [IO3TOMY YFoJl MEXIy KpHBBIMH pa-
ser 90°.
B touke M (1,1) yron Mexny JHHHAMH ONpPENCIAETCA 110 dopmyne

1
-2
_ , —k _ 2 _2 _3_’_
= = ==, g=arctg—,
1+k, -k, 1+2_l 4 4
2

g

1
rae k;=2, k2=—2— yritoBbie K03 QHIHEHTH KacaTeIbLHEIX.

Npumep 10. Teno HBHXETCA BHONb TNPAMOH Ox no 3aKkOHY
. n

x = ¢ — sint. OnpeaenuTh CKOPOCTH M YCKOPEHHE JABIDKECHNA MPH 1 = 7

PeweHue. B CHIy MEXaHHYECKOTrO 3HAUECHHS MEPBOH H BTOPOH Mpous-

BOIHOH HaXOMUM JLIA mo0oro MOMEHTa BpEMEHH !

dx
=—=1-cost OpOCTh),
v " (ckopocTh)

w-gx-g—{—sint (yckopenyue)
@ ycKop .

IIpn t=—‘;'£ nonyyaeM v=1 w=1

3agaum
1. Hailttu ypaBHeHHs KacaTellbHOH W  HOpMaiM X KpuBoH

y=x3 -3x*4+9x—1 BTOUKE M (1, 6).

2. Haiitu ypaBHEHMA KacaTeJbHOW M  HOpMalH K KpHBOH
x> +y*=3xy-13=0 BTOUkKe M (-1,2).

3. COCTaBHTh YpPaBHEHHsA KacaTeNbHONW U HOPMaiM K KPHBOH x = 2,
y=4t npu t=-1.

4. Kakue yrinl obpasyeT kpuBad y = x? —x ¢ ocelo Ox B TOUKax ne-
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peceyeHud ¢ 3To# ochio?
S. Ilon KakuM YTJIOM MepeceKaloTCs JIMHHK
x2+y2 =2, y=x2?
6. Haiftu ypaBHEHHE 3BOMIOTHI HJJTHIICA
X = acost, y=bsint.

7. Haliti ypaBHEHHe 3BOJIOTHI Hapaboirbl y2 =2px.
8. BeruHCIHTH KPUBH3HY KpUBOit ¥y =¢” npH x = 0.
9. HailTi KpUBH3HY KPHBOH y = kx + b B €€ NPOH3BOJILHOM TOUKE.

10. Touka ABMKeTC MO mpaMoit Ox Mo 3akoHy x =t —9¢% +241. On-
PEACNUTE CKOPOCTb H YCKOPEHHE NBIKCHHA. B Kakie MOMEHTbI BpeMEHH
TOYKA MEHAET HalpaB/IeHHE ABHOKEHHS?

11. 3aBHCHMOCTh MEXAY KOJNMYECTBOM X BELIECTBA, nonyqaemoro B He-
KOTOPOH XMMHYECKOH peaKkLHH, H BPEMEHeM ! BHIDAKAETCH ypaBHEHHEM

x=A(1-e™™). Onpenemuts ckopocTh peaxuym.

OT1BeThHI
.Léx-y=0;, x+6y-37=0 2. x-5y+11=0; 5x+y+3=0.
3 2x+y+2=0; x-2y-9=0. 4.135°, 45°. 5 ¢@=arctg3. 6. X =

bz 3 02 L3 2 8 3
=la-—|cos'tf, Y=|b-——isin’t. 7.V ' =——(X-p)’. 8. k=
a b _ 27p _

% 9. k=0. 10.v=32-18:+24, w=61-18; #=2, 1,=4.
11. k(A-x).

§ 3.3. BospacTtanue u yGoiBaHne dyHkuun.
JxcTpemym pyHkuun. Haubonbulee u HaMMeHbwee
3HavYeHnst PyHKUMM

DyHKUHA HA3LIBACTCA g03pacmarnujeil B HEKOTOPOM NPOMEXCYTKeE
(puc. 3.4, a), ecnu 1A MOGBIX X, M X,, NPHHALIEKALMX 3TOMY TIPOMeE-

XKYTKY, H3 HEPaBEHCTBA X; < X, CIELYET HEPABEHCTBO

LG < F(x). (.8)
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yA yA DyHKUHsA Ha3blBa-

erca ybulgaiowet
y=fx) (puc. 3.4, 6) B HeKoTO-
pOM IMPOMEXYTKE, €c-
ad mia mobsix x; #
X,, TPHHALIEKAIHUX

3TOMY NPOMEXYTKY, K3
~ HepaBeHCTBa X < X,

e
x
&
x
S|

CJIEdyeT HEPaBEHCTBO
0) ‘ f(x)> f(x). (3.9)

JlocTaTouyHOE
ycnosue BozpacTaHMa (yb6wBaHus) GYyHKUMMI €CIU B
GHHOM TIPOMEXYTKE MPOU3BOAHAA N@HHOM *QYHKIMM MONOXKUTENBHA, TO
dyHKIMA B ITOM NPOMERYTKE Bozpacrae'r €CII’ TIPOU3BOAHAS IaHHOH
¢byHKIMY B JaHHOM npomemyTKe oTpnuaTenLHa TO (pym(upm B 3TOM IIpO-
MeXyTKe yOBIBaeT. .
Maxcumymom - byHkuMu y = f(x) Ha3biBaeTCAd TaKOE €€ 3HA4CHUE

) Puc 3.4 ,

= X1), KOTOpPOEC OoJplie BCEX OPYruX €€ 3HaYEHUH, HHUMAacMBbIX B
1 1 .

TOYKAX X, JOCTATOMHO GNM3KMX K TOYKE X; M OTIHYHBIX OT Hee (puc. 3.5),

T.E.
Fxp)> f(x), - 310
e x — moGasi TOYKa U3 HEKOTOPOTO MHTEPBAIa, CONCPAKAILETrO TOUKY X|.
7 ‘ y=f(x) Munumymom byHKIUY
y = f(x) Ha3pIBaeTCA TAKOE e¢ 3Ha-
ueHue y, = f(x,), KOTOpPOE MEHbLIE
BCEX APYrMX €e 3HaueHHi, IpUHU-
MaeMBIX B TOYKAaX X, MOCTaTOYHO
2 = 6IIM3KMX K TOUYKE X, W OTIMMHBIX OT
X 2
=l v Hee, T.C.
f(x,)
: 2" f(x) < f(x), (3.11)
0 X, X X X
rae x — mo6as TouKa U3 HEKOTOPOIo
Puc. 3.5 MHTEPBANA, CONEPKAILErO TOUKY X, .

MakcuMyM  WIM  MHHHMYM
dyHKUMY HasbiBaeTCs axcmpemymom QyHKUMH. TouKH, B KOTOPbIX AOCTH-
raeTcs SKCTPEMYM, Ha3bIBAIOTCA MOUKAMU IKCMPEMYMa.

DYHKUUS MOXET UMETh SKCTPEMYM TOJBKO B TeX TOYKax oONacTu ee
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OMpejIeNieHns, B KOTOPBIX NPOU3BONHAA paBHa HYJIIO WIH HE CYLIECTBYET.

Takue TOUKH Ha3BIBAIOTCA KPUMUYECKUMU TOUKAMH aPTYMEHTA PYHKLMH.
Haumenvuwee W naubonvuee 3HAYEHMs HENPEPLIBHON QYHKUMM

y=f(x) Ha maHHOM OTpe3Ke [a, b] HOCTUralOTCA WIH B KPUTHYECKUX

TOUKAX apryMeHTa (QyHKIMH WM Ha KOHLX oTpe3ka [a, b].

Hocratoynoe ycinoBuUe dKCTpeMyMa. [lepgoe npaswio.
Ecim B Touke x = x, npousBoxHas QyHKuMH y = f(x) oOpauaercs B

HyJIb M MEHJET 3HaK NPH [EPEXOJe 4Yepe3 3Ty TO4YKYy, To f(xy) —
3KCTpeMyM GYHKIUMH, IPHYEM:

1) QyHKUMA HMeeT MaKCHMYM B TOYKE X, eCIH 3HaK [POH3BOMHOMN
MEHsieTCA C ILMI0Ca Ha MHUHYC (T.e. Npu X, —€<x<x, f’(x)>0, npu
Xg<x<x5+€ f'(x)<0);

2) ¢yHKIMA MMeeT MHHUMYM B TOUKE X,, €CJIHM 3HaK NPOH3BOLHOI
MEHAETCA ¢ MHHyca Ha mmoc (T.e. f'(x)<0 mpu x,—€<x<x,
S’(x3)>0 npu xy < x < xy+€). i

Bmopoe npasuno. Eciu B Touke x = X, HepBas NpOU3BONHAA QyHKilHK
y = f(x) paBHa HymIO, a BTOpas MPOM3BOJHA’ OTAMYHA OT HYNA, TO X,
6yneT Toukol SKCTpeMyMa NpHYEM: ’

1) x, — Touka MakcuMyMa, ecni [ ”(x;) < 0;

2) x, —TouKa MHHMMYMa, ecinu [ " (x,) > 0.

3amMevuaHHue. H}'CTB nepBad U3 HECPABHLIX HY/IHO .»B TOYKE X, [POH3BOIAHBIX

dyuxkumn y = f(x) wmMeer nopsaxok k. Torxa, ecinu k - 4eTHOE, TO TOYKA X, HB-
JAETCA TOYKOH MakcuMyma, eciu [ (k)(0)<0,- M TOYKOW MHMHHUMYyMaA, €ciu

F®(x,)> 0. Ecnm e k— neuernoe, To TouKa X, HE ABIAETCH TOUKOH HKCTpe-
MyMa. , v
Mpumep 1. Haifru npoMexyTku Bo3pacTtanus 1 yObIBaHUS (yHKUNAH

f(x)=x3—%x2—6x+4.

Pewenue. Haxoaum nepsyio npom_Botu;oE
'(x)=3x*-3x-6=3(x*—x-2).

Tpowseonuas obpamaercs B Hymb, korma x> —x—2=0, orkysa
x;=~1, x, =2, OTH ToukH nenaT GecKOHEYHBI MHTEPBAN HA TPU MHTEpP-
Bana: (—oo,—1), (=1,2), (2, ). Uccremyem 3HaK OPOU3BONHON B KAXKIAOM
3 3THX HHTEPBAJIOB.
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Ecmu x<-1, 10 f'(x)=3(x*~-x-2)=3(x+1)(x-2)>0, Tak Kak
(x+1)<0 u (x-2)<0. CnenosarensHo, (GhyHKUHA BO3PacTaeT B pOMe-
KyTKe (—oo,—1).

Ecmn -1<x<2, 10 f'(x)=3(x+1)(x-2)<0, Tak kax (x+1)>0,
(x - 2) < 0, noatoMy yHKIS YOBIBaET B NpoMexXyTke (—1,2).

AnanoruyHo yGexnmaemcs, 4To (yHKUMS BO3PacTaeT B NPOMEXYTKE
(2, ).

3ametuB, uto lim f(x)=—oco, lim f(x)=+0c0, CTPOUM 3CKH3
X—>—oce X~—>+oo

rpaduxa (puc. 3.6).
7Y

Puc. 3.6

Npumep 2. Hccnenosars Ha MAKCHMYM H MHHHMYM QYHKIHIO
1 3 1, 2
f(x)=-§x —Ex —6x+2§.
Pewenne. Haxoxum nepsyio IpOHU3BOAHYIO!
' fi(x)=x*-x—6.

[lpoussoguasn BcloAy HenpephiBHa. Hadinem 'roqm, B KOTOPBIX OHa 006-
pamaercs B HyJib: x}—x-6=0.

KpHTHYEeCKHMM . TOYKaMH =~ apryMeHTa G(YyHKUMM SBISIOTCA TOYKH
X =-2, xp=3.

C noMoluBio NepBol MPOM3BOAHON HCCIEXyeM KPHTHIECKHE TOUKH.
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Tak xak
@) =x*-x-6=(x+2)(x-3),

TO Mpu x<-2 umeeM [f'(x)>0 (6o x+2<0, x-3<0); mpu
—-2<x<3 umeeM f’(x)<0 (6o x+2>0, x—~3<0).

Takum o6pasoM, npu nepexoje (clieBa HampaBo) 4Yepe3 3HAYEHHE
X} =—2 HpoM3BOJHAs MEHJET 3HAK C IUN0Ca Ha MUHYyC. ClIeI0BaTeNBHO, B

TOuKe ¥, =—2 (YHKIHA HMeET MaKCHMYM, 2 IMEHHO
max f(x) = f(=2)= %(—2)3 -%(—2)2 6 (-2)+—§= 10.

HccrexyeM BTOpYIO KPHTHYECKYIO TOYKY X, =3: mpH —2<x<3
Sf'(x)<0; mpu x>3 f'(x)>0 (60 x+2>0, x-3>0), 3HA4UT NpH
nepexofie 4epe3 TOYKy X, =3 Npou3BoAHAs (QYHKIMH MEHSET 3HaK C MH-
HycCa Ha IIoc. 3To 03HAa4aeT, YT0 (GYHKLUMA B 3TOH TOYKE UMEET MHHEMYM,
a MMEHHO

1 1 8 5
min =f(3)==-3-=32-6-3+=>=-10=,
f(x)=f03) 3 3 3 p

Ha ocHoBanuM mnpoBexeHHOro

v4 HCCIICNOBAHHA  CTpPOMM  rpaduk
¢yuxuuu (puc. 3.7).

3ameuanue. [loms3yscs nep-

BbIM NPABHJIOM, HYXXHO BCETAa MMETh B

BUIly JIOKAJIBHEIM XapakTep 3KCTpeMyMa.

6 : Hcenenys 3Hak mepBodt mMpou3BOAHOM,

HY)XHO paccMaTpuBaThb TOYKHM CJeBa U

CIpaBa OT KPUTHYECKOH TOUKM M JOCTa-

\2 TOYHO Gnu3kue K Hell. Ecnmu B naHHOM

4 3r2-fl123 4] 5 npuUMeEpe Uit X; = —2 - B3ATh JOCTa-

10

N

Y

TOYHO YAQNCHHBIC TOUKU (HANPHMED,
x>3), o okaxerca f’(x)>0 npu
x<-2u f(x)>0 npu x>-2 (x
npuMepy npu X =4 ). Orciona MOXHO
6bL10 Obl cmenaTh HEBEPHLIH BBIBOX O
TOM, 4TO B TOUKE X = —2 JKCTpEMYMa

-104

HET.
Puc. 3.7 Mpumep 3. Hccnenosate  Ha
3KCTpeMyM (yHKIHIO
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1 4 3 11 4 9
- — -2 + — —6x+—.
f(x) 4x x ) x X 7

PeweHune. BleeM NoAb30BATLCA BTOPHIM IMPABHJIOM AOCTATOYHOTrO YC-
JIOBHA IKCTPEMYMaA. Haxoanm HEPBYIO H BTOPYIO MPOH3BOJIHBIE:

() =x>—6x2 +11x=6, f7(x)=3x* —12x+11.
Touxu FKCTPEMYMa HINEM CPelH KPHTHIECKHX TOYEK, T. €. TOYCK, A
kotopeix f’(x)= 0. IlepBas nmpom3BomHas obpainaercs B HyJb, KOr/a
x> ~6x2 +11x—6=0.
C noMomso TeopeMs! Besy MOXHO yCTaHOBHTB, 94TO X =1 ecTh KOpeHb

NOCJICAHEr0 YPAaBHECHHS. 3aMeTuB 3T0 ¥ pa3jioKuB JIEBYIO HaCTh YpaBHCHHA
Ha MHOXHTCIH, ITOJTYYHM

x3—6x2+11x—6=(x—1)(x2—5x+6)=
=(x=-D(x-2)(x-3)=0,

OTKyOa
Xi =1, Xy =2, x3=3.
HCCJ‘[eL[yeM 3HaK BTOpOﬁ rlpOH3Bole0ﬁ [IpH 3TUX 3HAYCHMAX X!

F7)=317-12-1+11=2>0;
7(2)=3-22-12-2+11=-1<0;

£7(3)=3-32-12-3+11=2>0.

CnemoBartenbHo, X =2 €CTh TOYKa MakcuMyma, x =1 u x=3 saBns-
FOTCA TOUkaMi MuHUMYyMa. HaliieM 3nayeHus SKCTPEMYMOB!

9

i 1 .4 3 11
min = D=—1"-2-1 +—-1 _6.1+_=0;
f@)=fM=7 5 "
1 s mos 11, 9 1
max f(x)= f(Q)=—2% =222 +—.22 — 6.2+ >=—;
f(x)=1(Q2) 2 5 7 172

minf(x)=f(3)=%-34—2-33+%-32 —6.3+%=0.

I'padux ¢pynkuuu usobpaxer Ha puc. 3.8.
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vA Mpumep 4. HccnenoBark Ha 3Kkc-
TPeMyM (QYHKIUTIO

\ ==
2

PeweHune. Haxogum NEpBYIO
NPOH3BOJIHYIO:

11
vy YT 2= 5x=4
ol 1 2z 3 X re=is Wr o 3

IpomnsBonnas obpamaercs B HyJIb
Puc. 3.8 B TOUKe X = %, B TO4ke X, =0 oHa
He cymecTByer (oGpamaercs B 6eckoHEYHOCTh). ClleXOBaTENbHO, KPHTHYE-
CKHUMH TOYKaMH ABJIAIOTCA TOUKU X; = % ux, =0.

HccnenyeM xapakrep kputdeckux touek. Tak kak f’(x)<0 npu

x<i;- (x>0) n f/(x)>0 npu x>%, TO x1=% — TOYKa MHHHMYMa,

| 4). 16 6 »

Hanee, mockoneky f'(x)>0 npu x<0, f'(x)<0 mpu x>0

npHYeM

4
(HO x< g), TO IIPH X, = 0 QYHKUMA UMEET MaKCHMYM, IPHYEM

max f(x)= f(0)=0.
3ameTuB, 94TO B TOUKE X, =0

($yHKUMA HenpepblBHA W Kaca-

TeNbHast K rpadMKy COBNAmacT c

1 oceio Oy, cTpouM rpaduk ¢yHk-
iy (puc. 3.9).

NMpumep 5. Haiirh nHaubone-

X uiee W HaWMEHbLIEe 3HAYCHHA

bysxumu f(x)= 2x* —6x+5 Ha
oTpe3ke [—2, 3 ]

2°2
Puc. 3.9 Pewewnue. Haxomum skctpe-
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MyMbI QYHKIHH:
fl(x)=6x2—6=6(x>-1);

f/(x)=0, 6(x*-1)=0, x,=-1, x,=1;
fr(x)=12x, f7(-)<0, f”M1)>0.
CnenonaTeJ;LHo, B TOYKE X; =~—1 (QYHKIHA UMEET MaKCUMYM, [IPHIEM
max f(x)= f(-1)=2 (=1’ -6 (=) +5=9,
B TOUKE X, = ] MHHHMYM, IpPUIeM
minf(x)=f(1)=2-"-6-1+5=1

Briuncngem 3HadeHud GyHKIMH Ha KOHIAX OTpe3Ka:

oo
oot

y TakuM o6pa3zoM, Hanbosblllee 3HAYCHUE JaHHOH
I OYHKUMM Ha paccMaTpHBacMOM OTPE3KE €CTh

f(=1)=9, a HauMcHbINEE f(——;—):—ll%

~NWakt

\/ (puc. 3.10)

[ NMpumep 6. JlanHoe NOJOXKUTENLHOE YHCIO a4
Pa3IOKKUTh Ha [(Ba CJIaraeMbIX TaK, YTOObI HX MPOM3-
BeJeHHe ObUI0 HAaUOOJIBIIUM.

PeweHnue. O6o3HauuM 4epe3 x mepBoe cjarae-
MoOe, TOrAa BTopoe paBHO a—Xx. Hx mpousseneHue
npeactasiser ¢pyHKIHIO OT X:

.

roknf
|
jod

[

f(x)=x(a—x)=ax—x2.

I3 0dNdhAdh o]

s
~

HccnenyeM 3ty ¢yHkiuio. Haiinem nmpousBon-
HBIE
Puc. 3.10 f(x)=a-2x, f"(x)=-2.

a
IepBas mpou3BOAHAA paBHA HYWO, koraa a—2x=0 umm x= > Tax
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a
KaKk BTOpas NMPOH3BOAHA2A OTPHIATENbHA, TO NPH X = EY byHKIMA NpUHH-

a
MaeT HauOolblIee 3HaYeHHE. B'ropoe Cl1araeMo¢ TaKXe paBHO -2—

NMpumep 7. Ipu kakux pasmepax kopobka (63 KpbIIIKH), HITOTORIEH-
Hai M3 KBAJPaTHOrO JIKCTAa KapTOHAa CO CTOPOHOH @, HMeeT HaubOoJIbIIyIo
BMECTHMOCTH? _

PeweHue. Jlia H3rotonleHHs KOPOGKH HEOGXOMMMO 10 YITIaM JIHCTa
BLIpE3aTh KBaApATHl W 3arHYTh BRICTYIBI NOJy4MBIIEicAa kpecToobpasHol
¢uryps. O603HaYMM CTOPOHY BHIPE3AaHHOIO KBAIpPATa Yepe3 X, TOrAa CTO-
poHa ocHoBaHus KopoOku Oymer a—2x. OGbeM kOpOOGKHM BBIpasHTCA

byskuuet V =(a-2x)*x= (a* —dax+ 4x2) x=a’x—4ax* + 4x3, koro-
past onpejieyieHa B MPOMEXYTKe [0, -‘2-1- ]
Mupdeperumpys pysxumo ¥, nonyanm:
V'=a®-8ax+ 12x2%; V" =—8a+24x.

V’=0, xorna a’ —8ax+12x% = 0, otkyna

a
X} =y X =—.

2’ 6
Tlony4enHnsie 3HAYEHHA X NOACTARIAEM B BbIpaXXEHHE JUIS BTOPOI#i mpo-
H3BOJHOMN:

V”(§)=—8a+12a=4a> 0; V"(%)=—8a+4a=—4a<0.

a
Cnenosarenbno, HanGonbmuit 06veM Gyner npu x=—g. OcHoBaHueM

2
KOpOOKH ABJIAETCA KBaZAPAT CO CTOPOHOiH 3 a.

3anaun
OnpenemnuTs MPOMEXYTKH BO3PACTAHUA H YOLIBAHHS (yHKIDHH:
1. y=x2-4x+4. 2. y=6-3x2-x3
3. y=é~. 4. y=x*-2x%
HccnenoBathk Ha 3kCTpeMyM GyHKILMH:

3, 42 (-x*)
5. y=x"4+6x°+9x+2. 6. y=-—T—.
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af £ -2 Inx
7. y=y5 ed —e 9| 8. y=—x—.

HaiiTy HarGoNbIIKE ¥ HAUMEHBIIHE 3HAYCHHA QYHKLMA B IPOMEXYTKE
[-2,2]:

9. y=—x2. 10. y=—x".
Haittn Han6onblure ¥ HAUMEHBIINE 3HAYCHUs QyHKUMH:
2
. X 1
11. y= 12. y= .
GRETh YE RS

13. Cpenn Bcex MPAMOYTONBHUKOB, MMEIOIUMX NaHHBIA nepmueTp 2a
HaiiTH TOT, IUIOLIALb KOTOPOro Hanbonblas.

14. Kaxoif U3 NpsAMOYTOJIBHEIX TPEYTONbHHKOB C 3aJaHHBIM [EPUMET-
poM 2p UMeeT HauOOTBLIYIO IWIOMAAb?

15. BokOBbIE CTOPOHBI M MEHBIEC OCHOBGHHME Tpanelu DaBHbI 110
10 ¢m. Onpenenuts ee Gonbliee OCHOBAHHE TaK, YTOOBI IUTOMIA b TPANELIUH
6bu1a HauGoJbLUEH.

16. B nanHbI# 35UTMIIC BIHCATD npxmoyronbﬂnx paubonplueil iowany
CO CTOpPOHaMH, apasifieNIbHbIMHU OCSAM JJLIHIICA.

17. OTKpBITHINA COCYA COCTOUT M3 [IUTHHIPA, 3aKaHYMBAIOUIETOCS CHU3Y
nosycepoif; TOMIMHA CTEHOK ocToAHHa. KakoBbl I0MKHB GBITL pasMepbl
cocyaa, 4TOOBRl MPH NaHHOHW BMECTUMOCTH Ha €O H3TOTOBJIEHHE TOLILIO
MHHHUMYM Matepuaia?

OTBeTbI

1. V6mBaer B uHTepBane (—o0,2), Bo3pacTaer B wuHTEpBane (2, o).
2. V6biBaer B wmTeppane (—o0,—2) u (0,e), Bospactaer B (—2,0).
3. Bospacraer B MHTepBane (—oo,o0). 4. YOwbBaer B umrepsamax (—ee,—1) u
(0,1), Bospacracr B unreppanax (—1,0) u (1,0). 5 minf(x)=f(-1)=

=-2, maxf(x)=f(-3)=2. 6. maxf(x)=f(0);%, - minf(x)=

= f(=1)= f(1)=0. 7. Oxcrpemyma Her. 8. maxf(x):f(e)=l==0,37. 9.0,
- s e

-4, 10.8; -8 1L1; 0.~ 12.1; 0. 13. x=y=% (kBaapar).

14. PasHoGeapeunsiit. 15. 20 cm. 16. a\/i , b«/f , TA€ @ ¥ b — MONyOCH JILTHIICA.

-

124



§ 3.4. BbinyKnocTb U BOrHYTOCTb KpMBOIA. Touku neperuba.
AcHMNTOTHI KPUBOWA.

I'padux (bym(uml y= f (x) 'Ha3BIBAETCA BOZHYMbIM seepx (unu BbI-
TyKJIbIM BHH3) B IPOMEXYTKe (a, b), €cii COOTBETCTBYIOMAA Ayra KPHBO
pacriojioxkeHa Bhillle KacaTensHON B mobo# Touke M [x, f(x)] 1ol myru
(puc. 3.11).

I'padux ¢ysxumn y= f(x) Ha-
y y=f(x) papuk QyHkumu y = f(x)
3bIBACTCA 602HYmMubiM @HU3 (WU BBI-
, IYKJILIM. BBEPX) B MPOMEXYTKE (a, b),
" ecn COOTBETCTBYIOLLA Ayra KpWBOM
pacnojioxKeHa HHXKE  KacaTeJsibHOM,
HOpoBeieHHOW B moboil  Touke
M [x, f(x)1 aroii oyru (puc. 3.12).

HdocraTouHoe ycnoBHUe
BOTHYTOCTH (BBIIYKNOCTH)
KPHUBOH: ecru emopas npouzgoo-
Has @ywkyuu y= f(x) nonovcu-

m e e
xY

X b
Puc. 3.11
menvHa exympu npomesxcymra (a, b), mo apagux gynxyuu eoznym eeepx 6
OGHHOM RPOMEJICYMKe, eCu 6Mmopas NPoU3BOOHAs 7 (x) ompuyamenvna
éHympu npomedxicymka (a,b), mo zpagpux gynkyuu y = f(x) eoenym enusz
8 amom npomexcymre. (CpaBHHTE ITH ycﬁoaml CO BTOPBIM. IPaBUIIOM Ha-
XO0XKIECHHA SIKCTpEMyMa).

y ~ Toukoii nepecuba HenpepbIBHOIL

ﬁ KpHBO# y = f(x) Ha3bIBA€TCA TOYKA
My[xy, f(x)], npn nepexone uepes
KOTOPYIO KpHBas MEHSET CBOIO BOPHY-
TOCTh Ha BBIMYKJIOCTh WIM HaoGopoT
(oTHOCHTENBHO, HampUMep, HampaB-
nenust BHM3). JUIA aGCLMcChl TOYKH
neperu6a x, rpaduka ¢ynkuum

y=f(x) BTOpas  NPOM3BOIHAA
Phc. 3.12 Sf7(xy) paBHa HymIO WK He CylecT-

ByeT. Touku, B kOTOpBIX f”(x)=0

uii f”(xy) He CyIIECTBYET, Ha3BLIBAIOTCS KpuUMuueckumMu moukamu 2-ro

pona.
Ecin BTOpas mpomssonHas ¢yHkuum y = f(x) NIpA Tepexosie depes
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KPHTHUECKYIO TOUKY X, MEHseT 3HaK, 10 M [x,, f(x,) ] — To4ka neperuGa.

AcUMNTOTbI KPUBOW

1. Acumnmomoii XpuBO}M Ha3bIBaeTCA TMpAMAas, K KOTOPOH HEeorpaHu-
YEHHO TPHOTKAETCA TOUKa KPUBOH NPY HEOTPAHMICHHOM YIANCHUH €€ OT
Hayana KOOpAHHAT.

2. Ecun

lim f(x) = oo, (3.12)

TO NpsAMas X = @ AB/AETCA BEPTHKAILHON aCHMITOTON KpHBOH y = f(x).
3. Ecnu cyumecTBYIOT Ipeaeibl

lim —Li"—)=k,, lim Lf(x) - kx]=b, (3.13)
HIH
im P2, i f)-krl=b, G0

T0 npamad y=kx+b, ecTh NpaBad HAKIOHHAZ aCHMNTOTAa KPHBOH
y = f(x), anpaman y = k,x + b, CTh JieBasi HAKIOHHAA ACHMIITOTA.
4. Ecnu B npaBoli YacTH ypaBHEHHA KpHBOH y = f(x) MOXHO BbIIC-
JIMTD JIMHEHHYIO YacCTh ‘
 y=fE)=hk+bta(x), (3.15)

rae o (x)—»0, xorna x—>+oo, TO mpAMas y = kx+b ABIAETCS ACHMINTO-

TOH.
Mpumep 1. Halith uHTEpBaNBl BOTHYTOCTH M BBIYKIOCTH, a TakKe
TOukH neperuba kpusoii I'aycca y = e

Pewenne. HaxoanMm nepeyio U BTOPYIO MPOU3BOAHAIE!
Yy ==2xe"; y"=(4x> -2)e™" . .

Hpnpani{an HYJIIO BTOPYIO nponanoﬁﬂylo, TIONTYYMM KPHTHYECKHE TOUKH
2-ro pona:
1 |

Xy = ——=} X, =—=.
TR 2

3TH TOUKH pa30HBAIOT YHCIIOBYIO OCh Ha TP MHTEpBaa:
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1 1 1 1
5 = E)
Tax kak B MepBOM M TpeTheM HHTEPBAIAX BTOpas NPOW3BOMHAS MOJIOXKH-

TeJbHa, T. €.

y">0 Hpn—oo<x<——l——, y”'>0 Hpnx>—1-,
V2 2

y 4 TO B 3THX MHTEpBalaX KpHBas BOTHYTa
BBepX. [Ilockomeky y” <0 mpu
-/M/'\Mz\ L vl 10 MHTepBaie
——=< X< — B (T
| | NN
7; 0 é— 7 (—%,%} KpUBas BOFHYT2 BHH3
1 1
Puc. 3.13 uc. 3.13). Touku M| ~—=,— |u
(pre: 319 &7

M. (L —1—) ABJIAIOTCS TOYKaMM niepernba
V27 e) '
Mpumep 2. Haiitu Touky neperna rpaduka Gpynxmmu f(x) = x>.
Pewenue. Ilpouseonsnie QyHKLMHE HMEIOT BUL:
f(x)=3x%, f"(x)=6x.
‘Bropas npousBonHad paBHa Hymo npu x =0 M MEHSET 3HaK B 3TOH

Touke: f”(x)<0, ecnu x<0, f”(x)>0, ecnu x> 0.

CnenosarensHo, x =0 ecth Touka neperu6a. M3 nByx mocneanux He-
PaABEHCTB BBITEKAET TaKXe, 4To rpatpux (byHK.l.u/Il/I ABIACTCA BBHIYKJIBIM
BBEPX NpH x <0 ¥ BBIMyKIbIM BHU3 mpu x > 0. Kpusas usobpaxena. Ha
puc 1.6.

Npumep 3. Haiiti Touku nepern6a rpaduxa GyHKIHH y=3Yx-1.
Pewenwne. Haxomum npousBomHble:

2 5 )

1 -2 2 -
V== 3 Yy =as(x-) e
3 9 93(x-1)°

BTopas npoussonnas B Hy/b HATAE He o6paiaeTca. Ta NPOU3BOLHAs
‘He CyIeCTBYeT NpH x) =1 (3HaMeHaress pobu obpamaercs B Hys). ITo-
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CMOTpHM, MEHSET JIM 3HaK y” IIPH Nepexose Yepes ToUKy x; = 1.
vA Tak Kak

y”'>0 mpu x<1,

1¢ /- y” <0 opu x>1,
- -
X

0 / 12 TO Touka M,(1,0) ecth TOUKA mepe-

"/‘1‘ ruba. KacarennpHas B 3TOH TOYKE na-
pasnensHa ocH opAHHAT (pHcC. 3.14),
Puc. 3.14 Tak KaK TmepBasd TpPOW3BOAHAA IIpU
x =1 oOpamaercs B 6ECKOHEYHOCTb.
x2+1

Mpumep 4. Haiitn acumMToTs kpuBoi f(x) =
PeweHue. Taxkak
x2+1

lim = oo,
x=0 X

To mpamas x =0 sABISETCH BePTHKAIbHOH acuMnTOTOH (CM. popMyTy

(3.12)).

Hanee,

2 +1
x

=x+l=x+a(x),
x

fx)=

rae o (x)—0 npu x—>*ee.
Taxum obpasom, npsMast y=x (cM. popmyiy (3.15)) Gyaet acumnTo-

Toii. Kpupas usobpaxkeHa Ha puc. 3.15.
3

Npumep 5. Haiitu acHMOTOTH KPHBOH y=1 5
-X

PeweHue. I'padux 3ol GyHKUMH HMEET B BEPTHKANIbHbIE aCHMIITO-
Tl x =—1, x=1, Tak xax

3 x3

. X . :
lim > =lim 5 = oo
xo-1]—=x x=1]—x

Beiaenss LCIYIO 4acCTh (byHKHPH/I NyTEM HETIOCPEACTBEHHOIO AEJICHUA

WIH € NOMOILBIO CJIEAYIOIMX IPOCTHIX MPeoOpa3oBaHyi, moryyaeM
x> X —x+x x(x2—1)+x c+
y= = = =— .
1-x? 1-x2 1-x? 1-x2
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Puc. 3.15 " Pac. 3.16

CpaBHusas ¢ ¢opMmystoit (3.15), 3axmodaem, 4To NpAMas y =—x ABJIA-

€TCs HaKJIOHHOM acuMmIrroToit (puc. 3.16).
3amMeuaHnue. BeprukansHele aCUMITTOTHI KPMBOM CAEAYET MCKAThH TaM, THE
3HaMeHaTeNb QYHKIMH 06paniaeTcs B HyJb.
2

x
NMpumep 6. Halitm aCHMITTOTHI KPHBOH y = ——=——r
. x -1
Pewenune. IlpupaBHMBas 3HaMeHaTeNib HyJIO, MOMy4aeM JABE BEPTH-
KaJlbHble aCUMIOTOTHL: x = —1, x = 1.

o ¢opmynam (3.13) u (3.14) vimeM HaKJIOHHEIE ACHMIITOTHI.
Hmeem:

x2

k= lim £= lim ———=1,
x—3+00 X  x—+ce xe‘Z -1

2 ’ 2 _
b= lim (y—x)= lim > —X¥* ~1_
X—>+oo X=>+o00 x2_1

CnenoparenbHo, psAMas y = X ABNACTCA MPaBOif HAKIOHHOM aCHMIITOTOIA.
Janee,

k= lim £=-1, 5= lim (y-x)=0,
X—p—o0e X X—>—oo

No3TOMy y = —X Takxke Oyner acumnroToii (puc. 3.17).
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Bropyio HaKIOHHYIO acHMITOTY
MOXHO OBUIO TNOMYYHTH, MCXOIS W3
CUMMETPHY KDHBOH OTHOGHUTENBHO

ocu Oy.

3agaym
Haitrn MHTEpBaJbl BOTHYTOCTH H
TOYKHM nepernda rpaduKoB QyHKIHH:

1. y=Ihx
Pnc. 3.17 2. y=x3-—6x2+9x+5.
4
3. y=%x4—x3+2. 4. y=x3+£4—.
Hatiti acHMOTOTEI KPHBLIX:
6
5. = . 6. = .
TS Y= 16
2 _ 2
g, yoX *8:-6 8. y=—_
x x+4
1
9. y=e*. 10.b2x2+a2y2=x2y2.
OTBeTHI

1. Kpupas Boruyra BHu3. 2. B npomexytke (—eo, 2) KpuBas BOTHYTa BHH3, B
npomexyTke (2, ) — oruyra seepx, M (2,7) —rouxa neperuGa. 3. M (0, 2),

N (%,%) —rouku nmeperuba. 4. M (0,0), N (-2, —4). 5. x=-3.

6. x=—-4, x=4. 7.x=0, y=x+8 8 x=-4, y=x-4. 9 y=1
10. x=%a, y=1b.

§ 3.5. UccnepoBaHue hyHKUMIA 1 NOCTPOEHHUE MX rpacdukos

Hccnenopanue GYHKLMIA MOXKHO MPOBOJIMTS 110 CIIEXYIOLIEH CXEMe:

1. Haiitn 061acTh CyIecTBOBaHHSA QYHKIHH.

2. HccrnemoBats M3MeHeHre (GYHKIMHA NPH X, CTPEMSAIIEMCS K KOHLaM
[POMEXYTKOB 0671aCTH CYIIECTBOBAHUS.

3. Haiite NpoMeXyTKH BO3pacTaHus W yObBaHWs (YHKLMH, TOUKH
IKCTpEMYMA.

4. BBIYHCINTH 3HAYCHUS IKCTPEMYMOB.
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5. OrnpefenuTs HHTEPBAISI BHIMYKIOCTH H BOFHYTOCTH rpaduka, Haii-
TH TOYKH nepernba.

6. Haiftu ToukM nepeceveHus rpaduxa GyHKIMEH C KOOPAMHATHBIMH
OCAMH.

7. Hatlith acuMnToTs! rpaduka GyHKUHH.

Ilo pesynsTataM HCCNEIOBaHHS MOXHO TOCTPOMTh MAaTEMATHYECKH
rPaMOTHBIH 3CKHU3 €€ rpaduka.

Ecnu mccnenyemas GpyHKIHA JeTHaA WM HEYETHAS, JOCTATOUHO HCCIIe-
A0BaTh QYHKIMIO M MOCTPOMTH ee rpadMK sl TONOXKHTEIbHBIX 3HAYEHMIk
aprymeHTa u3 o6JIacTH ONIPEAEICHUS.

WHorza nopsagok KccienoBaHUA Leaecoo0pasHo BeIGHpATh, HCXOS M3
KOHKPETHBIX 0COOEHHOCTEl naHHOM yHKLHMH.

Npumep 1. Hccnenosats dynkumo f(x)= U TOCTPOUTH ee

rpaduk.
Pewenue. ITonssyeMca cxeMob HCClIeNOBAHAS QYHKIHH,
1. ®yHkuMs He ompeleNeHa JMIUb B TOYKAX, Tle 3HAMeHaTeNb o6pa-

HIaeTCA B HyJb, T. €. OpH X; =—+/3, x, =+/3. CnenoBarensho, obnacts
OTpENeNeHNst COCTOMT 3 TpeX HHTEpPBAIOB: (—oo,—w/g), (_ﬁ, ﬁ),
(5.

2. Hccnemyem u3MeHeHMe QYHKUHH TPH X, CTPEMSLIEMCS K KOHLAM
HHTECPBAJIOB 06JIACTH ONpeeICHHS:

3 ) 3 3

. x . .
lim 5 ==0o, | 3 = —oo, li 5 = 400,
X—e x“ 3 x=-43-0 x< =3 x=-v34+0 x* =3

) 3 - e . 3

1 3 —co, 1 7 R=+e, lim ———=rce
xV3-0 x* -3 x—43+0 X° =3 x40 x% 3

3. Touku 3KCTpeMyMa MIEM CPeld KPHUTHYECKHX TOYEK, T.e. TAaKHX
TO4YeK; Tie neppas l'lpOPBBOlIHaﬂ obpamaercs B Hynb. Haxoaum npoussoa-
Hble NaHHOM PyHKUAM:

x* 3x (x —3) 2xe’  x*-9x? __xz(x?'—9)_
x1-3 =?-3? | (x2—3)2 (x*-3)°

f(x)=
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x* —9x? ] _ 6x(x2+9)

f”(x)=[ (xz _3)2 - (xz _3)3 *

[MepBas mpousBoaHas oOpawmiaeTcsa B Hyllb, KOrAa x2(x*-9)=0, or
Kyma x; =-3, x, =3, x3=0. Hccnemyem 3HaK BTOpOH NPOM3BOAHOMN MpH
3THX 3HAYCHUSAX X:
6(-3)(9+9)

©-3)’

6-3(9+9)

fry= S

<0, f7(3)= >0, £7(0)=0.

TakuMm 00pasom, x=—3 sABISETCS TOYKOM MaKCHMyMa, X =3 — TOUKOH
MHHHMYMa.

ockoneky f”(0)=0, obpamaeMcs K NepBOMY NPaBIIYy HaXOXIECHHA
akcTpeMyMa. Ecim x f0cTaTOdHO Majio 1o aGcomoTHOMY 3HAYEHHIO, TO
f(x)<0 mpm x<0 uw x>0, Tak Kak x>0, (x2-3)?>0,
(x? = 9) < 0. 3Hak nepBO¥ MPOH3ROIHOM TIPH Nepexoie uepes Touky x = 0
HE MEHAETCA, MOATOMY AaHHasA TOUKa HE ABJAETCS TOUKOH IKCTPEMYMa.

Omnpefie/ MM HHTEPBANIE BO3pAacTaHKsA M yObiBaHHMA (QYHKUMH C [OMO-
1bI0 nepBoii npousBoaHoi. Tak kak

2,.2
x“(x 9)>

1=

>

KoTZa ]x | >3, T.e. IpH —o0 < x < —3, 3<x<+eo, TO GyHKIMA BO3pacTa-
€T B IpoMexXyTkax (—eo, —3), (3,+90). Tak Kak
x? (Jc2 -9

f(x)= (x2 __3)2

<0,

Koraa Ix | <3, T.e. npu —3 < x <3, To OyHKIMA YOBIBAET B POMEKYTKAX
(—3,—s/§), (—\/5, w[3_), . (w/g, 3). (3ameTHM, 4TO B TO4YKax x=-—«/§,

x=+3 MpOM3BOAHAsA He ONpefielieHa, Kak M caMa GyHKUMA.)
4. BsiyucnseM 3HaYCHHS IKCTPEMYMOB:

= 3 = ———=—=
Yo =y B)=g—="=3
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T 3)_(—3)3 279
e 9-3 6 2
5. OnpepenseM HHTepBaNbl BBHIIYKIOCTH H BOTHYTOCTH rpaduka
($yHKLIMA ¥ TOYkH nepernba. Bropas npousBoaHas paBHa Hy/mo npyd x =0
H MEHAET 3HaK IPH [IepeXoJe Yepe3 3Ty TOYKy. B camoM mesnie, npH x, Ooc-
TaTOYHO MaJIbIX 10 aGCOMOTHOH BEIMYHUHE, TIOTydaeM

” 6x(x2+9)
x)=—=————=>0 npu x<0,

S 23 p

” 6x(x2+9)
x)=——————"<0 npu x>0,

) == 5 <0

TaKk Kak (x2 +9)>0 u (x2 —3)3 < 0. CnegoBarensHo, Touka O (0,0) sB-
nsetcst Toukoit nepernba. Tak kak f’(0) = 0, To KacarenpHas B ITOM TOUKE
COBMagacet ¢ ochio Ox.

Bropas npon3BoAHaA He ompenescHa NpH X; =—+/3, X, =+/3, T.€. B
TOYKaX, B KOTOPLIX HE omnpeJeiicHa U cama ¢ynkuusa. Tak kak [ (x) <0,
Korzaa —oo<x<—\/§, 0<x<43, f7(x)>0 mpu -+/3<x<0,

Y3<x<oo, 10 rpaduk (yHKUHKE BOTHYT BHH3 B HHTEPBATAX (—oo, -3 )

(0, ﬁ ) H BOTHYT BBEPX B HHTEpBaniax (— «/_3_ , 0), (\/5 5 oo).
6. Jina HaxoXKAEHHUA TOUeK mepeceueHus rpaduka QYHKIHN ¢ KOOPIaH-
HAaTHBIMH OCAMH HEOOXOIAUMO PELIUTh CHCTEMBI YPaBHEHUIA:
x3 x}
| y=
x? -3’

y=0; x=0.

y=

O6e cucteMbl HMEIOT OZHO M TO XK€ pemeHne: x =0, y = 0. Taxum obpa-
30M, rpaduk $YHKLMHM nepecekaeT KOOpAMHATHBIE OCH B Hadale KOOpIH-
Har.

7. Haxonanm BepTHKanbHbIe aCHMNTOTHL. [T0CKOIBKY

' 3 3
1

= —00. li = +c0;
x——+3-0 x2 -3 ’ x—)—%+0 x2 -3 ’
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3 x3

li =—o00; i = 400
x—+/3-0 _)(:2 -3 ’ x—)l'yg+0 x2 -3 ’
TO NpAMBIE X = — 3 ux= J—3- SIBJISIOTCA BCPTHKAJIbHRIMHA ACHMIITOTAMH

rpaduka GyHKIHH.
JlanHyio GyHKUMIO [yTeM HETIOCPENCTBEHHOTo NENEHHs MOXHO mpen-
CTaBHUTH B BUIE
3 3x

x . X
=)= x2_3—x+x2_3, rae Jm x2—3_0’

[O3TOMY B COOTBETCTBHH ¢ opMyioH

y 4 (3.15) 3axmoyaeM, 4TO MpaAMas y =Xx
ABJAETCS HAKIOHHOM acumnroTol. Ha
OCHOBAHHH IOJY4E€HHBIX PE3yJIbTaTOB
MOXHO HOCTPOHTh rpaduk (yHKIHM
(puc. 3.18). Ilone3no mnpexBapUTEINb-
HO pe3yNbTaThi HCCIEIOBAHUA CBECTH
B Tabmuiy (cM. cTp. 135).

3aMeyaHHE. OyHKUUSA

I

y=— ABJIIETCA HEYETHOM, MO3TO-

x“=3
My HCCICAOBAHME €€ MOXHO IPOBECTH
mame ans x> 0. Dpapux  HederHoH
('l)yHKLlPIPI CHMMCTPHYCH OTHOCHTEJIBHO
Ha4vajaa KOOpaAuHar.

I'IpﬂuMep 2. Toctpours rpa¢uk GyHKIMH [ (x)=x" —3x.
Pewenwve.

1. ®yHKumMs onpeeneHa OpH BCEX X, T. €. 00/IacTbiO €€ CYIECTBOBA-
Hus 6yneT 6eCKOHEUHBIH MPOMEKYTOK (— oo, +00).

2. Ha xoHuax mpoMexyTKa [oTy4aeM:

Puc. 3.18

lim (x*=3x)=-ce, lim (x*—3x)=+oo.
X=p=oc0 X-pteoo

3. C noMomsIO NIPOU3BOIHBIX

F(x)=3x* =3, f”(x)=6x
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HAXOZMM KPHTHYECKHE TOYKH apryMeHTa QYHKUMM U HCCTIELyeM MX Xapak-

Tep. Umeem:

3x2-3=0, x> -1=0, x;=-1, x, =1,

f7(=D=6(-1)=-6<0, f”(1)=6>0.

CnepoBarenbHo, x=—1 — Touka MakcuMyMa, X = 1 — ToUka MHHUMY-

Ma.

4. BRIMHCIMM 3HaA9€HHA 3KCTPEMYMOB:

Yo=Y (D =(=1)*3(-)=-1+3=2;

Yoin=y () =P-3-1=1-3=-2.

7Y
12

-1

'
\N

-2}

Puc. 3.19

LY

Ry S
Y
[ —

Nt

<y

5. OmpenenMM  KpUTHYECKHE
TOYKM apryMeHTa IIPOM3BOJIHOI,
pemas ypaBHeHue f”(x)=0. Hme-
eM 6x=0 wmt x=0. Ecnn x<0,
0 f”(x)<0, ecnm x>0, TO
f7(x)>0.

Takum  obpasowm, x=0 -~
abcimcca Touky nepernba.

6. HaiineM ToukH nepecedeHus
C KOOpAMHATHEIMH OCsIMH. Pemas
CHCTEMY y = x* - 3x, y =0, nomy-
9aeM TOYKH MepecedeHHs KpHBOii ¢

oceio Ox: Ml(—-a/-?:,O), M2(0,0), >M3(1/§,0). CucreMa y=x3—3x,

X = 0 HOBBIX TOYEK He JAeT, ONYYACM H3BECTHYIO Yxe Touky M, (0, 0).
7. JlanHas KpuBajs acCHMHOTOT He uMeeT (puc. 3.19).
Jamcuanne. Oymams f(x)=x>—3x ABIJETCS HEYCTHOM, TIOSTOMY €€

HCCIIENIOBaHME A0CTaTO4HO Ghulo mpoBecTr s X > 0.
NMpwmep 3. Iloctpouts rpapuk dynkumn y = 4x> —x* -3,

Pewenwne.

1. Q®ynxims onpenesieHa I BCEX X, T. €. B IPOMEXYTKE (— oo, +o0),
2. Ha KoHIIaX NPOMEKYTKA UIMEEM:
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lim (4x2—x*—3)=—oco; lim (4x?—x*-3)=-co.
X—>—o0 X—>+oo

3. C noMouIbio NpOU3BOAHBIX
y =8x—4x3, y” =8—12x>

HaxOIMM KPHTHYECKHE TOYKHU M UCCIIELYEeM MX XapaKTep.
TlepBas npou3BoxHas oGpaaeTcs B HyJIb, KOTa

8x—4x> =0 wm 4x (2-x2)=0,
OTKyJa
x] =0, X2 =;‘J_2-, x3 =\/-2_.

I/ICCJICII}’CM 3HaK BTOpOﬁ l'lpOIfBBOJ.IHOﬁ B NOJIYY€HHbLIX TOYKaX:

Y(0=8>0,  y(-v2)=y"(v2)=8-12-2=-16<0.

CnemoBatensHo, x; =0 —To4ka MHHHMYMa, X, = -2 , X3 = V2 -
TOYKH MaKCHMYyMa.
4. BrrauciseM 3HaUeHHA IKCTPEMYMOB:

Vou =¥ (=¥2)=y (V2)= 4 ($2) - (V2)' -3=1;

Yain =¥ (0)=-3.

5. Pewas ypaBHeHHe f”(x)=0, HaXOZ¥M KPUTHYECKHE TOYKM apry-
MeHTa npounsBoHoi. [TomydaeM

V2 V2
—=, Xy =—=.
V3 V3
IpusuMan 3TH 3Ha4YeHus, BTOpas MPOM3BOJIHAs MEHAET 3Hak. B camom

2 2 V2 V2

aene, eclii ——=<x<—=, 10 f7(x)>0, eclt x<———= H x>—=, TO
’ NE) NG) NE)

NE]
2

5 _
f”(x) <0. CnenoBarenmsHo, x; = —75-, Xy = f — abcHMcchl TOYEK Ie-

8-12x>=0, 4(2-3x?)=0, x,=-

pern6a. OpiuHATBI TNOCNETHHX HAXONMM H3 YpaBHEHMS y=4x —

4 8
—x" =3, nomy4aeM y; =y, s
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6. Ipu x=0 nomydaemM y=-3, T.e. rpadux QyHKIMH IepeceKaeT
ocb Oy B Touke M (0,-3). Ilpwm
y=0 unmeem 4x’ —x'-3=0. Pe-
mias 3To OMKBajpaTHOE YPaBHEHME,
Haxo/uM: x, = _J§, x, =-1,

x, =1 x, =+/3. Taxum obpazom,
ToukH M, (— V3,0, M, (-1,0),
M.,(1,0), M, («/5 , O) SABJISIOTCS

TOYKaMHU repecedeHus ¢ ocbio Ox.
7. HanHast KpuBas acUMIITOT HE

Puc. 3.20 uMeeT, rpaduk ee u300paXKeH Ha
puc. 3.20. ,
NMpumep 4. Hccnenosars pynxmmo x* =y’ +x* # nocTpouTs ee rpa-

¢uk.

PeweHue. Paspemas nanHoe ypaBHEHUE OTHOCHTEIBHO y, MOTYUUM
y=%xVl-x.

HccnenyeMm ¢yHKIHIO y=xvV1-x’. D1a QyHKUMS ONpeleNcHa IpH
1I-x*20 wm x* <1, T.e. npu —1< x <1, o6nacTb ee CyMECTROBAHUSA —
cermedt [—1,1]. CnenosarenbHo, rpaduk dyHKIMM GymeT UETHKOM MO-
MEMIAThCs B M0J0Ce MEXAY MpAMBIME x=—1 B x =1; cieBa oT mpsaMo#n
x=-—1 ¥ cnpasa oT mpamoii x =1 He GyAeT HM OJHOM TOHYKH rpaduka.
OyHKUHMA paBHa HymMO Ipd x=—1 1 x = 1.

Haxomum nponsBo/iHble GyHKUMM:

V= 1-2x* y,,__x(2x2 -3)
it Ja—x)

3ameTuM, 4TO ¥y’ =—oco npu x = 1. 3TO O3HAYAET, YTO KacareAbHAsd K

rpa¢uky '8 Touke x = 1 mapamnenpHa ocu Oy.
OnpenensieM KpUTHYECKUE TOYKM apryMeHTa QYHKIMH B HCCAENYEM HX
xapaxTep:

1 1
'=0, 1-2x* =0, x, =——, X, =—,
Yy 1 r"2 2 2
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o -
1 x X
0
0,
9 Puc. 3.21 )
CrepnoatensHo, x, =——== 0,7 —Touka MHHHMyMa H X =L
s M \/5 > 2 «/-2—

TOYKa MAaKCHMyMa (DYHKIIMH.
Beraucnsem 3snaueHus sxcTpeMyMos:

S

2

Pemas cuctemy ypasnennit y = xV1—x*, y =0, HaxommM TOUKH me-
peceyeHns kpuBo# ¢ ocsio Ox: M (-1,0), 0(0,0), N (], 0). Touka
0 (0, 0) 6yner TakxKe eXMHCTBEHHOMN TOYKOM nepecedenus ¢ ocbio Oy.
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I'padux GpyHKIHH y = xvV1-x? u3o0paxeH Ha puc. 3.21, a, rpaduku

byHKumi y = +xv1—x? Ha puc. 3.21, 6. B Touke O (0,0) kpuBas nepe-

cekaeT ce0f, 3Ta TOUKA Ha3bIBACTCS Y3NOM.
3ameyanue. Jing nocTpoeHHs rpaduka IOCTATOYHO GHINO MCCIENOBAThH

tdynximio B mpomesxytke [0, 1], Tak kak rpaduk CUMMETPHYEH OTHOCUTENLHO KO-

OpJMHATHLIX OCeif (¥ U y BXOJAT B YPaBHEHUE TONBKO B YETHBIX CTENEHSX).

x-1

Mpumep 5. Uccreposares QyHKIMIO y=In U TIOCTPOHUTHL €€

rpaduk.
Pewenue. Dynxunst He ompeneneHa npu x=-1 u x=1 Obnacts

cyllecTBOBaHMA GyHKIIMH COCTOMT U3 TPEX MHTEPBANOB: (—oo,—1), (—1, 1),
(1, +0).
Ha KOHIIaX HHTEPBAIOB 00JIaCTH CYIIECTBOBAHHA MMEEM:

lim In =0, lim In =400,
X~3—00 b x—-1 X+

. - . x—1
limln|—— |=—c0, lim In ‘:0.
x—1 x+1 x—3+o0 1

ITpousBoHas QyHKIHMN

,_x+1(x—l)_ 2
Y x—-1\x+1) x*-1

HE paBHA HYMIO HH B OJHOI Toyke. IIpoM3BOIHAsA HE CYLIECTBYET, €CNH
x*=1=0, T.e.npu x; =—1 ¥ x, =1, HO B ITHX TOYKAX He ONPEMENEHa H

cama Qynkima, CrefosaTeNbHO, 1aHHas GYHKIMA SKCTPEMYMOB HE HMEET.
TMpu x<—1 y'>0, ipu —1<x<1 y’<0, mpu x>1 y’>0, orkysa

crefyer, 4YTo (YHKUMs BO3pacTaeT B UHTEpBasie (—oo,—1), yObIBAET B HH-
Tepsane (~1, 1) u Bo3pacraer B uHTEpBane (1, +oe).
Bropas npou3BoaHas

’

”_( 2 )_ 4x
Yy = 2-1)  x*-1)?

obpamaerca B Hyins mpu x =0. Ecnu x<0, To y”>0, nmpu x>0

y” <0, crenoBatenbHo, x = 0 — aGenucca Touky neperuba.
Tak xak
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x-1
x+1

x-1
x+1

_—OO,

lim In
x—-1

=+oo, limln

x->1

TO OPAMBIE X = — 1, x= 1 asnsmoTcs BEPTHKAJIbHBIMH aCHMIITOTAMH.

x—1

Iockonsxy pyuxuuro y = In 7 MOXXHO NpPEACTABUTH B BHIE
x+

oo x-1
, rae lim m‘—’:o,
x

y=0+In lim 1

x-1
x

TOo B cwiy ¢opmynsl (3.15) rpaduk KpuBOiH HMeEET M TOPH3OHTAILHYIO
acumnroty y = 0 (puc. 3.22).

125- x°
Mpuwmep 6. [Toctpouts rpaduk GyHkumm y = 5
. X

vA PeweHne. OyHKUUA NPUHUMAET
JIEHCTBUTENbHBIC 3HAY€HHs, KOTHa
125-x°

20, orkyda 125-x> 20,
3x

1 x20 wm 0<x<5 ApryMeHnr x
- T —p MOXET NPHHUMATb TONBKO TOJOXKH-
0 X rtenpHbiE 3HaueHWA, W60 mpu X < 0
NOJKOPEHHOE BhIpaXeHHe OyneTr oT-
pumatenpHbeM. IIpy x =0 dynkums
He onpegenena. CrexoBarensHo, 06-
Puc 3.22 JacThlO ONpENENICHNA ABIAETCA MONIy-
unTepsan (0, 5].

, 12542x  1(x y
6x”y 2 ly x

BCEra OTpHI@rensHa, (ymkums yOuisaer. Ilpm x—5 npousBoaHasx

Ipounssonnas

¥y’ ——oo (kacarenbHas napamienssa oca Oy).
Bropas npouseoauas

red oL L
y 5 y=xy ) y2
obpatliaeTcs B HyJb, MEHAS 3HAK, [IPH X = y = % = 3,15 (Touka meperuba),
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npu 3Tom y’ = —1. I'paduk byskumm usobpaxes Ha puc. 3.23.

Npumep 7. Ioctpouts rpadux GyHKIHH y=36xt-x>.
PeweHnne. OyHKUUs onpedeNeHa H HenpepbiBHa MpH Beex x. [lepsas
TIPOU3BOHAA

, 12x — 3x? 4-x
y = =
, 3%/(6x2 —x3)? %/x (6—x)2
CyIIECTBYET BCIOTY, 32 HCKIIOYEHHEM ToYeK X, =0, x, =6.

HccnenyeM npenesbHbie 3HAYEHHS MPOM3BOMHOM NpPH X, CTpeMsIIeMCs
K HyJIO CIIEBA U CIIpaBa:

4~x 4—-x
lim T = =00 Iim —F——= +oo,
x—-0 %/;3'(6—){)2 x40 %/;"(’(6—)(:)2

mpu x<0 y'<0, mpp x>0 y’>0, cremoBareNbHO, QyHKUHA MMEET

MHHUMYM B TO4Ke X = 0, OpHYEM Y, = 0.

y + PaccMOTpH  KPUTHYECKYIO TOYKY X, = 6.
Ilpu x—>6—-0 y'—>—co, mpu x—6+0 Tak-

xe ' —>—oo, T.e. IPOV3BOJHAS OTPHUATENBHA

¢lieBa U CrpaBa OT TOYKH X, =6, [OITOMY B

JaHHOM TOYKe 3IKCTpeMyMa HeT. B 3t10ii Touke

¢yHkims yOBIBaeT, KacaTellbHasd K KpHMBO# B

TOUYKE X, = 6 BEpTHKA/ILHA.

0l 1 2 3 45 7 Mpn x=4 mnpousBoxHas obpamiaerca B

Puc. 3.23 Hymb. Tak kak mpg x <4 y’>0, mpn x >4

y’'<0, TO x =4 —ToUKa MakCHMyMa, MpHIEM
Vinax = 23/4_ .
Takum o6pazoM, B mpoMexyTke (—oo, 0) dyHKuuA yObIBaeT, B MpoMe-
xyTke (0,4) — Bo3pacraeT, B POMEXYTKe (4, +o0) — yORIBaeT. '
OnpenensieM TOYKH nepernba ¥ MHTEPBANb! BRITYKIOCTH U BOTHYTOCTH

8
KkpuBo#. Bropas npou3BoHas y” = —————— B Hyllb He 00paltaeTcs HH

x3(6 - Jc)5
B OXHOM TOuKe, B Toukax x =0 M x = 6 OHa He onpejeNneHa.
WccnemyeM 3HaK BTOpOM NpoM3BOAHOM BOMM3M 3TMX Todek. Tak kak
y” <0 mpu x <0 umpu x > 0, To KpHBas BHIMYKIa BBEPX C/IEBa ¥ COpasa OT
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YA TOuKH ¢ abeimccoit x = 0 W, ClenoBaTeih-
, Ho, Touka O (0,0) He sBRIAETCA TOUKOMH
% _ neperuba; ¢ Apyroit cTopoHsl, O —TouKa
" ' MHHEMYyMa (TaKas TOYKa Ha3KBAaeTCs TOY-
3 Kot Bo3Bpara).
Hpn x <6 mMeeM y” <0, mpu x > 6

xV

’>0, nostomy Touka (6,0) smAeTCA
TOYKOM nepernba.
OnpeenyM acCHMITOTI KPHBOIA:

Pnc. 3.24
k= lim Z= lim Y2X =% V6x” -’ = lim 3__. 1=—1;
x—teo X x> teo x—too
b= hm [y—-kx]= lim [3 6x2 —x3 +x]=
x—>too
. 6x2 —x3+x°
= lim =2.

x> fee %/(6)62 —x3)? —x¥6x? —x3 +x°

CrnenoparensHo, NpAMas y=—x+2 SABIAETCA aCHMOTOTOH KPHBOM

y=V6x? x> (puc. 3.24).

3apaun
HccnenoBats QyHKUHN ¥ HOCTPOUTH MX IpadyKu
1. y=x>-12x 2. y=x'-4x2+5.
3. y=In x+a,a>0. 4. y2=x2+y4.
x—-a
2
X X
5. = . 6, = .
Y T
ef—e* e*+e*
7. y=——, 8. y=———
Y2 =T
9. y=sin’x+cos’x. 10. y=g.
x
11, y? =x3 12. y* = x (x—3)%.
13. y= 14. x> + y° —3axy =0.
x“ =1
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15. y=8xze"x2. © 16, y=

x2-9
yh vA
7 3 . -3 3|1 183
0 X X
Puc. 3.25 Puc. 3.26
OTBeThi
1. GyHkius onpemeneHa npH  BCeX X3 X = —2 —TOYKA MaKCHMyMa,

Vmax =¥ (=2)=16; X=2 —Touka MHUHHMYMA, Yn, =y (2)=-16.
2. OyHkuus ompeaeneHa B GSCKOHGYHOM HHTepBale (—o0,00); y . =
=y (—\E ) =y (\/_2_ )= 1, ¥max =Y (0)=5. 3. O6nacts onpenencHus COCTOUT U3

Tpex untepsanos: (—eo,—a), (—a, a), (a, ). B nepBoM u TpeTheM HHTEpBalE
¢yHkuMs yObiBaeT, BO BTOPOM Bo3pacTaetT. AcuMnrotel: x =ta, y=0;

0(0,0) — Touxa neperuba. 4. OGnacte onpencacHUs — I:—-;— -;—] Kpusas nepe-

3

cexaet ock Oy B Toukax: M;(0,—1), M,(0,1), O(0,0), nocneausist Touka ABJsET-

cs  Toukoi  camomepecedenms  (ysem). 5.y . =y(l)= %; Vmin =
=y(-D= —%. Acwmmrora: y=0. 6. yio =y (0)=0. Acumnrora: y=1

1 1 1 1 :
Touku nepernba: M,| ——=,—| M,|—=,—|. KpuBai cMMMETpHYHAa OTHOCH-
’ (%3} 2(J§ 4) ? P

TeasHo ocu Oy. 7. PyHKUMA Bo3pacTaeT B NpoMexyTke (—oo, o), Touka neperu-
6a: 0(0,0) (cm. npunoxenue). 8. O6nacts ompeneneHus (—oo0,00); y.. =
= y(0)=1. Kpusas cumMerpuuHa OTHOCHTEILHO ocK Oy (CM. NPUIOKCHHUE).
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74 ' Sn 2
9. ymax=y(0)=y(_2_)=y(2n)=l9 ymax':y(T):—T:O”/l;

Ymin =Y (%) = % =075, ypp =y @)=y (—35“-) = —1. 10. O6nacts onpezne-

3

neausi: 0<x<oo; y,. =y(e)= 1 0,37. Touka nepernba: M e—i, 3
e

2vée?

Acammrote: x =0, y=0. 11. O6nacrs onpenenenns: 0 < x < oo. Kpusas cum-

METPHYHA OTHOCHTENLHO OCH Ox, COCTOMT M3 JBYX BeTBelf, PacHONOKEHHBIX IO
pa3HBie CTOPOHEI OT OCH Ox M KacalOMMXCA €€ B Hawane KOOpauHar. JIuHus ota
Ha3bIBaeTCS MONMyKyGuueckoil mapaGonoit. 12. O6nacts ompesenenus 0< x < oo,
Kpusas cumMerpudHa OTHOCHTENLHO Ocd Ox, Kacaercs ocu Oy B Hayajle KOOp.u-
Har. Yepes Touxy M (3,0) xpuBas mpoxoaut ABaxAb! (Takad TOYKA HA3HIBACTCS
y3nom). Ilpu x =1 y.. =2 u yp =—2 (puc. 3.25). 13. O6nacts onpenene-

Has: (—oo,—1), (=1,1), (l,00). Kpusas cumMMeTpuyHa OTHOCHTEIBLHO Hadyana

KOOpAMHAT (pHC. 3.26). AcumnroThr: X =1, x=1, y . =y («/5): % =1,37.

14. Kpusas x> + y3 —3axy = uaseiBaercs dexapmogoim aucmom. Havano xoop-
JHHAT ABJIETCS Y3JIOM; acCHMITOTa: ¥ =-—X—d. Y ka3zaHue. KoapduuueHrs
k u b ypasHeHHs acuMmTOTHL y=kx+b HaxomsTcsa CleayloumM o0pasom:

17 lim L=k=-1 ONpEHCIsETCA M3 COOT-
X—eo X

3
HOIHCHHS[I+(1) —3a-J—/-—12—=0
X X x

(l'IOJ'ly'-lCHO H3 YPaBHCHHA KpHBOﬁ nyTeM Ac-

0 7 nemmsa Ha x°); lim (y—kx)=b Haxomurcs
X=yo0

Puc. 3.27 kK lim (y+x)= lim—5————=
X—y00 xe X° —xp+y

lS.‘DymclmﬂonpéueneHa npu Beex x. KpuBas cummerpuyna  otHocuressHo  ocu Oy,
Yuax =¥ (=)= y() =8¢ =291, Ymin =y (0)=0; acaMITIOTa:
5+Jﬁ -
2
_%‘_7_-_0,47; %y =047, x, =151 (puc.327). 16.06macTs onpenene-

y = 0. Touxu niepernta UMeIOT aGCUMCCEL X == 1,51;

Xy =

H“ﬂ:(—”’ ‘3)’ (_3’ 3): (3’ °°); aCHMITTOTLL y = 15 x==-3,x=3 Ymax = y(0)= 0.
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Pasden 1.

MnmeezpanesHoe ucyucrieHue
yHKUULT 0OHOU nepemMeHHol

naea 4. _
HeonpeaeneHHbIn MHTerpan

Ilepsoobpasnoii @ynxkyueii s QyHKuMHM f(x) HaspIBaeTCA TaKas
¢yakuus F (x), npou3BoAHas KOTOPO# paBHA NaHHOM (hyHKLMH, T. €.

F'(x)=f(x).

Heonpedenennvivm unmezpaiom OT HenpepsIBHON ¢yHKUMH f(x) wim
oT audpdepeHunaIbHOro BoipaxeHua f(x) dx Ha3bIBaeTCs OOIIEe BhIpaXKe-
HHE )19 BCceX NepBooOpas3HbiX ¢yHKIMH f(x).

O6o3Hauenne:

[roya=rF@+c, @1

rae F'(x)=f(x). OyHkumsa f(x) Ha3BIBAETCH HOOLIHMEZPATbHOU QYHK-
yueii, a BRIpaXKEHHE [ (x) dx — nOOBIHMEZPanbHBIM BbIPANCEHUEM.

CaoiicTBa HeonpeeneHHOTo UKHTerpana

1. Tpoussozinas HeONMpeAeNEHHOTO HHTErpaja paBHAa MOJBIHTErPaNb-
HOM dyHKIMK; TuddepeHIman HEONPEIENESHHOTO HHTETPaIa PaBeH MOJbIH-
TerpagbHOMY BBIPAXKEHHIO:

’

[[reoa] =re, df s a=roo a. 42

2. Heonpeaenenssiit uuterpan ot auddepernnana HekoTopoit ¢pyHk-
UMM paBeH cyMMe 3ToH (pyBKUHH M TIPOH3BOJIBHON MOCTOAHHOM:

J'akp (x)= 0 (x)+C. . (4.3)

3. TlocTosgHHBIN MHOXHTEIE MOXHO BBIHOCHTH 33 3HAK HEOIpEACICH~
HOT'0 HHTETpaJa:

J.cf(x) dx = cJ F(x) dx (c= const). (4.4)
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4. HeonpeneneHuslii uHTErpan ot anreGpanueckoif CyMMbl Hempephis-
HeIX QYHKIHA paBeH Takol e anrebpawdeckoil cyMMe HEONpPENENCHHBIX
HHTETPAJIOB OT CJlaraeMbIX:

[ri@-f@+ f01@= [ fid - [ e+ [ A e

TaGnuua npocTefilnX HEONpeAeACHHBIX HHTEIPasioB

m+1

jx'"dx="—+c (m % -1). 4.5)
m+1
jo-dx=c. (4.52)
J.1~dx=de=x+C. (4.56)
jldx=J£=ln|x|+C. (4.6)
X X
je*dx = +C. 4.7
Ja"a’x:a +C. (4.8)
Ina
j cosxdx = sinx+ C. : 4.9)
Isinxdx =-—~cosx+C. 4.10)
f 1 dx—f D tgx+C @.11y
cos’x coszx_'g ’ '
_[ : dx—f L o ctgx+C (4.12)
sinx  Jsin’x g ) B
J ! 'ix=‘[ dx = arcsin x + C = —arccosx + C,. (4.13)
\/l—x2 1/1—}:2
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I lzdx=j‘ dxz = arctg x + C = —arcctg x+ C,. 4.14)
1+x 1+ x* : ' ‘

1 dx 1
dx=J =—In
sz—l x2-1 2

§ 4.1. UuTerpupoBaHune pasnoxeHuem

x—-1
x+1

+C. (4.15)

Meroa pa3noxeHHs OCHOBAaH Ha CBOMCTBE 4 HEONPENCICHHOTO MHTE-
rpana. Ecin

F@®)=[1x)= [,(x)+ f3(x),

TO

Jrova=[rma- @[ f@ e

Mpumep 1. Haiitu unterpan Ix3dx.

PeweHnue. Ilpumensem dopmyny (4.5) mia cryqas m=3. B cootBer-
CTBHH C 3TOii opMyIoii noyyaem

3+1 4

J'x3dx= * _+c=iic
3+1 4

x* = 2x% +3x?

x2

Mpumep 2.Hai71mnmerpanj dbx.

PeweHnune. Paznenus nouneHHO YHCHHTENs Ha 3HAMEHATEb, TIOJIB3YACH
cBolictBamu 3 1 4 n popmyno#i (4.5), HaxoauM

J’x"’ —2x3 4 3x?

x2

dx=_[(x2—2x+3)¢bc=jx2dx-2jxdac+3jdx=

2+1 1+1 x3 5
2+1 1+1+3x+C=—3——x +3x+C.

2
Npumep 3. Haiitu uererpan J'(I-Lz) dx.
X
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PeweHune. PackpbiBag ckoOkd U Monb3ysach GopMmynoif (4.5) ana ciy-
qas, KOTIa m — OTPUIATeNIbHOE YHCII0, HAXOANM

j( _‘)dx I(l— =+ 4) = fa- 2J'—+_[if.=

-2+l ~441

=Idx—2jx_2dx+.[x_4dx=x—2x +E—4C=
-2+1 —4+1
=x+2x‘1—lx"3+C=x+—2-—L3+C.
3 x 3x
Npumep 4. Haiitu unrerpan J‘s/;dx
PeweHune.
T
I&dx:fxzdx=————+C=—- 24 =—xJ_+C
1 3
'-2‘+1

NMpumep 5. Haiity unrerpan Ictgszdx.
PeweHue.

J.ctgz xdx = J(coseczx—l)dx = J'cosecz xdx—de =

=I dx— J.dx —ctgx x+C.
sin? x

NMpumep 6. Haiitu unrerpan J(ax3+bx2+cx+p)dx.

PeweHune.
J(ax3+bx2+ax+p)dx=ajx3dx+bjx2dx+cjxdx+
+ jdx—£x4+éx3+£x2+ x+ C
PY@=g® Tyt Ty ATy

NMpumep 7. Haiitn unterpan j—z
sin“ xcos” x

PeweHnue.
dx cos? x+sin? x dx dx
2 o T—dx= | ——+ 7.
sin” xcos” x sin” x-cos” x sin” x cos” x
=—ctgx+tgx+C.
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£
14 x?
Pewexnue. Ipubasnas # BEIYHTAS CAHHHILY H3 x*, nomyqaem

dx.

Npumep 8. Haitmnﬂ'rerpanj

4

J x dx=j(x4-1)+1dx=j(x2_1)(x2+l)dx+‘.‘_£__

1+ x? 1+ x? 1+ x? 1+ x?
=j(x2—1)zbc+j dx2=J.x2dx—jdx+j &
1+x 1+x
P
=—:—;——x+arctgx+C.

Npumep 9. Haiftu unrerpan J.sinz-;-dx.
PeweHue. Takkak

. 2X 1
sin® —=—(1-cosx),
> 2( )
TO
J'sinzidx=lj(l—cosx)dx=ljdx—ljcosxdx=lx— lsinx+C.
2 2 2 2 2 2

3anaun
Haittu HeornpeneeHHbIe HHTEIPAIBL

4 3 2
x°=3x"+4x°+6x—8 3[ 2 1
i | ; & 2 I(Jx +$)dx.

p o
2
3. Icoszidx. 4. J(Sm£+cos£) dx.
2 2 2
_ 3
s I%—{dn 6. J(ax—b)3dx.
_ 12 —X
2 _[Q-—x)—dx. 8. je*(1+e‘3de.
Jx x
4 5 x2
[l-—=5-—|= 0. [ d.
1+x 1— x2 1+x
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OTtBeThI

x3

——2x2+4x+6lnx+§—+C. 2. -?ix3\/x2+i\/3 2 +C. 3. Loy
3 2 x 5 2 2
3

+%Sinx+C. 4. x—cosx+C. 5. 3tgx—4sinx+C. 6. %—x“

—a*bx*+

n 2n
1
+2ab2x2—b3x+C. 7. Vx| 2- 4x + 2x +C. 8. e"_——2+C.
2 2n+1 4n+1 2x

9. 4arctgx + Sarccosx+ C. 10. x—arctgx+ C.

§ 4.2. HezaBUCUMOCTbL BUAA HeonpeaeNieHHOro
MHTerpara oT BbiGopa aprymeHTa hyHKLMK

Ecimm
F@=[r@a, Fm=1), “.16)
TO
Fw= J' f(u) du, @.17)

rae u= @ (x) —mobas nnddepenmupyemas Gpyrakuus ot x. Popmyna (4.17)

nonydaetcs u3 popMyisl (4.16) myrem GopManbHON 3aMEHBI X Ha #, OHA
JaeT BO3MOXHOCTb 3HAYUTENHbHO PACIIMPUTH Tabiully IpocTeMINMX HHTE-
rpayio. Ha ee ocHOBaHHM noTy4aeM:

o+l

Iuadu=u +C (az-1). 4.5)
o+l
I—‘{g=lntu|+C. (4.6")
u
Ie"du: e +C. @.7)
all
J' d'du=2—1+C. @4.8")
Ina
Icosudu =sinu+C. 4.9")

Isinudu=—cosu+ C. (4.10)
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| W o tgu+C. @.11)
cos” u

J' _d’z‘ = —ctgu+C. 4.12%)
sin” u
du . ’
I = arcsinu + C = —arccosu + C,. 4.13")
1-u?
du : ,
J.1+u2 = arctgu + C = —arcctgu + C,. 4.14")
du 1 u—1
= _= . 4.15
juz—l zln 1 +C ( )

Ipu nons3oBanmk popmynamu (9.5”) — (9.15") HeobxoaUMO UMeETE B

BHly npocTeiilue npeodpasoBanus auddepennnana:

1.

dx=d (x+ b), Tne b — HOCTOSHHAA BEJIHIHHA.

2. = 1 d (ax), rae nocrosHHas a # 0.
a
3. dx= 1 d (ax+ b), rue nocroaxaHad a # 0.
a
4 xde=td ).
2
1, 2
S. xdx:;d(x +b).
6. sinxdx=—d (cosx).
7. cosxdx =dsinx.
B o6uiem ciayyae

@’(x) dx = do (x).

NMpwumep 1. HaitTu HeonpeaeneHHbIH HHTErpan I(2x’+ 3)2 dk.

Pewenue. HaocHoBaHun npeoGpazoBanus 3 auddepenimana umeeMm ‘

cix:-;—d(2x+3).

Tlpumenss Gopmyy (9.5") mia ciy4ad, korga u=2x+3, O =2, HAXOAUM

J'(2x+3)2dx =j(2x+3)2%4(2x+3)=%j(2x+3)2d(2x+3)=
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3
1@y e Loiyac
2 3 6

Mpumep 2. Haiitu uarerpan J.\/x+4dx.
Pewenune. ComacHo npeoGpa3oBaHuio 1,

dx=d (x+4).

1

MpuMenas gopmyny (9.5”) ansa ciywas, korma u=x+4 4 a=5, noJy-

9AM

1 =+l
ij+4dx=f(x+4)5d (x+4)=9‘—‘}4—)2——+c=

5+1

3
=g(x+4)2 +C=3(x+4)s/x+4+C.

Mpumep 3. Hamnnmerpanj

ax+b
PeweHmne.
1
—d(ax+b) »
I & _[a =—1-J'd(ax+l.7)=lln|ax+b|+c.
ax+b (ax+b) (ax+b) a '

Mpumep 4. Haﬁmnmerpan_"
x242

PeweHnune.

d(x +2) d
> o2+2) 1.,
= =1 C.
J.x +2 I 42 2-[ 12 2T +2)+

NMpumep §. Haittu uxrerpan Itgxdx.

PeweHnne.
J.tgxdx =,J. smx I d (cosx) ~In [ cosx|+ C.
cosx cosx
NMpumep 6. Haifru uarerpan J.—-—zﬁ—
x“+3x+5
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PeweHune. Tak kak
d (x2 +3x+5)= (x> +3x+5) dx = 2x+3) dx,

TO

In(x*+3x+5)+C.

J’ 2x+3 = J‘d(x +3x+5)
x2+3x+5 x“+3x+5

X
Mpumep 7. Haittu unterpan J‘ede.

PeweHnne.

Jear=[2a(E)=2[ rd($)=2er v

NMpumep 8. Haiitu uaTerpan J'cos%dx.

PeweHune.

Jcos—dx jcos——4d( ) 4Jcos— (4)=4sin7}+c.

NMpumep 9. Haiitn HHTCI‘paIII

sin? 3x
PeweHnne.
1
—d (3x)
J‘ dzx = 3. 5 Id(3x) 1ctg 3x+C.
sin“ 3x sin” 3x 3 sin® 3x

NMpumep 10. Haﬂmuﬂrerpanj.
1+4x2

PeweHnne.

I dx 5= dx =lj d(2x)2 =larctg2x+C.
1+4x 1+(2x) 1+(2x)° 2

dx
Mpuwmep 11. Haiitn narerpan J.———
[ p p {_—l—9x2

PeweHne.

J d (3x) 1
== arcsm 3x+C.
Ji-Gn? 3

dx
J\/l—9x2 =J — G3x)?
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3apaun
HMprmensas npocrefimne npeobGpasoBaHuA auddepeHnnana 1 Tabnuiy
unTerpanos (9.5") — (9.15%), Haltti HeonpeneNeHHbIE HHTEMPAIIBI:

1. J'(3x—5)zdx. 2. _[ V2x+ 3dx.
3. ij2—4xdx. 4. j ¢ k.
. X X xdx
5. j(sm;+cos;)dx. 6. J‘x2+1'
dx dx
O 8. '[ 2
sin“ ~ 1+_4_
dx dx
’ I x2. 10.-”4x2—1
1- >~
9
. 2x+6
ll.Jctgxdx. 12. jmdx
OTBeThI
1.;(3x—5) +C. 2.3(2x+3)2+C. 3.§(x -2 +C.

X

4. -3¢ 3+C. 5. 3(sin§—cos§)+c. 6. %ln(x2+1)+C. 7. —2ctg§+

+C. 8. 2arctg§+ C. 9. 3arcsin -§+ C. 10. L In

4

2x—1
x+1|

+C.

11. In|sinx |+ C. 12. In (x® + 6x+14)+C.

§ 4.3. MeTtoa noacTaHOBKY

HHTerpHpoBaHHe ITyTeM BBEASHHA HOBOU MepeMeHHOl (MeTox moacTa-
HOBKH) OCHOBaHO Ha (opMyine

[roa=[remigoa,
rae x = @ (¢) — mupdepeHimpyeman GyHKLUA EPpEeMEHHOM 7.

Mpuwmep 1. Haiitd unrerpan Jxe"zdx.
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dt
Pewenwue. [onoxum x° = t, Torma 2xdx =dt, xdx= 5 [Moacrasnas

NOJNYYCHHBIC 3HAYCHHs B ITOABIHTErpajibHOE BbIPAXKCHHUE, NOITYYHM

1
fxe dx = J‘e xdx = J‘e ———fedt——e +C——e ‘hC
3TOT NpUMEP MOXKHO pemmb 4 mo-gpyromy (cm. § 4.2):

.[xe dx= J.e xdx = J —d@x)== je d (x* )——e el

Mpumep 2. Haittu unrerpan J.x\/x—de.

PeweHune. YroOsl n30aBUTLCA OT KOPHH, TOJOKHM

x=2=t.
B03B0/15 B KBa/[paT 3TO PABEHCTBO, HAMIEM X:
x=11+2,
oTky/a
dx =2tdt.

TloacraBnsas MOJIYYCHHBIC PAaBCHCTBa B NOABLIHTETPAIILHOC BbIpaXKCHHE,
Haxoaum

J'xw/x—2dx=J‘(t2 +2) t2tdt=Jl(2t4 +41%) dt=2jz4dt+4jt?dt=

5 3 3 3
LA Y ST S Se)
53 5 3

COSx

Mpumep 3. Haiitu unrer aﬂJ.
P s/1+4smx
PeweHnue. [Tonoxum

J1+4sinx =1,

OTKYyIa

. 1
1+4sinx = t2, 4 cosxdx =2tdt, cosxdx = 5 tdr.
CrenoBaTenbHO,

cosx %tdt 1 1 1 /
—————dx:j———=—J.dt=—t+C=— 1+4sinx +C.
IJ1+4sinx t 2 2 2
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Mpumep 4. Haiith uarerpan Jcosz xsinxdx.

Pewenwune. Ilonoxum cosx =u,

OTKyaa
—sinxdx = du, sinxdx =—du.

Takum o6pazom,

3
jcosz xsinxdx = Ju2(~du)= —Juzdu=—%—+C=

vcos3x

+C.

ToT e pe3yJIbTaT MOXKHO HOJIyYdTh HenocpeacTeeHHo (cM. § 4.2):

Icosz xsinxdx = Jcosz xd (—cosx)=— j cos” xd (cosx) =

3
COs™ x
=-— +C.
3

Npumep 5. Haiity uurerpan jeﬁ"x cosxdx.

Pewenwue. Ionoxum
sinx = u,

OTKyHa
cosxdx = du.

Taxum oGpazom,
Ies“”‘ cosxdx = J‘e"du =e'+C=e"""+C.
ToT ke pe3ynbTaT HOJy4aeTCs U HETIOCPEACTBEHHO:

".es“‘Jr cosxdx = J.eSi"xa' (sinx)= """ + C.

Npumep 6. Haitru unrerpan jln—xdx
X

Pewenune. flycts
Inx=1¢,

Toraa

ldx=dt.
x
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CrienoBaTesibHO,

2 -~
——-idx=_[lnx—l-dx=jtdt=£—+C=%ln2;c+C.

Mpuwmep 7. Haﬁmnmerpan J'——-
sinxcosx

Pewetwue. Paznemm YHC/MTENb ¥ 3HAMEHATENb HA COS> X, TIONMYYHM
1
1 = cos’ x
sinxcosx  tgx

Tonoxum
tgx =1,
TOrAa
dx=dt.

cos’ x

Taxum o6pazoM,
_dx
2
I . dx =Ic°S X =J-d—t=1n|t|+C=ln|tgx]+C.
sin xcos x tgx t

Npumep 8. Haittu unrerpan J.
sinx

x
Pewenwne. Ilonaras 5=t, MOJTy4aeM

X
dl —
I & _ dx _J‘ (2) _ dt
sinx d oy X Fd GnE X I sintoost
2 2 22

=ln|tgt|+C=ln tg% +C.

Mpumep 9. Haiitu uaterpan j\)az —x2dx (a>0).
PeweHnue. [IpUMEHEM TPUTOHOMETPHUECKYIO MOACTAHOBKY

X =acost.
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NmMmeem
- dx=—asintdt.

CnenoBaTelibHO,

J'\/az —xzdx=J.1/a2 —a®cos® t (—asint) dt =
=—az‘[\ll--cos2tsintdt=—a2“‘sin2 tdt=—a2J.1—:-cios—2t dt=

2

2 2 2 2
= —E—Idt+a—fc052tdt =_2 t+g-— sin2t+C.
2 2 2 4

BosspamniaeMcs k ucxonHoi nepeMeHHoi x. Tak kak x = @cost, To
x x
—=Cc0sf, ¢ =arccos—.
a a

Janee,

sin2¢ = 2sintcost = 21— cos’ t cost =

2
o fi-E 3_2— = J
2 a a

TakuM 06pa3oM, OKOHYATETBHO NOLYYHM

2 2
J. az—xzdx=-—a—t+£—sin21+c=
2 4

2 2
a x a 2x |
=——5—arccos—+—-——2— a-x*+C=

a 4 a

2
a X X
=~ arecos —+ = va*t-x? +C.

a

Npumep 10. Haiitu uarerpan J;dx——
/(xz__az)3

PeweHwue. IIpuMeHUM TPUTOHOMETPUUYECKYIO NONCTAHOBKY
X = asect.

Hmeem:
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asintdt  atgtdt
=" g
cos‘ ¢ cost

\/(x2 —a2)3 =‘/(a2 sec’t—a?)} =

= \[a‘s tg6 t=a° tg3 L

J‘ dx _J' 1 atgtdt_LJ‘ dt
J(xz—a2)3 —J 4l tg3z cost 4?2 tgztcost B
1 J‘costdt 1 J‘(_ t)‘zd(‘ 0 1 (sint)—1+c
=—|———=—5|(in sinf)=——— =
a®Jd sin’t ~ 4? ! a® -1
=-—-%—-_L+C=- 21_ +C.
a* sint a’ sint

Bo3sspamaemes k nepeMenHoi x. Tak kak
x = asect,

TO

Haxomum sint:
‘ 5 a2 w2 —a? sz -2
sinf=v1l-cost = 1——2—= = .

CrenosatensHo,

J‘ dx _ 1 1 x
J(xZ _a2)3 - a2 Smt a x2 _a2

Npumep 11. Iokasars, uT0

dx /
J.——=ln x+Vx’ +a
Vx’+a

Pewenue. IpamenumM Tak Ha3bIBaeMyIo IOACTAHOBKY Diltepa

\/x2+a=t—x,

roe {— HoBas nepeMeHHas. BosBoust 0be yactu 3Toro PaBCHCTBA B KBaJAparT,

MOy HHUM
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X +a=t*-2x+x?

a=1t*-2.
Haxommm muddepenunans ot 06eux gacteii MOCKENAHEro paBeHCTRE:
0= 2tdt — (2xdt + 2tdx)

WIH
tdx = (t—x) dt,
OTKyHa
dx _ dt
t—x - T ’
T.€
& _dt
+a o
CrnenoBaTtelbHo,

= [ZL+m]e|+c

J‘ dx
Vxl+a
Bo3Bpalaice k nepeMeHHoOi X, NoMydaeM

dx /
J.———=In x+Vx2l+al+
vxl+a

C.

3agaum )
MeTon0M NOACTAHOBKH HAMTH MHTETPAIbL:

1. j«/ﬁdx. 2. IJ):'__“dx

4. I sin® xcosxdx.

J' sinx
J1+6¢cosx .

5, J sinx 6. Ixzexdx
cos x

7. J' : 8. j &
4—5x xInx

9, J'sm x 10.J. dx .
cos* x coSx

6 3ax. 1205 161



x dx
11.J' dx. 12. j-————
. 1_x2 ’(xz_a2)3
OTBeTHI
3
1. %(2x—3)2 +C. 2. %\/(x+4)3 -8Jx+4+C. 3. —-%Jl+6cosx+
sin* x 1 3 1
+C. 4. +C. 5. +C. 6.—¢ +C. 7. —-—In|4-5x|+C.
cosx 3 5

1
3cos’x COSX
+C 1L V12 +C 12 X _scC.

2
at (2 _ g2

8 In(lnx)+C. 9.

e
827 %

§ 4.4. MeTOo MHTETPUPOBAHUA NO YACTAM

—cosx+C. [TIloacraHoBka COSX={.

10. In

Ecin u=@(x), v=@,(x) — nudpdepenuupyemsie GyHKIMH OT X, TO
u3 (opMys! [Wis (udPepeHnHana Npou3BEICHHA ABYX GyHKLHHA
d (uv) = udv+vdu

HoiydaeTcsi GopMyJia HHTETPHPORAHHA 110 YacCTAM
J.udv=uv—-jvdu. (4.18)

Sta QopMyNa pUMEHsETCH B CIyyae, KOra MOJIbIHTerpaibhas QyHK-
LMA DPEeICTABJAET NPOU3BEJEHHE aNreGpaMyeckoll M TPAHCLEHICHTHOH
GyHKIHM.

B xauyectBe # 00bIYHO BeIOMpaercs (pyHKIMA, KOTOpas YIpPOIIAeTCH
auddepeHIHpPOBaHIEM, B KaUeCTBE dv — OCTaBIIAsACH YacThb MOJBIHTETpalb-
HOTO BEIp@XKEHUA, copepkaiias dx, H3 KOTOPOH MOXHO ONPEACIHTH V IlyTEM
HMHTErPHPOBAHHA.

B HEKOTOpHIX Cilyyasix Ul CBEASHHMS JaHHOTO MHTErpajia K TabiMHO-
My dopmyina (4.18) mpumenseTcs HeCKOJNbKO pa3s. MHorna HeckoMbIH MHTE-
rpan onpenensercsi U3 anre6paydecKOro ypaBHEHHSA, NOJyHaloIIErocs ¢
TIOMOTILI0 HHTErPUPOBAHMA MO YaCTAM.

Mpumep 1. Haiitn jxsinxdx.

PeweHune. OGosHaumm: x = u, sinxdx = dv.
Jins npuMenenns Qopmyibl (4.18) HeoGxonumo 3HaTh ewe Vv H du.
Jluddepenimpys paBeHCTBO X =, ToidydaeM dx =du. HHTerpupys pa-
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BEHCTBO dv = sinxdx = d (—cosx), onpenenseM v = —COSX.
Iloncraenss 3Ha4eHus u, v, du, dv B hopmyny (4.18), Haxomum

jxsinxdx =x (—-cosx)—I(—cosx) dx=—xcosx+sinx+

+C =sinx—xcosx+C.

Npuwmep 2. Haiitu Jxlnxdx.

Pewenne. Ilonaras
Inx =u, xdc=dv,

noxryyacm

x2

-l dc=du, —=v.
x 2
Tlo dopmyne (4.18) Haxomum

2 2 2
fxlnxdx:x—lnx— X me-lisc
2 2 2 4

Mpumep 3. Haiitn jarcsinxdx.

PeweHnune. Ilonaras
u=arcsinx, dv=dx,

onpenenseMm

CnenoBatensHo,

Iarcsinxdx = xarcsinx — Jx

1
= xarcsinx+—;-f(1—x2) 24 (1- x*) =xarcsinx +

N | -

(1-x%)
1
2

+C=xarcsinx+vV1—-x2 +C.

1
+_
2
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Npumep 4. Hafitu J.xzcosxdx.

Pewexue. [lonaras
u=x?, dv=cosxdx =d (sinx),

ToJTy4aeM
du=2xdx, v=sinx.

CnexoBaTenbHO,

sz cosxdx = x* sinx - I sinx - 2xdx = x% sinx— ZJ‘xsinxdx. (A)

TToyyeHHbIH MHTErpal CHOBA HAXOAMTCA HHTEIPMPOBAHMEM IO HACTAM
(ripumep 1). Ero MOXHO HaiiTh ¥ HE BBOJA ABHO ¥ K V. Hmeem

stinxdx =j xd (—cosx)=x (-—cosx)—J(—cosx) dx=

=—xcosx+sinx+C).
Moncrasnss 5T0 BHIpaXKeHHUe Ul MHTErpana B Gopmyiy (A), Haxonum

Ixz cosxdx = x° sinx—Zstinxdx = x?sinx—2 (~xcosx +

+sinx+C)) = x? sinx+2 (xcosx —sinx)+C,
rae C=-2C,.
Mpumep 5. Haitrn Ie" sinxdx.
PeweHnue. ITonoxum
u=¢e", dv=sinxdx,
orciona
du=e*dx, v=—cosx.
Tpumensis dopmyiy (4.18), nomyyaem
je" sinxdx = e* (~cosx) — j (—cosx) e*dx =

=—¢e* cosx +'I e* cosxdx. (B)
K uHTerpany B npaBolf 4acTH CHOBa TIPUMEHAEM (QOPMYITy MHTETPHPO-
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BaHHUA [0 YaCTAM, He BBOJAA ABHO u H v. UMeeM
Ie" cosxdx = J.e"d (sinx) = " sinx - I e” sinxdx.
IloxcraBnas HaitnenHoe Boipaxenue B Gpopmyiy (B), Haxomum
Je" sinxdx = —e”* cosx + je" cosxdx = —e* cosx+ e” sinx —
- j e* sinxdyx;
I e* sinxdx + J. e”* sinxdx = ¢* sinx — e* cosx,
OTKyZa
ZI e” sinxdx = e (sinx — cosx).
CnenosaTenbHoO,
X

J‘ e* sinxdx = % (sinx — cosx)+ C.

NMpuwmep 6. IlokasaTs, 4To
Isz +adx=—;-[x\/x2 +a+aln

PeweHune. Ilonoxum

x+Vxi+a

J+e

x2+a=u, dx=dv,

OTCI01a
X

Vxli+a

Ilo popmyne (4.18) nomyyaem

J-w/xz +adc=xvVx*+a-

IIpeobpa3yeM uHTerpaj B OpaBoi yacTy:

dx=j(x2+2a)_aabc=j x*+a

x2 dx
J'—— ————dx—aJ'———=
Vxl+a Vxt+a Vx? +a Vxl+a

=J.\/x2+adx—aJ. dx

xX+a

dx=du, v=1x.

X
e
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CI1eJ0BaTENBLHO,

_ J.\/x72+adx=x1/x72+a—j\/;c7+adx+ajl &

b
x*+a

OTKyZla

2J'wlx2+adx=xw/x2+a+aj' d

]
x2+a

W:;m;[xmmj s ]

x> +a

Taxk kak (cM. opumep 11, § 4.3)

dx
I > =1n|x+\/x2+a +C,
\lx +a
TO
J‘\/xz +adx=%[x\/x2 +a+aln|x+Vx*+a ]+ C.

3anaun '

Tpumensas GopMy:y HHTETPHPOBAHUS 10 YaCTAM, HAHTH HHTETPaNbI:

1. J.xexdx. 2. jlnz xdbx.

3. Jarctgxdx. 4. Jxarcsinxdx.

5. Ixz sin xdkx. 6. ij Inxdx.

7 J‘l—nidx 8 J.xze_gdx

OTBeTHI

1. ef(x—-1+C. 2. xIn?x—2xInx+2x+C, .. 3. xarctgx—

2
—lln(1+x2)+C. 4. —x—arcsinx—larcsinx+—Ji 1-x2 +C.
2 2 4 4

3 3
5. —x2cosx+2xsinx+2cosx+C. 6. %—lnx—%+c. 7. 2«/?1nx—

X
—4Jx+C. 8 —2¢ 2(x? +4x+8)+C.
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§ 4.5. UnTerpupoBatue HEeKOTOPbIX (hyHKLMIA,
cofepXawmx KBagpaTHblii TpexuseH

Wnrerpan Buna

J‘ dx

pxl e gr+r

TMyTeM JOTIOIHEHHA KBaAPATHOrO TPEXWIEHA 10 MOJHOTO KBaapaTa no $op-
MyJie :

px2 +qx+r=p[(x+oc)2ia2]

CBOJHTCA K OOTHOMY M3 IBYX HHTCIPAJIOB:

—J' A _Lagec (4.19)
uw+a a a
du 1 u—a
—————=—1In +C, 4.20
J.uz.—az 2a u+a ¢ )
rae
u=x+0a.
Hurerpan
+
TP (4.21)
px“+gx+r

CBOIATCA K unTerpaiy (4.19) wi (4.20) u uarerpany

udu 1ed@*+d®) 1 2, 2 '
= =—In|s? +a¥|+C. 422
J-uzzi:az 2-'. u’ ta? 2 |u al (422)

Hurerpan

‘ dx
J‘\/pxz +gx+r

CBOAHTCA K OMHOMY U3 HHTCTPAJIOB:

I —H_ _arcsin® C; (4.23)

,aZ - u2 a

fJfL;ln ut Vit +a|+C. 4.24)
u +a
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Hurerpan
_prz +qrtrdx ' ' (4.25)

CBOAUTCS K OJJHOMY H3 ABYX HHTCrPaiIOB:

_Hu +odu= Ju ro+3 % 1w+ vu? +oc‘+C (4.26)
2
J.\/az —u du =‘-’2‘- N +“7 arcsin %+ C. 427
a

I'Ipvmep 1. Haitrn uaTerpan j——————
x“+4x+13

Pewesxwe. J[omonHAd KBaapaTHbIN TpeXwiIeH A0 MOJHOIO KBajgpaTa W
HHTETpUpYs Ha ocHOBaHHH (opMyisl (4.19) mia ciydad, korma u=x+2,

a=3, noiydaecM

dx _ dx _ dx _
[Fervreerad e o oy
x“+4x+13 (x"+4x+4)+9 (x+2)"+9

=I d(x:2)2=larctgx+2+c_
(x+2)°+3° 3 3

Mpwmep 2. Haitrun uaTerpan j—————
x“—6x~16

PeweHue. Jomonusd KBaIpaTHbIH TpeXWieH N0 MOJHOrO KBajapara M
MHTErPHpYs Ha OCHOBaHHH (opMyisl (4.20) mus cioydas, koraa u=x-—3,
a =5, nomxy4yaem

dx _ dx _ dx _
e e e vl ey
x“—-6x—16 (x*-—6x+9)-9-16 (x—3)"--25

x—8
x+2

(x-3)-5
(x-3)+5

_ 1

10

=J‘ d(x-3 _ 1

= +C.
(x-3)2-5* 25 :

Mpumep 3. Haitrn uarerpan J‘—-——
3xt+4x+1

PeweHue. Kak u B npuMepe 2, Noay4acM

[Fesvmend vearmui
_ = =
35 +4x+1 3(x2+j4_x+1)
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2 2) 1
dix+= x+
_IJ' ( 3) ( 3 3
_3 2 2 12 1 ( 2) 1
ad = = +5 |+
(”3) (3) T3 Ut
=l 3x+1 +C.
2 3x+3

npuuep 4 . Haiity uHTeTpan J—x—tz—dx
x“+2x+5

PeweHxwne. Dro unrerpan Buaa (4.21). Ifpeobpasys kBampaTHsIi Tpex-
YJICH ¥ HiepeXod K HOBOH NEPEMEHHOM x + 1= ¢, HaxoxuM

J' x+2 dx=J‘ x+2 dx=f (x+l)+1dx

X +2x+5 (2 +2x+1)+4 GrDE+d
x+1 d(x+1)
= [ aeens [ S5
(x+1H?+2 x+1)>+2

1 pd[(x+D)*+2%) d(x+1)
=] +]

—ln
(x+1)? +22 (x+1)? +22 (G4 D" +27+

+1arctgx—+-l C——ln(x +2x+5)+ arctg-————+C
2 2 2 2

NMpuwmep 5. Haiiru unterpan IJ—_—_—
5-4x—x*

Pewewxne. JlononHAs KBagpaTHbIA TpexXuwlieH /O MOJHOTO KBaApaTa M
HCI0NB3ysa GpopMyiy (4.23), HaxoauM

J—=—-] = -[—=-
Vs—dx—x? 7 J-(P+ax+a-4-5 7 [(x+2)?+9

2+C.

=_[ d(x+2)

—_— = arcsin X+
\/32 —(x+2)?
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Mpumep 6. Haittu unrerpan I__dx_____
. 1/6—4x—2x2.

PeweHnune. Kaku B npuMmepe 5, nomyyaem

[ -
Vo—ax-2x* 7 -2(x*+2x-3)

_ dx N N . S
-IJ—Z[(x2+2x+1)—l—3] ﬁj\/—[(x+l)2—4]

_ IJ‘ d(x+1) 1 +1 +C.

= arcsm

S22 -2 V2
Npumep 7. Haittu nuurerpan J.-———-—-
Vx? —6x+3

PeweHue. Ilpeobpasys KBaupaTHbIH TpeX4ieH M MpuMeHsAs opmyity
(4.24), naxonum

d(x-3)

R e et

V2 —6x+3 1 Jor-6x+9)-9+3 7 J(x-3)?-6
=In (x—-3)+\/(x—3)2—6\+C=

=In x—3+\/x2—6x+3l+C.

dx
Mpumep 8. Haiitn uHTerpan J‘%—
3x2 —6x+9

Pewenune. Kaku B npumepe 7, momy4aeM

J' dx =J' dx =_1_J' dx _
Vit —6x+9 7 3G -2x+3) V37 JP—2x4p+2

_ 1 d(x 1 =
= Im In| (x= 1)+ /(- D2 +2‘+c

J— x— 1+\/x —2x+3 |+C
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Mpumep 9. Haifru uurerpan f\/x2+8x+25dx.

PeweHune. 3ro uxrerpan Buma (4.25). IIpeoGpasys keanpaTHeIN Tpex-
9IEeH U IIpuMeHsAs GopMyiry (4.26), HaxoauM

J'sz+8x+25¢bc=jJ(x2+8x+16)—16+25dx=

= [Ve+ 4 +9d e+ )= 222 Jeray 40+

2 )

(x+4)+\/(x+4)2+9’+C=
= x+4w/x2+8x+25+—z— x+4+\/x2+8x+25{+C.

2
Mpumep 10. Halitu unrerpan I 8+2x—x2dx.

+21n
2

PeweHune. Dro Takke uuterpan suaa (4.25). [Ipeobpasys kBagpaTHbIi
TpeXwieH U npuMerss Gopmyiy (4.27), nonydaem

JVS+2x—x2dx=I\/—(x2 -2x—-8) =
= [J-e2-2x+1-1-3) o= [ =02 24 1)+ 9 =

= \/32-—(x—1)2d(x—1)=£——1\/32 —(x=1%+
2

2
+3—-arcsinx 1+C=i—1 8+2x—x* +
2 2
+2arcsinf———1+C.
2 3
3anaun
Haiiti unTErpamL:
L2 2 [—&
x“+36 2x°+17
S PR R S
3x“-10 4x° +10x—24
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: j_zi"__. o [t
4x —5x+2 x“—=x—-1
[l o

X -x-1 V3xl—6x+12
dx
9. j— 10.1——.
V24 3x—2x? Vx?+2x

11.j 2 +4x +13dx. 12.‘[ 5+ dx— x> dx.

OT1BeTbI

J_x
J_x+J_

8x~ 5
J_arctg J_
2x—1- f
2x—1+\/—

—3.c 1. Injx+1+

x+2+Vxl+ax+ 13].

1 1
1. —arct, +C 2. arct; x+C 3.
6 g J g 2430

1
T2

n 2x=1-45
2x—l+J_

% —-l+\/x -2x+4 ’+C 9, arcsm4
+Vx? +2x 2\/x2+4x+l3+—z—ln
12. x;2w/5+4x—x2 +—z—arcsinx_

2x-3

+C.
2x+8

1

5

+C. 7. -—-ln|x —x-—ll— J—

+C. 11.

2+C.

§ 4.6. UHTerpupoBaHuMe paLUOHaNbHbIX QYHKLWUK

HeonpeneneHHslit WHTErpaln oOT yYenou PAYUOHAILHOU QYHKYuU
(MHOTO4JIEHa) HAXOUTCS HETIOCPEACTBEHHO:

J(a0+a1x+ ot ax")de= ao‘[dx+ a]J‘xdx+---+anJ.x"dx.

HnrerpupoBaHue 0pobHoti payuonaneHol gyHkyuu Nocie BbIACACHHSA
HENON YacTH CBOAUTCA K HHTETPHPOBAHHIO MPABUILHOU PAYUOHANbHOU
Oopobu

Px) (4.28)
Q)
rae P(x) u Q(x) — MHOTOWIEHbI, IPHYEM CTeNeHb P (x) HIKE CTENEHH

Q(x).
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Ecmu MHorouneH ((x) HMeeT NCHCTBUTENbHBIC pa3jiM4Hbie KOPHH
a,b,...,] COOTBETCTBEHHO KpaTHOCTH O, f,..., A M KOMIUIEKCHBIE NOMap-
HO COTpskeHHble KOpHH o, £if, (k=1,2,...,5) COOTBETCTBEHHO XpaT-
HOCTH vl,vz,b...,vs, T.6. OQ(x)=(x=a)*(x=b)PF...(x-D*(x2 + px+

+g) " (2 + px+qy) ... (x* + px+g,)%, To cripaseqHBO CrefyIoLIEe
pasiioxxenne apo6u (4.28) Ha npocTeiimue apobu:

P (x) A, 4, Ay B B,
= + 5+t =+ + 5+
0 (x-a) (x-a) x-a)* (x-b) (x-b)
B
+—-B_ﬁ+‘+i—+ lfz 2+...+ L;“ A,+ 2C1x+Dl
(x-b) (x=0 (x-0) (x=-D" x"+px+q
C2x+D2 C x+D + M1x+N|
see +
Yo pxra)t TG +p1x+ql)‘ x*+px+q,
M2x+N2 MV_,x+NV,

et . 429
(x +px+g,) (> +px+q)” (4.29)

ITocrosgHublie Ay Ay, Ay, B,,...,BB, L,....L, G,
Dy,...., M, , N, HaxomAICi MemoOOM HeOnpedeneHnbix koaguyuenmos.

IMocne paznoxeHHs Ha MpocTedlive crnaracMble HHTEPHPOBaHME Mpa-
BHJIbHOM paLMOHAILHON IpOOU CBOMMTCA K HAXOXIESHHIO MHTErpajoB BHAA:

L= J'L; (4.30)
(x-a)
I = J‘ Mx+ N
* + px+ )™
Unrerpan (4.30) naxopures mo opmyie (4.57), ecnu n=2,3,..., wm
o opmyine (4.6%), ecnn n=1.
Hnrerpan (4.31) npu m=1 sBngerca uHTerpainom Buza (4.21), npu

m>1 npuMeHseTc MeTol NOHWxkeHus (cM. mpumMep 5 § 4.6).
3ameuanne 1. Ecau muorouned (J(x) umeer AcHCTBHTEABHBIN KOPEHb

(4.31)

b xparnocty B, To B popmyiie (4.29) eMy COOTBETCTBYET 3 MPOCTEHINNX ClIAraeMbIx
Z——b—)E (k=12,...,B), xaxmoe U3 KOTOPEIX PaBHO APOGH, YACIMTENL KOTO-
x

po¥t — IOCTOsHHAS, & 3HAMEHATENE — COOTBETCTBYIOIIAN CTeNeHs pasHoctH (x —b),
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npudem Gepyres Bee crenenu or 1 10 .
3ameuanue 2. Eciu Muorowien (J(X) HMMeeT KOMIUICKCHBIE MONAPHO

conpsmxeHHble KopHu @, t ib, kparsOCTH V4, TO B pasnoxeHuu (4.29) UM cOOT-

BETCTBYET V; 3EMEHTapHbIX ApoGell BHia
M x+ N
[ M
2 (u=1923"'9vk)’
"+ pex+q )t

YUCIIMTENb KaKAOH M3 KOTOPHIX €CTh JiMHelHas ¢GyHKUMA (He MOCTOAHHas, Kak B
TpeBIIYIIEM Cllydae), a 3HaMEHAaTeNlb — CTENEHb COOTBETCTBYIOLIETO TPEXHJIEHA,
T. €. TPEXWICHA

P +pxtq =[x—(a +ib) [x—(a —ib) ],

npuyeM GepyTcs Bce CTeneHn oT 1 1o v

3ameyaHue 3. Kooddumuentsr paznoxerus (4.29) MOXKHO NMOTy4MTh,
nonaras B Toxaectse (4.29) unu eMy paBHOCHJILHOM X PaBHBIM HaJUIexaluM obpa-
30M BhIOpaHHBIM YHCIIaM (METOJ| TPOU3BONBHBIX 3HA4YEHMI).

9-5x
x*—6x>+11x—6
Pewernune. PasnoxuMm cHa4ala IPaBUIbHYIO PAaLMOHAIBLHYIO ApOOb
9—5x
x*—6x?+11x-6

Ha mpocreiiine ApoOH, A Yero HY)KHO HalfiTH KOPHHM ee 3HaMeHaTeNs, T. €.
KOPpHH YpaBHEHHA

Mpumep 1. Haﬁ'mmmerpanj

x> —6x2+11x-6=0,
OnvH KOpeHb YCMaTpHBAeTCS HEMOCPEACTBEHHO, 3T0 X, = 1. Tak Kak
(x}-6x2+11x=6):(x—1)=x2 - 5x+6,
TO
x}—6x?+1lx—6=(x~1) (x? -5x+6) =
=(x-1)(x-2)(x-3),
TO3TOMY MOTy4YaeM TaKkKe
Xy =2, x3=3.
Hrak, MHOrOWwIeH UMeeT AeHCTBUTENbHBIE NPOCThIE KOPHU

x1=1, x2=2, X3=3.
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B cootsercTBHM ¢ hopmysoit (4.29) HineM paznoxkeHue naHHON Apobu
Ha mpocTeime
9-5x A B C
3 3 = + + .
x=6x"+1lx—-6 x-1 x-2 x-3

A)

+n

(CJIaFaCMLIX BHIA % Pa3sIOKEHUE HE COACPKHT, TaK KaK KOM-

(*+px+q) |
IIeKCHBIX KOpHEH Het.) IIpuBoas apo6u B npaBoit yacTy k o6meMy 3HaMe-
HaTeso, ojyyaeM

9—-5x _
x*—6x+11x—6

_AG=-2)(x=-DN+BE-D(x-N+CEx-DH(Ex-2)
- (x=1)(x-2) (x=3) '
CpaBHUBaEM YHCIIHUTENH
9-5x=A(x-2)(x=3)+B(x-1) x=3)+C(x-D(x-2). (B)

PackpsiBas ckoGku B npaBoif yacTu paBenctsa (B) U rpyHIMpys YNeHbl,
HaxXoauM

9—5x=(A+B+(Dx2-(i4+4B+3C)x+(a4+3B+2C)

CpaBHuBas k03¢¢HLMEHTH! IPH OIMHAKOBLIX CTENEHAX X B OOEHX YACTAX
PaBEHCTBA, NMOYYMM TPH YPABHEHHS [ ONPEMENICHAS HEU3BECTHBIX KO3(-
¢uumenTos 4, B, C:

A+B+C=0;
5A+4B+3C=5;
64+3B+2C =09,

Pemas 31y cucteMy, Haxomum: A=2, B=1, C=-3.
CrenoBatennHo,
9-5x 2 1 3
3 2 = + -
x"=6x“+1lx-6 x-1 x-2 x-3

U [I03TOMY

J‘ 9—-5x dx—J.( 2 N 1 '3 )dx—
X —6x?+11x-6  Jlx-1 x-2 x-3 -

_ =2‘[x11 dx+Jx12 dx_3J.x13 =
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_2Id(x 1) d(x—22)_3.|'a’)(cx—33)=
x— —

=2In|x—1|+In|x-2|-3In|x-3|+C.
TaxkuM o0pasom, '
(x 1) (x— 2)
(x-3)°

3amcuanune. Kospduumentsl pasnoxenns (A) MoxHO ObUIO Obl HafTH
nonaras B paseHctse (B) x =1, x=2, x=3. JelicTBUTENBLHO, IPH X = 1 umeem
9-5=A(-1)(-2), 4=24, orxyna A=2. AnanornuHo momysaem B=1,
C=-

J 9-5x
2 =6x2+11x—6

x’dx
(x+2)(x- )’
Pewenue. [NogsHrerpansuas GyHKIMA ABIACTCA NPABUIBHON panHo-
HaNbHOM IpoOkIo, 3HameHarenb koTopoi O (x)=(x+2)(x-— )? umeer

NMpumep 2. Hamnnmerpanj

NMpOCTOH KOpeHb X, = —2 M KpaTHBI} KOpeHb X, = 1 (kpaTHOCTH 2).
B cootBeTcTBHM ¢ QopMynoit (4.29) pasnoxeHHe MOAbIHTETPANLHOM
(YHKUMH Ha nipocTefiuye ApoGH UMEET BUJ
x? A B C
7= + + P
x+2)(x-1)° x+2 x-1 (x-1)

OTKyZna
2= AE-1)?+BE-1D)(x+2)+C(x+2).

Monaras x =1, momyunm 1= C (1+2), otkyna C=—

Tipn x = 2 Haxomm (—2)? = A(=2-1)* wm 4=94, otkyma 4= f’g—.

Monaras x=0, momydyaeM 0= A4 (0-— 1)2 +B(0-1)(0+2)+C (0+2)
win A—2B+2C=0. [Ipunnmas Bo BHMMaHHe 3HadeHus A u C, u3 mo-
CNEIHErO YpaBHEHHA HaxoauM B = —

Ce10BaTeNbHO,

JCZ

+2)(x-1)° x

+ ol &

+ 2>
2 x-1 (x-1
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TIOSTOMY

f x*dx 4."d(x+2) gjd(x—1)+_Jd(x D _

G+2) -2 9 x+2 T9l x-1 (x—1)?
=L in|x+2+2m]x—1j-——+C
9 9 3(x=1)
Hrak,
2
j———f——‘i"————ln|(x+2) ==~ +C.
(x+2) (x-1)? 3(x —1)

dx.

Mpumep 3. Haﬁmnmerpanj
x+1

PeweHue. B maHHOM ciydae
Q) =x}+1=(x+1)(x* —x+1),

TIPHYEM BTOPOH MHOXKHTENb HA NEHCTBUTEIbHBIE MHOMKHTEITH HE PA3/araeTcs.
Ha ocHoBanuu ¢opmynt (4.29) pasnoxeHue JaHHOH Ipo6H UMEET BHA
x A Bx+C
31 3 )
x+1 x+1 x*—x+1

OTKyJa
x= A2 -x+D+(Bx+C) (x+1).
Ilonaras nocnexoBatesbHo x =—1, x=0, x =1, noayyum
“1= A[l—-(-D)+1] wm —1=34;
0=40-0+D+(B-0+C)(0+1) mmu 0= A+C;
I=A(0-1+D+(B+C)(1+1) wu 1= A+2B+2C.
U3 cucreMsl ypaBHeHHI ’
-1=34; A+C=0; A+2B+2C=1
HaxoAuM

1

A=-— ,C= B=
3

[VS I

1
3’
Hrak,
x 1 1 x+1
3.1 33 .
x"+1 3(x+1) 3 x*—x+1
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HHTerpupyem

J x & J’ 1 J' x+1 A)
S+l x+1730 2 551 .
PaccMOTpHM BTOpOil HHTErpan B NpaBoi 4acTH PaBEHCTBA (A):

; J' x+1 l x+1 =

TR (x2—2-—;—x+l)—l+l

1
2 X——=
1 3 1 2
=—In| |x==| +—|+ arctg +C
[( ) 4} REREE
2 2
TaxuMm o6pazoM,
x+1 1 2 1 2x~1
- =—In(x°—-x+1)+—F—arct +C. B)
o FYTR
Haunee, NOCKOJNBKY
1¢ dx 1
- =——Inlx+1}, C
-[x+1 3 Ix I ©

10 paBeHcTBO (A) ¢ yuetom (B) u (C) npumeT BUX

I LA | +1|+-1—l x?-x+D+
x3+1 = 3nx 6nx X
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+L arctgﬁ+ C
J3 N

B +x?42

x (x2 —-1)?

PeweHne. Pa3snoXuM NOABIHTEPAIBHYIO QYHKUHMIO Ha 3JICMEHTapHble
npobu. Tak kak 3HaMEHaTeNb UMEET KOPHH X; =1 M x, =—1 KpaTHOCTH 2
¥ poCTO# KopeHb X3 = 0, TO pa3foxeHHe IPUMET BHA,

NMpumep 4. Haﬁmumerpajlj

*+x*+2 A B B, G G,
Y 7t + 2’
x(x* =1 x x—-1 (x-1)° x+1 (x+1

OTKyZAa
P 4x?+2= A=) (x+1)2+Bx (x— 1) (x+1)* +

+Bx (x+ 12+ Cyx (x+ 1) (x - 1)? + Cox (x - 1)?;
P +x?+2=x(A+ B +C)+x3(B,+ B, - C,+C,)+

+x%(2By—24- B, —2C, - C))+x (B, — B, +C, + C}) + 4.

CpaBuuBas K03(QUIMEHTH NPU ONWHAKOBBIX CTENEHAX X, MOMyYHM
IITh YpaBHEHHUH JUIA ONPENECHHA [IATH HEM3BECTHBIX:

A+ B +C =0
B]+B2_C1+C2 =1;
2B2—2A_Bl_2C2_C1 =l,

A=2.
Peinas nomy4eHHYI0 CUCTEMY, HAXOAUM
3 ' 5 1
A=2, Bl =_Z, Bz =1, C] =_Z, CZ =_E.

CrenoBatenbHo, TIOABIHTETpaNbHAA (PYHKIMA pasjiaraercs Ha 3JeMeHTap-
Hble Opo6H clexyioimuM obpa3om:
C+xi+2 2 3 1 5 1
2_12 oy + 2 - 2"
x(x =D x 4(x-=1) (x=-1)° 4(x+1) 2(x+1)

Hnrterpupys, noxyyaem
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Jx3+x2+2dx_zj-£_gjd(x-1)+ d(x-1)

x(x2-)2  dx 4) x-1 (x—1)>
_zj‘d(x+1)_lj‘d(x+1)_
4 x+1 2J (x+1)?
=2lnx—§—ln|x—1]——1—-——5—1n|x+1|+ 1 _,c=
4 x—-1 4 2(x+1)
2
= x+32 +1In F +C.
20-5 4llx—1]|x41)°
Mpumep 5. Haittu unrerpan J'_z_ﬂ"_ﬁl__ (m=2,3,...).
(" + px+q)”

Pewexnue. BoigenuM #u3 BBIPAXKCHUA x2+ px+q TONHBLIA XBajgpaT

ABY4JICHA
P p 2 p 2
2 2
x“+px+g=x +2. x4+l =] + qg-|= =

=(x+§)2+(q_£41}

Mel mpeanonaraeM, 410 TpeXuieH x*+ px+q He UMeeT NeHCTBUTEIb-

2

HBIX KOpHE#, T. €. ¢ — _p4_ > 0, M03TOMY MOXHO MOJICKHTD

2 2

V4 2 p
—E =gt a=+44g-.
== \lq 4

BBoas HOBYIO NEPEMEHHYIO

HaxoanM

dc=dt, x* +px+q=t>+a’, Mx+N=Mt+ (N—A;—).
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Hurerpupys, nomyuaem
, Mp
j M+ N dx-fMH(N_ 2 )
& +px+q” @ +aHH"

_ M 2t _Mp dt
- J.(t +a?)" (N 2)j(t2+a2)'"'

TlepBhIit U3 HHTErPAIOB BEIYKCIIAETCS TTOACTAHOBKOM

t*+a® =u, 2udr=du,

m m—1

u m—-1 y

J'__%t__=-'._a_’£=_L. L +C=

2 +a®H"

=1 5 12 T+C.
m=1 (t“+a")"

BTopo# uaTErpan MOXHO HaHTH MO PeKyPPEHTHOM dhopmyne

1 z 2m—-1 1
. + . —
@ (P+a®)" 2m 4

L = m

roe

dz
I, =}—— =12,3...).
" J’(22+a2)"' (m )

2 Im’

(A)

(B)

©

(D)

Dopmyna (C) momyyaeTca ¢ MOMOIUBIO METONA MHTETPHPOBAHMA MO

qacTaM. B camoM nerne, mosioxkum
‘ 1
Aoy s E=dv,
(z"+a")
TOra
du 2mzdz z
B V= 2z,
(22 + aZ)m+1
Ha ocroBanuu dopmynsi (4.18) umeem
2

== 2 z &
= (22+a2)m+ mj(22+az)m+1 -

Ilpeo6pasyem nocnenHuii uaTerpan

€2

181



2

j z e (z2+a2)—a2dz=J- dz

(22 + a2 )m+l (ZZ + a2)m+1 (22 + aZ)In
2
' ade 2
—I(zz—_'-ai—)m:Im—a Im+l' (F)
Tloncrasnsist Beipaxenue (F) B (E), momyuum
+2ml,, —2ma*l,,,,, (G)

(z*+a>)"
OTKyHa H 1ojrydaetcs ¢popmyia (C).
®opmyna (C) cBoauT BEIYMCAEHHE HHTeTpana [, ; K BHIYHCICHHIO HH-
Terpana 1,,.
3Has uHTETpa

I =—1—arctg—z—
a a

(MBI GepeM OHO U3 €ro 3HaYEHUi), 0 ITOH q)opmyne npu m=1 HaxomuM
1 z 1
I =— ———+—Farctg— H
2724 2+add 248 g a E
Honaras B ¢popmyine (C) m =2, noixy4um
1 z 3 1 z

Ly=— + = +
37 4a2 P+ 4 7 4d (P +ad)’

3 z 3 z
_ + —— arctg — (K)
8a* Z2+a* 84° & a

U T. A. TakuM NMyTeM MOXHO BBHIYMCIMTEH HHTerpan [, mmi moboro Hary-
PaxbHOTrO m.
x*+2x*+4

(1+x%)3

PeweHune. 3HameHatens apobu O (x)=(1+ x?)® uMeer aBa MHHMMBIX

NMpumep 6. Haﬁmumerpa.nj.

KOpHA x = ti KpaTHOCTH 3. DYHKIHA pa3iaracTcs Ha CIEAYIolMe Mpo-

crefiniue apobH:
x4+2x2+4 M]x+N1+M2x+N2 M3x+N3
1+x3* 7 1+x? a+xH)?*  1+x?)°
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IpuBoas MpaBylo 4acTh K O6LIEMY 3HAMEHATENIO ¥ CPaBHUBAA HCIIH-
TEJH, T0Jy4HM

x* +2x? +4= Myx+ Ny +(Myx+ N,) (1+x%) +
+(Mpx+ N)) (1+x%)?. (A)

HAns onpenenenus nocrosHHeIX M,, N, (k=1,2,3) npumennm
CMENMIaBHbLIi METO.

Ionoxum x = ‘/-—-_1 =I; CJICOOBATEIBHO, x2==1 IToncraBnas 310
3HAYEHHE B TOXKIAECTBO (A), NOIYUHM

(D2 +2(-D)+4= Myi+ Ny wi M;i+ N, =3,
OTKyna '
M3 = 0, N3 =3
[oncrasum B (A) 3HadeHus M, u N,:
x*+2x* +4 =3+ (Myx+ N,) 1+ x*) + (Myx+ N,) (1+x%)2.
IlepeHocuM 3 B JIeBYIO 4acTh:
O +1)2 = (Myx+ N,) (1+x2)+ (Myx + Ny ) (1+ x2)?
M cokpamaeM Ha 1+ x: _
x2+1= Myx+ N, +(Myx+ N;) (1+x2). (B)
CHoBa nonaras x = i, nomyynm 0= M,i+ N,, orkyza M, =0, N,=0.
ToacTaBUM 3TH 3HaYeHUA B TOXIECTBO (B):
1+x% = (Myx+ N;) (1+ x2).
CnenoBaTeabHoO,
1 = M1x+ Nl N
orkyma M, =0, N;=1
Hrax, pasnoxeHue nMeeT BUJ
x*+2x? +4 _ 1 + 3
a+x*?  1+x? (Q+x%)%

Harerpupyem:

x* +2x? +4 1 dx dx
___dx+3 —_— — 1 +3]———— (C
J A+22) -[1+x2 -[(1+x2)3 arcigx I(1+x2)3 ©
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Hurterpan B mpaBoii yactu paBerctBa (C) noxyyaercs no ¢popmyine (K)
npumepa Smpi a=1 4 z=x:

dx 1 x 3 x 3
J.(l+x2)3 N T g reerC ®

N3 pasencts (C) u (D) nmeeM

J'x4+2x2+4dx noooo 3= +9 X Lo
e —arctgx =
(1+x%)? g 8 4 (1+x*)?  81+x?
3agauu
Haiiti uHTerpass! OT panmoHanbHbIX GyBKUMi:
2
O 2 AL
' x+x°-2x x“+3x—4
dx 2dx
j———2 — a. J’—————z :
x (1+x ) (x+2)"(x+1)
5 j —-x+2 J‘ 4x? +4x-11
x*~5x2+4 . (2x-1)(2x+3)(2x-5)
J x> +4x2 +6 J’ 3x+1
x+D%(x*+2) x(1+x )2
OTBeThl
In wl+c. 2. lns\/(x—l)z(x+4)8+C. 3. -
x x
1 x
——+———=arctgx+C
2 1+x2 7 TR
129y _ )3
. (x+1) (x- 2) 6.lln (2x-1)"(2x-5) +C
3m (x=1) (x+2)? 2x+3
7. l1n|x+1|———3—+—1n( +2)—£arctg—+C 8. In|x|-
3 x+1 V2
—lln(1+x2)+-——3¥il—+3arctgx+c
2 21+ ) 2

§ 4.7. inTterpupoBaHue TPUTOHOMETPUYEeCKUX (hyHKLUMUIA
1. Hnrerpansi BUAa
I sinax cosbxdx, jsinaxsinbxdx, Icosax cosbxdx
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HaXOIATCA C IOMOIIBIO TPHIOHOMETPHUYECKHX (HOPMY.L:

singsinb= % [cos(a—b)—cos(a+b)];
cosacosh = —;—[cos (a-b)+cos(a+b)];

. 1. .
sinacosb = 5[sm (a-b)+sin(a+b) ]
2. Harerpais! Buaa
I, = Isin" xcos” xdx,
THE 1 B m — YeTHBbIE YHCIIA, HAXOIATCA C HOMOIIBIO GOPMYII:
2

sin‘ x = % (1-cos2x); cos® x = % (1+ cos2x);

. 1 .
SINXCOoSX = 5 sin2x.

Ecnu xots 66 OAHO M3 Y¥CeN M WIK 1 — HEYETHOE, TO MHTErpai Haxo-
I¥M HEMOCPEICTBEHHO, OTAENAA OT HEUETHOMN CTEICHH OOUH MHOXHUTEb H
BBOJSi HOBYIO NlepeMeHHy10. B yactHocTH, ecnu m= 2k + 1, To

I ,= "‘sin" xcos™ ! xgy = J.sin" xcos** x cosxdx =

= J'sin" x (1-sin? 0)* d (sinx).
3. HHrerpaisi BUIa
IR (sinx, cosx) dx,

rae R — paunoHanbHad QYHKIMSA OT sinx M cosx, NPHBOIATCS K HHTErpa-

JIaM OT PallMOHAIBHBIX (GYHKLMI HOBOI NMEpeMEHHO ¢ MOMOLIBIO MOACTa-
HOBKH

x
tg—=1,
g2

IpH 3TOM

1-¢? 2dt
—5, COsSx =

sinx = = 5, dx= 5
1+1 1+¢ 1+
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Ecnu
R (—sinx, —cosx) = R (sinx, cosx),

TO uenecooﬁpaaﬂo MPHMEHHUTH MOACTAHOBKY tgX = {, IPH 3TOM

sinx = ! cosXx ! x = arctgt, dx d
= —, = = . =———2.
Vi+s? Vi+ 1+1

Mpumep 1. Haiithn uHTerpan fcosxsinz xdx.

Pewenune. Tak xak cosxdrx=d (sinx), TO Ha OCHOBaHMH (HOPMYJIbI
(4.5’) npu u=sinx nomyuaem

.3
sin” x
+C.

Icosx sin? xdx = Isinz xd (sinx) =

NMpumep 2. Haiitu unrerpan J.cos3 xsin? xdx.

PeweHune. B panHoM cirydae m=3, n=2. [lomyuaem
J. cos’ x sin® xdx = Jcosz xsin® x cosxdx =
= j(l — sin? x) sin® xd (sinx) = I(sinz x—sin® x) d (sinx) =

sin’x sin’x
5

= j sin? xd (sinx)— _[ sin® xd (sinx) = +C.

Mpumep 3. Haittn uarerpan Jsin“ xdx.

Pewenue. 3pecs n=4, m=0. IIpeobpasys nonsiHTErpansaylo GyHK-
IMIO C IOMOIIBIO COOTBETCTBYIOIINX (HOPMYJI, HAXOMM

2
Isin“ xdx = I(sinz x)Ydx = J'(l—c;)—SZx) dx =
= %j (1-2cos2x + cos® 2x) dx = -}Ij dx—%jcostd (2x)+
+%j%— (14 cosdx) dx = :11—.,‘ dx—%j cos2xd (2x) +

+1J.dx+——1—J'cos4xd (4x)= lx-—ls'in2x+
8 8-4 4 4

+-1—x+Lsin4x+C=—:ix——1-sin2x+ —l—sin4x+C.
8 4 32
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NMpumep 4. Haittu unrerpan jcosS xdx.

PeweHnue. B mauHoM ciydae n=0, m=5 OtmenieM MHOXHTEIb

2

2x yepes sin‘ x:

nepBoH CTEMEHN U BBIPaXXaEM COS
cos® x = cos? xcosx = (cos2 x)2 cosx=(1— sin’ x)2 COSX.

BBOJIA HOBYIO IIEPEMEHHYIO ¢ 10 GOpMYJIE Sinx = ¢, HONTy4HM

Jcoss xdx = J-(l—sinz x)? cosxdx = j(l—tz)zdt=
5
=J(1—2t2 +t*) dt =Jdt—2jt2dt+jt4dt =r-2p4l i
3 5

Bo3zBpamasce k HCXOAHOH IEPEMEHHOM X, HAXO UM

. 2 . 1.
J.cossxdx= smx-—;sm3x+—5-sm5x+ C.

Npumep 5. Haiitk unterpan J‘sin“ xcos? xdx.

PeweHue.

sin2x )’
X
2

J-sin“ xcos? xdx = I(sinx cosx)? sin® xdx = j(

( 1-cos2x
x —————————

. ) dx=%jsin2 2x (1= cos2x) de = %J'sinz 2xdx -

1—cos4x

—lJ‘ sin® 2xcos2xdx = lj
8 8 2

dx—lj sin® 2x x
8

1 . 1 1
X—d (sin2x) = —jdx——j cosdxdx —

2 16 16

L j sin? 2xd (sin2x) = —= ¥ — —= sindx — - sin® 2x+ C.
16 16" 64 48

NMpumep 6. Haifru unrerpan Isin7xsin3xdx.

PeweHnwune. Tak kak

sin3xsin7x = %[cos (7-3)x—-cos(7+3)x]=

187



= % (cos4x — cos10x),
TO
Isin 7xsin3xdx = %I [cos4x —cos10x] dx =
1 1 1. | B
= ——J- cosdxdx - ——J. cos10xdx = — sindx —— sin10x+ C.
2 2 8 - 20
NMpumep 7. Haittu unrerpan jcos3xcosxdx.

PeweHune. [Mpeobpa3ys NOALIHTErPATbHYIO PYHKIHMIO, HAXOIHM

Icos3x cosxdx = %.[ (cosdx + cos2x) dx = %J‘ cosdxdx +

+—1—J cos2xdx = 1 sindx + 1 sin2x+C.
2 8 4
Npumep 8. Haiftu unrerpan Isinchos3xdx.

PeweHune. IIpeobpa3ys moAbIHTErpabHYIO (QYHKUHIO, OTydaeM

j sin5xcos3xdx = %—J. (sin8x +sin2x) dx = %J‘ sin 8xdx +

+1 J' sin2xdx = ——= cos8x — + cos2x + C.
2 16 4

dx

3+sinx+cosx
Peweunne. IlogsiHTerpanpHas (QYHKUMA ABIAETCS  palAOHANLHOM

Mpumep 9. Haﬁ'mnmerpanj

. x
¢yaxupeit ot sinx u cosx. IlpuMeHseM noacTaHOBKY th =t

Tak kak npu 3ToM

sinx = ——, cosx= I-r -l
1+ 142’ 1+¢%°
TO
1 _ 1 _ 1+
3+ sinx+cosx 2t 1-22 2(2+1+2)
3+ 5+ 3
1+¢ 1+1¢
48
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dx _ dt
3+sinx+cosx 24142

HHterpupyem

J- dx _J- dt _,[ dt -
L = 2 - -
3+sinx+cosx r+r+2 t2+2-l~t+i-—%+2

2

x
2tg—+1
g2

2
= Warctg—ﬁ—— +C.
&
5cos? x+9sin® x’
Pewenwune. IonpiHTerpanshas GyHKIMS HE MEHAETCH OT 3aMeHBl Sinx
Ha (-sinx), cosx Ha (—cosx), T.e. R(—sinx,—cosx)= R (sinx,cosx).
[IpuMeHsieM TOACTaHOBKY tgx = f. Tak Kak Ipu 3ToM

Mpumep 10. Haﬁmnmerpa.nj

sinx=—t—, cosx=—1———, x = arctgt, dx=—dL,
Ji+ee? Ji+e? 1442
TO
1 _ 144 dx _at
Scos’x+9sin®x  5+972° Scostx+ 9sin?x  S5+972
CnenoBarenbsHo,

1
J' dx ‘_[ dt _J’ 340G
5cos x+9sin®x  J 54912 (Jg)z +(31)?
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——1—-—1—arctgi+ ﬁtg 3tgx+C
35 45 3f NE
3anaun
Haiith uHTErpais!:
1. Isinxcos“ xdx. . 2. J.sin3xcos3 xdx.
3. Jsinz Sxdx. 4. I sin® x cos® xdx.
cos’ x . .
5. —— dx. 6. fsmxsm3xdx.
sin” x )
7. Jcos4xc052xdx. 8. Isin3xcostdx.
[ 0 &
5+ 4cosx 7cos“ x+16sin“ x
OTBeTHl
cos’® x cos*x cos®x x sinlOx x
1. - +C. 2. - +——+C. 3. ———+C. 4. -
6 2 20 :
. .3
_sm4x+C. 5 — '1 —sinx+ sin x+C' .. sm2x sm4x +C 7.
32 sinx
—l—sin6x+lsin2x+ C. 8 - cos3x _Losx +C. 9. — arctg
12 4 10 2
1 4tgx
10. ——= arct; +C.
a7 R

§ 4.8. UnTerpupoBaHUue HEKOTOPbIX
MpPaUUOHanbHbIX hYHKLMMA

1. HMHrerpaisl BHAa

b g0 b Py P
J'R x,("’”’ o (@Hble  f@Ebla |, (43
cx+d cx+d cx+d

rae R — pannonansHas GyHKUMA H Py, 4, ..., Py, — L€Nble YHCIa, Haxo-
JATCS C MOMOMIBIO NOJCTAHOBKH

ax+b
=t
cx+d

>
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rAe n — HaMMEHbHIEE O6IIee KPATHOE YHCEN ¢, s, -, k-
2. Hurerpan ot nudpdepennmansHoro GUHOMA, T. €. HHTErpa

Jx'"(a+ bx")P dx, (4.33)

TA€ m, n, p — palMOHaIbHbIE YUCAA, @ ¥ b — IOCTOSHHEIE, OTIIHYHEIE OT Hy-
Jis1, CBOAUTCS K MHTETPaTy OT pallHOHATBHON QYHKLMY B TpeX CllyYanx:

1) korza p —uenoe 4HCIO, — Pa3lIoKEHNEM Ha crlaraemsie 1o $hopMy-
JiaM 6uHoMa HetoToHa;

m+1 o n s
2) xornma — LIEJIO€ YMCJIO, — NOACTAHOBKOM a+ bx" =¢°, roe s —

3HaMeHaTeNnb Apobu p;

+ p — LIeNI0e YHCIIO, — TIOACTAaHOBKOH ax " +b=1t°.

559,

1
3) xorma mt

Npumep 1. Haiitn narerpan J-

PeweHue. 3o unrerpan una (4.32), mjis KOTOPOTO =x+9
(t.e. a=1, b=9, c=0, d=1), 2L=1,
q 2
IIpuMeHnM NOACTAHOBKY
' x+9=t2,
OTKyHa
x=1>-9, dx=2tdt
U
7o 2 2 _
[ b= [ aar=a[ =2 [ 5D* 4
x -9 -9 t“-9
=2 dr+ 18 LENIPYINELEW Lint ] HYCH
t’-9 23 | t+3
=2Jx+9+3In vxt9-3 +C.

Jx+ 9+3

2—-x 1
NMpumep 2. Haiitn uurerpan j3 .
P P , V2+x (2-x)?
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ax+b 2-x

ox+d 2+4x

PeweHue. 310 MuTerpan Bupa (4.32), Wid KOTOPOro

pn_l
g 3
[TpyMeHHUM NOACTAHOBKY
2-x 3
={".
2+ x

BripazuM x, 2—x # dx Yepe3 HOBYIO NIEPEMEHHYIO I
2-x=£32+x), 2-28 =x+x1>, 2-2 =x (1+ 1),

_ 943 3 3 352
L2 2t3 2x= , 2= 4:3’ 1 2=(1+16);
1+1¢ 1482 1+t (2-x) 16t
e —6t2(1+£3)=32(2-2¢ ) 4 122

(1+t) (1+t)

[MoxcTapmss HaiIEHHBIE BEIPAKESHHUSA B MHTETPA, NOMYIUM

2-x 1 _{, a0 (2t o 3rd
J32+x (2—x)2dx jt 16 (1+1%)? 4I 3

=—3—-+C=§3(2+x] +C.

8:? g\ 2—x
Npumep 3. Haiitn uaTerpan J’——)%-LF—Z—dx
(x+1) —Jx+1
+b
PeweHune. 3mech & =x+1, f—l-—— TTonoxuMm
a1 2
x+1=tz,
Torma
dx = 2tdt,

j J;T+—1+2

(x+1) ~Jx+1

Pasnaras NOABIHTErPANBHYIO PYHKLHIO Ha DJIEMEHTapHbIE APOGH, NIOMyIHUM
t+2 1 t+1
P-1 -1 2241+l
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CnepoBareinsHo,
o[ 42 d,_zj( __.1_) S
-1 241+1

_ZJ‘ 1t+11 1 dt___zj'd(t—l)_
42 t4-—+1 -1
2 4 4

(H%)_%H 1 d(t-1)
K o G

t+—| +=

(+3) 3

—=2In|r-1|-

N? 3 5 t+
~1 = C=In —
n[(t+ ) 4] ﬁarctg 7 2, (t-1)?
2

2 2t+1 (z 1)?
— arctg ——— C
N R e

2 2t+1

BTl
¥ + 8
x(1+%/;)

Pewetxune. IJroTarxe uHTerpan tuna (4.32), a1s KOTOporo

—In(2+1+1)-
+C.

Mpumep 4.Ha1‘a‘1mHHTerpa.nJ‘ dx.

e a=1, b=0, c=0, d=1, A=L P_2 ~_1 5
7 3 q¢ 3 g3 6

3HaMeHaTeldb BceX Ipobeil paBeH 6, MOITOMY NpPHMEHAEM IOACTAHOBKY

7 3ak. 1205 193



x =15 (oHa HaeT BO3MOXHOCTh OCBOGOIUTECA OT BCEX Pa/IHKATIOR).
ITockonbky
X = t6 ,

TO
dc=6ar, =12, Yx? =14
CrnenoBaresibHO,
x+¥x? + % +1 tt o £+ +1
I o [ gy g0
x(1+%/;) t°(1+1%) 1+¢

6It(t +1)+1 =6J't3dt+6J.L2
1+1¢

—3-t4+6arctgt+
14 £ 2

+C=%§/;c7+6a’rctg§/;+c.
JI+J_

Mpumep 5. Hamnnmerpa_nj J—

PeweHue. Ilepenucas HHTErpaI B BHAE
1

_2 132
jx 3{1+x3J dx

2 1 1
H CpaBHMB €10 C UHTerpaioM (4.33), 3akmo4aeM, 4To m=—§, n=§, p=-2—.
Tak kak
2 1
m+1 _§+1_i_1
n 11
3 3

€CTb LIEJIOe YUCIIO, TO MBI HMEEM BTopoﬁ ciydail uHTErpUpyemocTd audbe-
peHUManbHoOro 6MHOMa.

IloncranoBka a+bx" = t° B JaHHOM Citydae IPUMET BHI

1
[1+x3]=t2,
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OTKyZa
L2 2
=t 3 3dv=2tdt, x 3dx= 6tdt.

W |

X

ToncTaBHB 3TH BRIPaKEHUA B HHTETPal, IIOTYdHM
1 1

2 )2 1}z 2
jx 3[1+x3 dx=f[1+x3 x 3dc= [t 6tdr=

N

3 1
=6J.t2dt=6~£3—+c=2 1+x3J +C.

Mpumep 6 Haﬁ’mnmerpanj i
Vi+x*

Pewenwne. Ilepenucas MHTErpan B BUAE

J‘ dx
4w/1+x4

. |
=J.x°(1+x4) 4 dx,

1
3akmodaeM, yto m=0, n=4, p=-——. Tak Kak +p=———=0
4 n 4
(uenoe 4KMCII0), TO UMEEM TPETHI CITyYail MHTErPHPYEMOCTH.
IToncraHoBka
ax "+b=t",

rae s — 3HaMeHaTe)lb YACIa p, B JaHHOM CJIy4ae IMPUMET BHA

x A y1=4 ,
OTKyIa
1 3
x=(@'=1) 4, de=-@¢"-1) ‘a4,
1
Vext ==t -1 4.
~ CnenosarensHo,

‘[Vlixx“ o jt -1 4J(m~:)d,_
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t+1f 1
——J =— ——arctgt+C.
2 +1 t—-1] 2
3ana4yu
HatitTy uaTErpabL:
J' §/2x 1+1 & 2 J‘ o dx .
@x-1)(¥2x-1- -1-1) -1 (x+2)
S

bl

dx.

3 J dx Jx+3\/x"+§/;
Cfa-neen? x(1-¥x)
d dx
by ==,

1
) 1 dx
e e )
OTBeThI

1.31n|6J2x— —1|—31n§/2x—1+c. z.i#":;wﬂ Vkaza-
X

3
nue. TIpeobpasosars BHAYNE MOALIHTErPAILHYIO bYHKUMIO 4\/(x - 1)3(x + 2)5 =

+2 1., £2+t+1
=(x-1 x+24x . 3.—ln———-——+\/— ct, ——+C rae
=1 ),/x_l ST cig f

2
t= x+1' 4.%%/;2_+6arctg§/;+c. 5 — (t D

x—1 10 t? +t+1

5
NE) 2+1 3 1{1+x2)2
+"arct +C, t=3Y1+x°. 6. - +C. 1. -= +
s TR T+t 5

3
+§(1+; ) +C. 8. 3arctg§/_+C

X

§ 4.9. UnTerpupoBaHue runepGonuyeckux yHKLMH

ViHTerpuposanue runep6osmueckux GyHKLM OCHOBAHO Ha thopmynax:

j chxds = shx+C; (4.34)
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Ishxdx: chx+C; (4.35)

dx
| o =thx+ G (4.36)
| :2" = —cthx+C. @3
sh™ x

Hurerpanel ot yeTHsIX crenenedf shx u chx Haxomsrcs ¢ nomomsio
tdhopmyn:

ch’x= % (ch2x+1); sh’x= % (ch2x—1); shxchx= sh22x .

HnTerpanst oT HedeTHBIX cTenenedt shx m chx HaxomaTtca oTneneun-
€M MHOXMHTEJIA MEPBOM CTENIEHH U BBEACHUEM HOBOJ NMEpEMEHHOM.

Mpumep 1. Haﬁ’mynﬂ'rerpan J-shzxdx.

PeweHnune. Takkak
sh? =-1—(ch2x—1),
2
TO

jshz xdx=%J(cth—l)dx:%J'ch2xdx——;—J‘dx=

1 1 1 1
_Zj'chzxd(zx)-gjdx_zshzx-gx+ C.

Mpumep 2. Haiitu nHTerpan Ish3xdx.
PeweHnue. IlpeacTaBisis noABIHTErpaNbHyi0 QYHKIHIO B BHAE

sh3 x = sh® xshx

Y IPHHUMasi BO BHHMAHHKE, YTO
shxdx = d (chx), sh’x=ch?x~1,
MoJTy4aeM

Ish3 xde= Jshzxshxdx= Ish2 xd (chx)= J.(chzx—l) d (chx)=

ch3 x

—chx+C.

= J.,ch2 xd (chx)— I d (chx)=
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Mpumep 3. Haiitn uaTerpan Jshz xch? xdx.

PeweHue.

| | . X
J'sh2 xch? xdx = I(shxchx)zdx = J(E sh2x) dx=

=ljsh22xdx=lj' chdx-1 dt:ljch4xdx—ljdx=
4 4l 2 8 8
=—1—jch4xd (4x)—1jdx='_1_sh4x_lx+ c.
32 8 32 8

NMpumep 4. Haiitu uaTerpan Icthzxdx.

PeweHnne.

o= [ 2 S

=—cthx+x+C=x-cthx+C.

Mpumep 5. Haittu unrerpan J-ch3xshxdx.

PeweHune.

4
jch3 xshxdx = Jch3 xd (chx) = ch_x +C.
3anaumn
HaiiT HETErpans! OT ranepbomdeckux byHKIi:
1. jchz xdx. 2. jch3 xdx.
3, j sh® 4xchdxdx. 4. Ithz xd.
5. J‘ch“ xshxdx. 6. I sh® x chxdyx.
. J'1+22chx & 8. J‘l+§hx .
sh” x ch” x
OTBeTHI
3y 4
l.i-sh2x+%x+C. 2 shxe P Eic 3 B 4"+c 4 thx+x+C.
5 6 _
s WX g Shx o, h¥2 g shitl o
shx chx :
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Cnaea 5.
OnpeaeneHHbIA MHTErpan 1 ero NPUNOXeHUA

Ilycte Ra otpeske [a,b] ompenmenena ¢ymkmmsa y= f(x). Otpesok
[a,b] pasobpeM Ha 1 JacTed TOUKaMH a = Xy < x| <---<x, =b. B xax-
IOM U3 JJIEMEHTApPHBIX OTPE3KOB MIHMHBI Ax; =x;, —x,_; (i=12,...,n)
MPOU3BOJIEHBIM 00pa3oM BEIGEPEM TOUKY z; M COCTABUM CYMMY

Y F@) A = £(@) Ay + £(2) Axy + -+ £(z) Ax,. (5.1)

i=1
CyMmMa 3Ta HasbIBaeTC uwmezpaneHoti cymmou QyHKuMH y= f(x) B
npoMexytke [a, b]. -
Onpedenennolm unmezpanom ot QyHKIMH y = f(x) B TPOMEXKYTKe
[a, b] Ha3bIBaeTCH Tipenen ee MHTErPAILHOM CyMMBI, KOTAA YHCIIO JJIEMEH-

TapHbIX OTPE3KOB HEOIPaHHYCHHO BO3pacTacT, a MIUHA HauboNbIIer0 U3
HHX CTPEMHUTCA K HYJIXO:

J feyds=  lim Z £(z) Ax,. (5.2)

maxAx -0 =l

Ecmn ¢pyHkuma y = f(x) HempepbiBHa, TO mpegesn (5.2) cymecTByeT

KOHEUEH.
CroifcTBa OnpeeieHHOro UHTErpaia:
b

[roya=[roa.
2 [reae=o
_:':f(x)dx=£f(x)dx+‘[[.f(x)dx.
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b b b b
5. [Uh@-f@+aeNd= [ fixd- [ Hod+ [ A d

b b
6. chf(x)dx=cj.f(x)dx.

7. [jf(x) dx] =7().

§ 5.1. Boiuucnenue onpeneneHHoOro uHTerpana

1. Teopema HpioToHa-Jleii6Hunna. Onpedenennviii unme-
2pan om. HenpepvigHOU PYHKYUU 8 OGHHOM NPOMEICYMKe paseH pasHOCMU
3nauenuii 060t nepeoobpasnoli yHkyuu Ona 6epxHez0 U HUJICHE20 npede-
7108 UHME2PUPOBAHUA

b
[rova=F®|.=Fo-F@. (53)

rae
F'(x)=f(x).

2. 3aMeHa nepeMEHHOM B ONpEleNneHHOM HMHTErpane OCYINECTBIAETCS
no ¢opmyne

b B
[reya=]remivma, L)

rae x=@ (), a=o¢(a), b=¢ (), t—HoBas nepemenHas; o, 3 — HoBbIE

penesibl MHTErpHPOBaHMA.
3. HHTerpupoBaHue MO 4acTAM B OIIPEICICHHOM MHTerpaje:

b b
Jumrad =uv @) - [v@du 5.5)

HiIn
b

' b
J‘u ) V(x)dx=u(b)v (b)—u(a)via)— }. v(x)u'(x) dx. (5.6)

a
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4. TeopeMa o cpenHeMm 3HadeHHH. Ecmu f(x)< D (x),
npu a<x<b, mo

jf(x)ﬂsj¢(x) dx. ;.7

Ecnu f(x) u @ (x) Henpeprviguvi npu a<x<b u ¢ (x)=0, mo

b b b :
mfomars [fx)0w dvs M[o)ax, 58)
20e m — naumenvuiee, a M — naubonvuee snavenue ynkyuu f(x) na om-

pesxke {a,b].
B gacTtHocTH, eci @ (x) =1, To

b
m(b—a)s_[f(x)dxs M (b-a). (5.9)

Hepasencrtra (5.8) 1 (5.9) MOXHO 3aMEHHTh COOTBETCTBEHHO JIKBHBA-
JICHTHEIMK UM DaBEHCTBAMM:

b b
Jroema=refoma (5.10)

b
[r@a=ra@ye-a, 5.11)

e ¢ ¥ d — HEKOTODBIE HCIIa, JIexkalnne MeXIY a U b.
Yucio

b
=—1—jf(x)dx (5.12)
b-a
a
Ha3BIBACTCA cpeoHum 3navenuem GyHkunu y = f(x) Ha otpeske a < x < b.
: 4
Mpumep 1. BeuHCIHTS ONpeneneHHbIN HHTErpa J’xzdx.

1
Pewenne. Ilo popmyne (5.3) umeem
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4 3
x
Jra=
1 1
3ameuanue. B coorsercrBuu ¢ Teopemoit Herorona-JleiGuuua moxHO

6pars mobylo nepBooOpa3HyI0 HOABIHTErpaIbHON GyHKuNK. B nanHOM ciyyae BMe-
3 3

x [v3
cro ? MOXHO ObUTO GBI B3TH ?+ 5, koropas Taike Gyner nepBoobpasHoii

It QYHKUMH Y = x%:

f 2 Y _(# 5 64 . 1 . _63
J‘xzdx= —+5] =x|—+5 || —=+5|=—+5-=-5=—=21.
1 3 ) L3 3 3773 73

ToT e pe3yibTaT [OJIy4acTcs U B o1IeM ciyyae:

T 2 Y (& PP 64
szdx= il =i Lic)=8ic-tca
37 )13 3 3 3

B mannueiumeM Mel 6yIeM pacCMaTpPUBATh JIMIIb Ty NEpBO0GpasHyIo, 1A KOTO-
Poif MOCTOAHHOE CJIAFaEMOE PABHO HYIIIO.

i
fipumep 2. BpiyucauTh UHTErpAT chosxdx.

Pewenue.

z n
cosxds=sinx |2 =sin—-sin0=1-0=1

O'—.Nla

1
dx
2x )
PeweHwne. Ha ocHoBanuMu cBOKCTB 5 ¥ 6 onpeaesieHHOro HHTerpana u
topmyssi (5.3) nomydaem

st i

+J§|j =%(92-42)+(J9— 4)=— 65+1=14,

9
NMpumep 3. Bouuciuts J-(E+
4

9

+
4

il
2

u:[N
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5
NMpumep 4. Buyucaurs J‘x«/x+4dx.
0

Pewenue. Bsenem HOByIO NepeMeHHYIO 110 (opMyrte Jx+da=1 on-
penemum x u dx. Bossoas B kBaapar ofe 9acTH paBeHCTBA Vx+d= t, mo-
ayamM x+4=¢2, oTkyna x=t> -4 u dx =2tdt. Haxonum HoBbie npene-
51 HHTETPHpOBaHus. [ToacTapias craphle npegens B popMyTy i+ = t,
MmoJIyqaem; M= t, OTKyga t=2 u o=2; \/_5+—4= t, OTKyja t=3,
B=3.

Taxum o6paszom,

5 3 3 3
ijx+4dx= _[(t2 —4) 2edt = J'(zt“ ~8%)dr = 2jt4dt—
0 2 2 2

; SP 8P 2 8
- 2gp=2.—| —g.—] =Z35_25y_2 3353\
SJtdt—Z 5| %3 S -2)-33°-2)
2 2 2
=2o11-8.1923% 5510
5 3 15 15

4
Npumep 5.BI>I‘II/ICJII/ITLJ e .
0\/;+1

PeweHue. IMonoxum \/;=t, Torma x=1¢> u dx="21dt. l'[oncmmmg
CTapbie MpeneNki HHTErpUpOBaHUs B GOpPMyIy Jx = t, momydaem o =0,
B=2.
CrnenoBaresnsHo,
(&t _FG+D-1  + 2d@+D
J' =j =2_[ dt=2jdt—2j——=
0,/;“ p IFL 1+ 0 t+1

0
=2z|§'—21n[t+1||z =2(2—‘O)—‘2'7[1n(72+1)-—'ln(0+1)]=

=4-2In3=1,_803.
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e
Mpumep 6. Boluucaurs jlnxdx.
1

PeweHue. [pumensem ¢opmyay wuHTErpHpoBaHHMsA Mo HacTaMm (5.5)
Monarasa u=Inx, dv=dx, onpenensieM du= 1 dx, v=x.
X R

CrnenoBarenbHo,

e

¢ e el e ¢ e
[nxds = xinx|? - [~ xde = xinx| ~far=xmnx|"-x
4 1 l_x 1 4 1 1

=e¢lne-1-Inl-(e—-)=e-0—-e+1=1
n

Npumep 7. Bpuucauts Ixsinxdx.

0
PeweHue. Harerpupys no 4acTtam, noaydacm

k1 T T
Ixsinxdx = J- xd (—cosx)= x (—cosx) l :: —J.(—cosx) dx =
0 0 0

—XCOSX | :; + sinx l g = —(ncosT — 0- cos0) + (sinm — sin0) = =.

Mpumep 8. Omnpenenuts IWIOWAAb, OTPAHUYEHHYIO HYroil KOCHHYCOU-
n T
Ibl B IpefesiaXx oT X = —-— 10 X =— H ochio Ox.

Pewenune. HMcxons us TCOMETPHYECCKOT0 CMbICJIA ONPEACACHHOIO HHTC-
rpaja, 3aKjio4acM, 9T0 HCKOMas IUI0Hialb BEIPA3UTCA HHTEIPATIOM

x
S= J?‘ cosxdyx.

_r
2

BBIMUCHAA 3TOT HHTErpa, MOIYYUM

ST

'—.N(H

S= | cosxdx =sinx

L n
=sm2—sm ) =1- (-1)=2(xB.en.).

|
[SIE]
[SEE-]
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T

3’ 1
Mpumep 9. Ouenuts uuTErpan I=J' 1+—2—coszxdx.

0

Pewenue. Taxkak 0<cos’x<1, To mo tdopmyiie (5.9) Haxonum

11 T {3
—<I<—J—,
2 2V¥2

T.e 1,57<I<191

3anaun
BLI9MCIIMTE HHTErpaIBI:
4 e
1. J'(x3+x)dx. 2. jldx.
2 1 F
x
2 9
s [-& a. J'(3\/§+—1—de
cos” o Jx
0 4
-2 0
5 J' & 6 f &
0 '2—— o T —_———,
Jx +4x-21 VXt +2x+4
-1 6 .
dx x
R s [
_2 5—4x"x2 1 x+3 N
2 0
9, JxZ\M—xzdx. ‘ lo.jxcosxdx.
0 T
OUEHNTD UHTETPANIBL: i
1 2
n & . [ &
_18+x 0 10+ 3cosx
OTBeThI

1.66.2.1.3.1.4.40. 5. —0,2In2. 6. In3. 7. arcsin%. 8. ? 9.7 10. 2.

11. Z-<1<g. 12, £n<1<£n.
9 7 13 7
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§ 5.2. Nnowagb KpuBONUHEHHON (DUrypb! B AeKapTOBbIX
M NONSAPHbLIX KOOpANHaATaxX

Inomans xpHBONMHElHHON Tpameuyn AabB (puc. 5.1), orpaHMYeHHOM
CBepXy rpadukoM KpHBoH y= f(x), cieBa H CIpaBa — COOTBETCTBEHHO
NpSAMBIME X = a, X = b, CHU3Y — 0cbi0 Ox, BEIMHCIAETCS 110 PopMyIte

b b
S=Jf(x)dx Wk s=jydx. (5.13)
Huddepenunan nepemenHoH momanu AaxX (puc. 5.1) pasen
ds = ydx.
yA x M B YA _tfx B,
Yi
A A
y=Ff(x)
B
A, ; 2
YA
> : >
0 a X m b x 0 a b X
Puc. 5.1 Puc. 5.2
Ecnu xpuBas 3anaHa napaMeTpHYECKAMH YPaBHEHUAMH
x=1(0), y=¢ (),
TO
dS=o (1) f'(r)at
"
B
S= J'q;(t) () dt. (5.14)
[+3

[Mnowans kpusonuHeiiHoit purypsr A4, 4,B,B, (puc. 5.2), orpaHuyeH-
HOM CBEpPXY M CHM3Y COOTBETCTBEHHO KPHMBBIMH ¥ = f1(x), ¥, = f,(x),
ClleBa M crnpaBa — NPAMBIME x = a H x = b, onpenensercs dopmynoi

b b
s=[A@-f01d wm S= [0y =) (515
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Inowane kpuBonHHEeltHoM Tpaneunun CcdD (puc. 5.3), nppmexcamen K
ocu Oy, BeIUHCISETCS 110 GopMyJie

d
S=J.(p(y)dy HITH S=dey. (5.16)

y
d D

x=p(y)
c (o] _
0 7 P

Puc. 5.3 Puc. 5.4

Inowane cexropa OAB (puc. 5.4) KpHuBO#, 3aJaHHOM ypaBHCHHEM B
MOJAPHBIX KOOPAHHATAX r =7 (@):

B
S=J.—r2d(p. .17)
I3
Mpumep 1. Onpenenuts IWIOWAkb, OPAHMYEHHYIO JTHHHAMH Xy =6,

x=1, x=e, y=0 (puc. 5.5).

YA A

- N O AN o>
-~ N W A

(o)
—
N
W
BN
2
o

[
-
N
[

=¥

Puec. 5.5 Puc. 5.6
PeweHue. Onpenenss y u3 ypaBHeHHs rumep6ossl xy =6, NOTYIHM
6
y=—. U3 ycnoBus BrITexaer, yto a=1, b= e. [loacraBnas 3HayenHus q, b
X
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6
d — (BeIpaxeHue ;A y) B hopMmyiy (5.13), Haxomum:
x

e

S=J'9abc=6jﬂ=6lnx|“ =6(Ine—In1)=6(1-0)=6.
lx 1 x 1

NMpumep 2. Boraucouts II0IlaAb, OTpaHH4YCHHYIO KpHBOH
y= 6x—x2 ~5 uocso Ox.

PeweHnue. YtoOH omnpemenurs mnpelneibl HHTETPpUPOBaHUA, HaWneM
TOYKY nepecedenns KpuBoit (mapaboisi) ¢ ockio Ox (pHc. 5.6). Pemas cuc-

TeMy y=6x-— x? - S5, y=0, nmomysum x; =1, x, =35, ClenoBaTeILHO,
a=1, b=5.
TaxuMm 006pa3oM, ICKOMasi ITOINaAb paBHa

5 5

S=jydx=_s[(6x—x2—5)¢bc=6jxdx-jx2dx—5jdx=
1 1 1 1 1

215 3| 1
=6 | -1 | —sx|P=3(8-11)-—(5*-1P)-
2 1 3
1 1
_5(5_1)=3.24_1.124_5.4=L6—_!M=
3 3
=2_p02.
303

Mpumep 3. OmpegenuTs  IUIOIAAb, OrpaHW4CHHyIO  napabosoi
y=x2 —5x+6 ¥ KOOpAMHATHBIMH OCAMH (M Npuwieraiolmyio k obeum

ocaM).
Pewenue. Haiinem mpemens: unterpupoBaHus. Tak kak ¢urypa orpa-
HUYeHa cnesa ockio Oy, TO HWKHUM npenen uHrerpupoBanus. a = 0. Kpu-

Bad y=x’ —5x+6 nepecekaer ock Ox B IBYX TOuKax: x; =2, X, =3
(puc. 5.7), cnenoBatensHoO, BepxXHHi mpenen b= 2. Takum obpasom,

2 2 2 2
s=J'(xz-5x+6)dx=jx2dx-5jxdx+6_[dx=
0 0 0 0
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2
_sX
0 2

3

X 2 3 52
3

+6x|§=2—-5-—+6 2=
. 3 7 2

=3 022142
3 33

=¥

1 2 3
Puc. 5.7 Puc. 5.8
n p ] M ep 4. Beruuciute mromans QUIyph, OrpaHHYEHHOM KpHUBOH

y =x3 , mpamMoit y =1 u ockio Oy (pwuc. 5.8).
PeweHnne. Hcxomyo ruomans onpezenum mo tdopmyne (5.16). Iloa-
2

CTaBiAsg B Hee 3Ha9eHus ¢=0, d =1 u Brpaxenne x = y3, noxyuum

2 5!
y3dy = 3

3
SV

wnlw

o‘-—-..—-

0

Npumep 5. Haiitn miowams du-
TYPBI, 3aKIIOYEHHOH MEXIY THHHAMH:
2 .2
y=x7, Yy =x

PeweHue. Pemas COBMECTHO
CHCTEMY ypaBHeHH#t y=1x?, 3’ =1y,
HaxoauM abcrucchl TOYek mepecede-
HHA NIaHHBIX KPHBBIX: X; =0, x, = 1.
CrnenosaresibHo, npenens: UHTErpupo-
Bauma Oyayr: a=0, b=1 (puc. 5.9).
Puc. 5.9 Hckomyio ruiowags BBIYHCISEM 110
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dopmyne (5.15). 3ameTuM BHawane, 4To =«/;, V2 =x? (HOMy4eHO U3

ypaBHeHu# THHMIT).
Takum obpazom,

S=j<y1—yz)dx=j(«/¥—x2)dx=j~/¥dx—jx2dx=
0 0 0 0

fipumep 6. Boruuciurs
1) () 106011 OrpaHHYEHHYIO

napabonofi x = 8y—y2 -7 u

““ “ “““ “"““"““" reenne. fir o

0103\4‘<

N

BaHMA HaiiieM TOYKH mepece-
geHusi KpuBoit ¢ ockro Oy.
Pemas cucreMy YpaBHE-

-~ N W

% mmit x=8y-)’-7, x=0,

ol '
Puc. 5.10 nomywaeM y =1, y,=7

(puc. 5.10). Tlo dopmyne (5.16) Haxomum
7 ; , ;
§= J'(sy_y2 -Ndy= 8Jya&—jy2dJ»—7Id)z=
1 1 1 1
7

—7y|]7=4(49—1)——:1;(343—1)—
1

7
y3

2
=82
2 3

1
-7(7-1)=192-114-42=36.

Npumep 7. Onpenenurs IWUIONAb, OTPAHIMYEHHYIO ORHOMN apxod UMK-

nouns! x = a (¢—sint), y=a (1—cost) 1 ockio Ox (cM. puc. 5.11).

Pewenue. Ilo gpopmyne (5.14) momyqaeM:

2ma 2w 2
S= Jydx: Ja(l—-cost)a(l.—cost)dt=azj(1—2cost+
0 0 0
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2n 2
+cos? t)dt= aZJ.(l—Zcost+l—+czi2t) dt= azj.(%—2cost+
0 0

1 3 2n 2 1 2r -
+5 cos2t) dt= 3 a? I dt—2a* J costdt + " a? f cos2td (2t) =
[)] 0 - 0

I 2 2r
3 . 2 q°
2 ~2a®sint ' . +—4—sm2t

== g% 2
2

= 3ma”.

0

NMpumep 8. Bruuciuts
y IUTOLIaRb, OFPAHHYEHHYIO JIEM-

HHCKaTOH BepHymu

r?=a? €os2¢.

Pewenune. Kpusas cum-
N METPHYHA OTHOCHUTENIBHO KO-

olP q x  OPIMHATHBIX oceif (puc. 5.12),
HO3TOMY IOCTATOYHO OMNpeNe-
JMTh OJHY YETBEPTYIO HCKO-
Pnc. 5.11 MoOi mouiamM no ¢opmyne
(5.17):
z ®
2 a? ¢ a? . 4 a’
a’ cos2pde = TI cos2¢d (2¢) = e sin2¢| = VR
0 0

OB.&IH

1
1o 1
4 2

Takum o6pasom, S=a’. B YaCTHOCTH, NIPH g =2 modyduMm S =4,

3agaun

Boruucute mwiowany GUryp, orpaHHUeHHBIX JIMHUAMH:

1. y=x*—6x+8, y=0. 2. x=4-y* x=0.
3. y=Inx, x=e, y=0. 4. y3=x2,y=1,

5. y2=2px, x2=2py. 6. y=2-x2, y*=x2.

Haittn momamu dburyp, orpaHHdeHHBIX TUHEAMME:
7. x=acos’t, y=asin’t (actpouna).
8. x=acost, y=bsint (3mmmc).
9. Onuum BHTKOM criupanu ApXuMmena r = aQ.
10. x? +y4 =y2.
2H



BpuMCINTL IUIOLIAAH, OTpa-
HUYECHHbIE NeTIeH KPHBOH:

11. y*Qa-x)=x (x—a)*
(cTpodouza).

12. x* +y3 —3axy=0
(mexapToB JIHCT).

OTBeThl
L2232 3144 s —p°
3 3 3
2 3na?
. 5. 6. 2—. 7. 8. nab.
Puc. 5.12 15 3 na

4 4 4-x 3a®
9. §n3a2. 10. —. 11. —Taz. 12. -—2— Vkazanue. [lepexoas K nonsp-

HbIM KOODIUHATAM X = PCOSQ, Y = PSing, nomyqum:

T

3asm €os sin’ @ cos”

_ dasingeosg o j‘ 0cso
sin® p+cos’ ¢ 5 (sin® @ + cos® @)*

Tak xak SinQ =tg®- cos®, TO NOABHTErPANEHOE BHIPHKCHME CBOAMTCA X BULY

tg” ¢d (129) 11

, OTKyZa Cpa3y HaXxoAMTCs meppoobpasHas: ——- .
(1+tg’ )’ 3 1+tg’e

§ 5.3. innHa ayru KpUBOWM

Jlmna nyru kpusoit y = f(x), rae a € x < b, BruucaseTcs Mo GopMy-

Jie
b b
1=J‘,/1+y'2dx wit 1=J‘,/1+[f'(x)]zabc. (5.18)

JUTHHA yr¥ KpUBO#, 3aJaHHOM MTapaMeTpHIECKH
x=@,(), y=0,(1) (11, S151),

omnpexensiercs Gopmynon
) 3
I= J‘\/x,'z +y*dt w 1= I‘[(pfz () + 032 (at. (5.19)
A 1
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Ec/u KpHBas 3aaHa YpaBHEHHEM B TOJAPHBIX KOOpAMHATAX r = r (©)
(@<@sB), To

B
I= J\/r2 +r"2 do. (5.20)
o

2 2
Npumep 1. Haitru mmdy myru actpouns! x3 +y3 =a

win

. Uemy paBHa
2
JUIMHa acTpousl py a=1, a= E?

PeweHune. [lockoaeky acTpoMia
CHMMETPHYHa OTHOCHTENBHO KOODIH-
HaTHBIX ocelt (puc. 5.13), Ham mocra-
TOYHO BLIMHUCIIUTh JUIHHY HYyrH AB n
TIOYYEHHBIH pe3yJbTaT YMHOXHThL Ha
4.

> JduddepeHmpys ¢$yHKuHIO

X 2 2 2

x3 4+ y3 = a3 kak HeABHYIO, OTYyIHUM

1 1 3
Puc. 5.13 %x 3+_23_y Sy =0, =2

Haiinem BbipakeHue Uil MOABIHTErpaibHOM (YHKUMH, BXoAdlleH B
dopmyiy (5.18). UMeeM
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Ilpu a =1 nmomyyaem /=6, npu a=% 1=4.

n p umep 2. BeluMCIUTh UIMHY [y NONYKyGHueckoi mapaGoisi
y 2 = x3, orcekaemoii mpamoit x =5.
PeweHnue. VkazagHasd Ayra COCTOMT K3 JABYX UacTeH, CAMMETPHYHBIX
OTHOCHTENBEHO ocH Ox (cM. puc. 5.8).

BoiaucivM UIMHY OfHOH M3 HuX. Haxols NpoW3BOAHYIO GYHKLUMH

y2 = x> u noxcrasnas ee B popmyay (5.18), momydnm

1 ¢ 3 1Y i
—1=j 1+[——x2] dx=j 142 xdx =
2 2 4
0 0
5 1 15
j dOxde= o 5_[ 4+9x)2d(4+9x)—
0 [}

3 5

1 (4+9x)2 1 o 335
= B @+ 9x) A+ 9x | =—(49-7-4-2)="",
18 3 g7 oMo | =5 ( =7
2 0
18705422
27 T 271

Mpumep 3. Haitrn minHy Qyr¥ OQHOM apKy HUKAOUIABI X = a(t —sint),
y= a(l—cost). _
PeweHue. JIpwKyluasics TOYKa OMNHUCHIBAET OJHY AapKy LHKIOHABI
(puc. 5.11), xorna ¢ mensterca ot 0 go 2n. CnenosatensHo, B dopmyne
(5.19) =0, t, =2x.

HaiineM BEIpakeHHE Ui NONBIHTerpambHOM ¢ynkumu B Qopmyie
(5.19). OuddepeHumpys ypaBHEHHS UKIOU/BI, TOYYHM:

x, = a (1-cost); y; = asint.
Taxum 06pa3oM, ' '
x2+y? =a*(1-2cost + cos’ N+a’sin®t=

= a¥(1—2cost + 1) = 2a2(1- cost) = 4a? sin? -;-

x/2+yl2 = 4(12 smz-L:ZaSln—t' o
v \} 2 2
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IMoacraensas 310 BeIpaxkeHHe B popmyny (5.19), naxonum
2n 2r ' 2n ‘
I= j\/x'2 +ydt= J-Zasin—z- dt= 2ajsin5dt =
0 0 0 :

2r
=—4qg (cosmt— cos0)=

T ot t
=4aJ'sin—-d — |=—-4acos—
° 2 2 24,

=-4a(-1-1)=8a.

WUraxk, [ = 8a. Hanpumep, npu a=% /=4, npu a=1 [=8.

N

o B

0] K NP x & P

£

Puc. 5.15
Puc. 5.14
Mpumep 4. HaifTw mHHy AyrH 3BONLBEHTHI (PAa3BEPTKH) OKPYKHOCTH:
x= =a(tsint+cost), y=a(sint—rcost) or Touku A (t=0) Ko npous-

BONbHOM TOUkH M (1).
Pewenue. Ilo dopmyne (5.19) nomyqaem

t t { 2
at
1= Hx'z +y'tdt= aIJ(tcost)z +(tsing)? dr = aftdt ="
0 0 0

Pa3BepTka okpyxHOCTH H300paXkeHa Ha pHC. 5.14.
Npumep 5. Haiitu mnHy xyru cnimpans ApxuMena » = a@ OT Momoca

O no moboii Touku M (cM. puc. 5.15).
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Pewenune. Ilo opmyne (5.20) nonydaem

9
1= af1/1+(p2 de.
0
Tak kak

J.\/xz +bdx=%|:x1/x2 +b+bln(x+\/x2 +b) ]+C,

TO

¢

9
l=aj\’1+(pzd(p=§[(p (pz+l+ln((p+‘/(p2 +1)]
s 0
l‘ =f21-|:(p (p2+1+1n((p+,/(p2+1J}

D

Mpumep 6. Bprauciauts ANUHY Kpu-
] BOH 7= asin’ + (p

Pewexue. Bcs kpuBasd ONMUCHIBAETCA

TOYKOH HpH M3MeHeHud ¢ ot 0 go 3n

(puc. 5.16).

Puc. 5.16 , .2 )
Tak xak r’ = asin Ecos?, TO Ha

OCHOBaHUM (opmy:si (5.20) HaxomM

3n
l-—'[‘/a sin® —+a sm4£cosz(0d(p a‘[sm 2d(p—
0

3

31:1_(:05.%— 3n 3n
a

.—._-aJ‘ =——J. (p——J‘cos—-—d(p-—
2

0

n 3r
—ﬁ(p __.isin_(p _£3n, l=..3_n_‘i
270, 22 3|, 2 2
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3agaun
Haifru mnuHy myru KpuBoii:

x2

1. y= 7 - 5—, OTCEYEHHOM ochio Ox.
2. y=2\/; or x=0 g0 x=1
3. y= achZ MEeXIy NpAMbIMHA X = ta.
a :

5 3
4. x=§y2 or y=0 10 y=3.

t s t T
5. x=e sint, y=e cost or t=0 50 t=5.

BrrauciuTs 1Hy Beelf KpHBOA:
6. x=acost, y=asint.

7. x=a(2cost~cos2t), y=a(2sint—sin2s).
2 2

8. x=£—cos3t, y=%sin3t (c2 =q? —bz).
a

9. r=a(l+cos®).

10. HaifTu JUTHHy TIeT/ M KpHBOH: x =2, y= t—% 2.

11. BoIYHCTATD IMHY Jyr¥ runepOonHYecKoit ClHpaiy r@ =1 oT Toy-
Ku A (2, %) no B (%, 2).

12. Haiitu mmuHy Kyru norapudmuueckoit cnupain r = ae® (puc. 5.17)
HaxOJAINEHCA BHYTPH Kpyra paguyca * = a.

OTBeThI
C0/ - 1. 2«/§+ln(2+w/§). VkazaHue.
P J. V1+x?dx suumcmercs HHTErpupoBa-

HHEM 110 4acTaMm (cM. mpumep 6, § 9.4).

2. 2+ln(1+«/§). Vkazanue. [lpu

Puc. 5.17 Jlorapudmmueckas 1 1+
cr[]/[paj[], BBIYHUCJICHHM HHTErpana J. npuMe-
X
0

r = aek®

HHUTh HOJCTAHOBKY x=sh’1.
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3. 2ash1=235a. 4.9 é— Vkaszanue. JuHa  JOyrH  Kpupoi

d n
x = @ (y) Boraucnsercs 1o gopmyne = J.\/1+ x2dy. s. NG (ez - 1]. Kpusas
c

Ha3bIBaeTCH Aozapugmutecxko cnupanvio (puc. 5.17), ee ypaBHEHHE B MOIAPHEIX

343
i(—a—#. 9.84. 10. 44/3. Vka-
a.

xoopausarax: r=e®. 6.2na. 7.16a. 8.

1
3anue. [lpenesnsl MHTErPUPOBAHUSA OMPEACIAIOTCS H3 YPABHCHUA t—-g £=0.
12. a«/i .

§ 5.4. O6bem Tena BpaueHus

O61beM Tena, MOMYYESHHOTO BpaIeHHeM BOKPYT ocH Ox KpHBOJIMHEHHONA
tpaneuuu AabB (puc. 5.18), rae AB — myra KpuBo# y = f(x), BBIUMCIACTCH
o ¢opmyne

\

b b
v, = nj yidx wm V, = nj 2(x) . (5.21)

a a

YA

B
A
ol a\ b >~
Puc. 5.18 Puc. 5.19

O61eM TeJta, MONYYEHHOTO BpatleHreM BOKPYT 0CH Oy KpPHBOJIMHEHHOMH
tpanemuu CcdD (puc. 5.19), rae CD — gyra kpuBo#t x =@ (y), ompenens-

eTcA o popMmyIie
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d d
v, = nszdy wm V, = n_[ o> (y) dy. (5.22)
c c
Npuwmep 1. Haitrin o6bem Tena, MOMYy4eHHOTO BpallleHHEM BOKPYT OCH
Ox KpHBONMHEHHON Tpanemyu, orpaHHYeHHON napabooi y2 =2x, nps-
Moit x =3 ¥ ochio Ox. '
PeweHune. B cooTBeTCTBUM ¢ YCIOBHEM 3alayd OmNpelesseM Mpemelinl
HHTerpupoBanma a =0, b=3 (puc. 5.20).

[To dopmyre (5.21) Haxoamm

3 3
2 2|3
Vx=1'cjy dx=nJ.2xdx=1rx IO:
0 0

<Y
3 )

Puc. 5.20 Puc. 5.21

Mpumep 2. Beiuucautk 06beM Tena, MOJYYEHHOTO BpALIEHHEM BOKPYT
ocu Ox KPUBONMHEHHOH TpameuwH, orpaHuueHHoN rumepbonoil xy =4,
OpAMEIME x =1, x =4 u ocbio Ox (puc. 5.21).

PeweHne. U3z ycnoBua BeiTekaer, 4uTo a=1, b=4. H3 ypasHeHus

. 4 ;2 16
KpHBOM xy =4 HAaXoIuM y=—, OTKyfa y~ = —. CrenoBaresHo,
x x

4

4
%16 dx 1
_njyzdx = =161t"‘;—i—=-—161t;1

1

'=--‘16'1:'(‘—1"¥ 1); 2r.
reatyE

NMpumep 3. Haiith o6peM Tena, NOMyYEHHOr'O BpaUIEHHEM BOKDYT OCH
Oy XpHBONHMHEIHOI TpaneLyH, orpaHUYeHHON runep6onoi
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2 2
= =1
a

<

W IpAMBIMH Yy = +2b.

PeweHue. Hckomslii o6beM onpeneisem no dpopmyne (5.22). U3 ycno-
BMS, YTO MpeleNbl BHITEKAET MHTErpHpoBaHus Oymyr: c=-2b, d=2b.

BhipaxeHHe 1A x>, BXONAIIee B 3Ty GOpMyITy, ONpeleNsierTcs u3 ypaBHe-
HUA rUTIep6oILL:

IMoacTapda 3T BeipaxkeHus B GopMyiry (5.22), nomydaeM

d . 2
dey nj ( )dy na fdy+ J.ydy—

-2b —2b -2b

2b

2 42 a y = ad’[2h—(—
=Ta y|_2b n——b2 3 Zb—-ﬂa[2b (=25 ]+
2
+—’3‘Zz [(26)° - (-2b)*]=~a’ 4b+ % na’b= 33§ na’bh, V = 2—38 na’h,

MNMpumep 4. BeraucinuTh 00beM Tella, NOTYYEHHOrO BPALIEHUEM IUIHII-

ca

x_ J’__

a* b2
Bokpyr ocu Oy. (Temo 3T10
Ha3bIBaETCA INUNCOUOOM

apawjenus, puc. 5.22.)
PeweHne. Tak kax B AaH-
HOM ciyyae ¢c=—b, d=b,

2
2_ 2 Yy
Puc. 5.22 X =a ( ‘—)’

To no dopmyne (5.22) onpenenieM
b

v, =nja2[l—{-;]dy=na2j.ajz—nz—§jy2dy=
b b

-b
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b
2 b na2 3 2 1ta2 3 3
b4 Ilve ) b-(-b)] 35 6" -(=5)]

b
2 4

=2na’b- ? na’b= ; na’b.

4
Hrak, V = % na’h. Ilpu a= b= R nomydaem V = -3— nR3 — 06meM mapa.
Mpumep 5. Halttu obbeM Tena, MONyYeHHOro BpallleHWEM ONHOW apKu
LMKIOUABI
x=a (t-sinf), y=a (1-cost)
BOKPYT ocH Ox.
PeweHue. JIBHXymascs TOYKAa ONHCHIBAET ONHY apKy LMKIOHIBI, KO-

raa f mensetrcs ot 0 1o 2w (cm. puc. 5.11), npn 3ToM x u3mMeHsiercs ot 0 no
2na. Tak xak x = a (¢ —sin¢), TO :

dx=a (t—sint)’dt = a (1-cost) dt.
CrenoBaresbHO,
2na 2x
Vi=mn J.yzdx = n'[az(l— cost)’a (1=cost) dt =
0 0

2r 2n
= 7ta3j(1—- cost)’ dt = M3J(1— 3cost+3cos’ t—cos’ £) dt =
0 0

2
=na’ j[l— 3cost+3 (IHT"SZ’)— (1-sin’7) cost] dt=
0

2n 5 2x 3 2r 2n
= na> J' S di- 4J' costdr + j cos2ed (20)+ j sin? td (sinr) } =
0 0 0 0

by 2n

2
+

0

.3
=na’ 2t sin” f =na3-—§~2n.
2 2

. g2 3 .,
—4sint I O" +Z sin2¢

0
Takum oOpazomM,
V=514,
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3apaun
Beraucnuts 00beM Tena, nonyqem{oro BpalleHHeM BOKpYr ocu Ox
KPHMBOJIMHEHHOM TPanenuy, OTPaHHYEHHOH JTHHUAME:

1. 2% =x, x=4. 2. y?=2px, x=p.

3. y=sinx (onuoit nomyBonHoH), y=0.

4. y2+x4=x2. 5, y=ach£, x=%*a, y=0.
a

6. x2—y2=a2, x=1%2a. 7. x=acost, y=bsint.

8. x=1°, y=t2, x==%1
BBIUMCINTL 06BEM Tena, MONYYEHHOrO BpamleHHeM BOKpYr ocu Oy
KPHBOJNHMHENHOM TPaneuH, OrPaHHICHHON IWHISIMA:

9. y}=4x?, y=2. 10. x2 +y% =
11. x2+y2=a2.
13. ) =4-x. 14. y=x3, x=0, y=8.
15. x=a(t—sin¢t), y=a(t—cost). 16. x=t, y=t2, y=4.
OTBeThI

. 3, —. 4, —. Ykasanwue. IIpesensl WHTCrpHPOBAHHUS

a=-1, b=1 wHaxomarcs 3 ypaBHEHMA KpHBOH y2 = x2(1 - xz).

2 3
5, na3(5h2x+1]. 6. 8"3“ A 8 % o 10 X0, %na3.

3 17 15

32ma’ 2512, 19.21. 15. 6na>. 16. 81,
105 15

§ 5.5. Npunoxexnun onpeAeneHHbIX UHTErpanos
K peleH!Io NPoCcTeAlnX (hu3nyeckux anay

1. Ecnu To4ka ABWKETCA IO HEKOTOpoH KpHBoOi U aGcomorHas Beny-
YHHA CKOPOCTH €€ V= f(f) €CTh H3BECTHas (YHKIHS BPEMEHH I, TO MyTs,

TpolineHHbIH TOYKOM 32 IPOMEXYTOK BpeMeHH [a, b], paBeH

b
S= J' f@)dt. (5.23)

2. PaGora nepemenHo#l CHibl X = F (x), NeHcTBylOleH B Hanpasie-
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HHuM ocu Ox, Ha oTpe3ke [a, b] onpenensercsa ¢hopmynoit

b
A= j F (x) dx. (5.24)

3. Cwia paBneHus P )KMAKOCTH YACNBHOTO BeCa Y Ha BEPTHKAIBHYIO
TUTACTHHKY, [IOrPY>KEHHYIO B )KUAKOCTB, BEIUHCIIETCA 0. popMyJie

P=y J‘ xyd, (5.25)
a
rae y = f(x) — usBecTHas $yHKUUS, 3aBUCALIAA OT GOPMBI IUIACTHHKM.
NMpumep 1. CxkOpocTb TOUKH V = 0,1 mfcex. Haiftu oyTh s, npoiineH-
HbIH TOYKO# 32 TpomexyTok BpeMeHH 7 = 10 cex, MpOTeKIMi OT Hauaga

aewkeHnsd. YeMy paBHa CpeAHAsd CKOPOCTh ABIKEHHSA TOYKH 3a ITOT MPO-
MEXYTOK?
Pewenune. Ilo ¢popmyne (5.23) nomyyaem
10
=250 m.

10 t4
5= J.O,ltsdt =011
) 4

CrnenoBartenbHO,

Npumep 2. Kakyio paboTy Hy)XHO 3aTpaTHTb, YTOOBI PAcTAHYTbL HpY-
xuHy Ha 0,06 M, ecni cuna 1 # pactarueaeT ee Ha 0,01 m?
PeweHue. CorynacHo 3akoHy ['yka, cuna X », pacTAruBaionias npysku-
Hy Ha x M, paBHa X = kx, rae k— k03 dUIMEHT NPONOPLUHOHATIBHOCTH.
Ilonaras x=00lm u X=1n, nomyuum k=100, clieaoBaTeNLHO,
X = kx =100x. UckoMylo pabory onpenesaeM 1o gopmyste (5.24):
0,06
5] 0,06
= [100xdx =507 ™ = 0,18 (0ac).
0

NMpumep 3. Beuucnurs cuity AaBieHNs P BOIbI Ha MOTPYXEHHYIO B Hee
BEPTHKANBHO MNACTUHKY, MMeomyio ¢opMmy Tpeyronsunka ABC ¢ ocHOBa-
HueM AC =05 u Beicorol BD=h, npennonaras, 4to BepurdHa B 3toro
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TpeYro/IbHUKA JEXHT Ha CBOGOIHOM MOBEPXHOCTH XMAKOCTH, @ OCHOBAHHE
AC napannensHo efi (puc. 5.23).

Pewenue. Ilycts MN —mupHHa
0 , B y
——» IUIACTHHKH Ha ypoBHe BE=x. U3
nonobus  TpeyronbHukoB MBN M
ABC naxoauMm
M E N
MN BE y x
=— WM —-=-—,
A c "AC  BD b h
D oTcioa
Xy B
Puc. 5.23 g
ne. > Ha ocHoBanmu dopmyms (5.25) mo-
JIyyaeM
h h 3|k 3 3
P=ij—b—{ =Y—bJ‘x2ﬁ=lb-.Lx— =£.__=lbi.
A h h o h 3 h 3 3

H3BecTHO, YTO BEC KyOHIECKOTO Me'rpaABozu,l paseH 1000 xz. Caenosaresib-
HO, ecntdi b M h BepakeHsl B Merpax, To Y= 9,80665- 10°0 u

2
P = 9,80665-10° bg’

Hanpumep, ecnu b=6m 1 h=2m, T0 P=784532n.

3agaun
1. CkopocTs Tejia, GPOIIEHHOTO BEPTHKAJILHO BBEPX C HAYaIbHOH CKO-
pOCTHIO V), 6€3 yueTa CONpPOTUBIIEHHS BO3AyXa ONPECIAETCA 110 tdopmyne

._g-t,

Ile ¢— MpoTeKIee BPeMs; g — yCKOpeHHe CHilbl TsokecTd. Ha kakom pac-
CTOSHUM OT HAYANBHOTO MOJNIOKEHUs OYNEeT HAXOMHTLCA TENO Yepe3 ! cek

nocne 6pocka?

2, CxopocTb OBHXEHHA TOYKH V= 1e= 00U

Mm[cex. Haiiti myTsb, NpoM-
JEHHBIH TOUKOM OT Ha4ajia ABIXEHHUS [0 NOJHOH OCTaHOBKHU.
3. Paxetnbiii CHapsaa MOJHMMAETCA BEPTHKAIBHO BBEPX. Cuurtas, 4To

npu MOCTOAHHON CHJIE TATH YCKOPECHHME DaKeTbl 32 CYE€T YMEHLIICHHA €€

A . .
Beca pacTeT 1o 3aKoHy y = (a—bt > 0), HailTh CKOpPOCTb B JI00OH
a —

MOMEHT BPEMEHH !, €C/IH HayalbHasd CKOPOCTh paBHa Hymo. Haiiti Takxe
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BBICOTY, AOCTUTHYTYIO PAaKeTOH K MOMEHTY BPEMEHH ! =1,.

4. BoLIYMCIHTL paGoTy, KOTOPYIO HYXKHO 3aTpaTHTh, YTOOH BBIKAYATH
BOIy M3 BEPTHKANBHOM LMIMHAPHYECKOH 60uKH, HMEIOIEN PalHyC OCHO-
BaHHA R U BeICOTY H.

5. Kakyio paboTy HyXHO 3aTpaTuTh, YT0ObI TEXO MACCH 77 MONHATH C
TIOBEPXHOCTH 3€EMJIM paduyca R Ha BLICOTY A?

6. BLruciuTh KMHETHYECKYIO SHEPIHIO TMCKa Macchl M H pammyca R,
BpPAIAIOIIErOCs ¢ YIJIOBOM CKOPOCTBIO () OKOJNIO OCH, MpOXOIdiieii yepes
€ro LEHTP NEPIEHNKYIIIPHO K €ro IUIOCKOCTH.

7. Kakyio paboTy Hajlo 3aTpaTHTh, YTOOBI OCTAHOBHUTDH JKEJE3HbIN map
pamuyca R=2m, Bpamalouics C YDJIOBOM CKOPOCTBIO =

1
=%n pad/cex BOKpYr cBoero nuameTpa (YHenbHBIA Bec xenesa y-=

=78-10° Ke/M3)? ;
8. BeprukaibHas INIOTHHA HMeeT GOpMY TpaneEn. BoauciuTs cuimy

JABJIEHAA BOABI Ha IJIOTHHY, €CJIA M3BECTHO, YTO BEpPXHEE OCHOBaHHE IUIO-
THHB a=80Mm, HWKHee ocHOoBaHMe b=50m, a BHICOTA IIIOTHHBI

h=20nm.

9. Haiitu cuity JaBiAeHNA XKUIKOCTH, YIEJIBHBIH Bec KOTOpPOIf Y, Ha Bep-
THUKAIBHEIA JIUTHIC C OCAMH 2a U 2b, LEHTP KOTOPOro NOTPYKEH B KHA-
KOCTb Ha YPOBEHb A, pHYEM Gobilasg och 2a JIUTHICA ‘AapalieibHa ypoB-
HIO XKUAKOCTH (A2 b).

OTtBeThI

a
a-bt

2

t

1. vot—g—~. 2. 5=10*m. 3.v=—41n(
2. b

A
). h=b—2[bt1 —(a~-

a
-b)iIn—— | 4. A=ZYRH? yxaszanne. OnemeHTapHas cHnia
(cuma TsxecTH) paBHa Becy BOABl B o0BeME ClOS TONIIMHOR dx, T.e.
dF = wyR%dx, rie Y- Bec enuuuuEr 06BeMa BoAEL. CleA0BaTENEHO, 3J/eMEHTapHast
mgh
pabora cuisl dA = 'YltR2 (H~x) dx, rae x—yposens Bomnt. 5. A =—gh. Cu-

14—
2

m
na, AeHcTByIOIAT Ha TENO Maccsl m, paBHa F = k—T, A€ ¥ — PacCTOSAHUE OT
r

ueHTpa 3emin. Tak kak npu 7= R umeem F=mg, 10 kM= ng. Hckomas

8 3ak. 1203 225



ke 11 o1
Pa6crra6yne'rA jk—dr km M(—— ) e 6.ZMR2032.

h
R R+h) 7
mv:  prim’
Pemeunne. Kumerwdeckas sHeprus uactuupl aumcka dk = > = 2 do,

rie © — JEMEHT IUIOLIAAH; ' — PacCTOARHUC €ro OT OCH Bpaulll€HHs; P — MOBEPXHOCT-
2

©
rldo. Orciona

Has TioTHOCTh, P=——. Takum oGpasom, dk =
R 2

Mo?®

_ 3d _ MR’ M
R { '

7. k=?R2co2 =225-10° doc. Vkaza-

Hue. Konmuectso neobxoauMoi paboTEl paBHO 3anacy KMHETHHECKOH JHEPTHHM.

2
8. P= (a+2b)h

= 117679,8-10°1. 9. p= abynh.
§ 5.6. HecoGcTBEHHbIEe UHTErpanb!

Hrrerpaisl ¢ 66CKOHEYHBIMH TIPE/ielaMi M MHTETPaJILl OT HCOTpaHu-
yeHHBIX QYHKUHMI Ha3bIBAIOTCA HECOBCMEEHHbIMU UHMEZpanami.
Humezpane: ¢ 6eckoneunvimu npedenamu. [1o onpenenennio nmeeM

+oo b
jf00¢=bgijf@ﬁh=Aﬂ;ﬁ%w-ﬁlﬂL (5.26)

rae
F/(x)= ().

Ecnu cymecTByeT KOHEUHbI IpejieNt B MPaBoii YaCTH paBeHCTBa (5.26),
TO HeCOOCTBEHHEBIN MHTErpall Ha3biBaeTCa CXOOAUWUMCS, B IPOTUBHOM CITy-
Yyae — pacxo0AUUMCS.
+oo

Ecnu I f(x) |S ¢ (x) u uHTErpan j(p (x) dx cxopurcs, TO U UHTETpaJl
a

(5.26) Taxke CXODUTCS (NPUSHAK CPABHEHUS).
AHaNOTH4YHO ONpEENAOTCA: .

b b
jf (x)dx= al_ingf (x) dx; (5.27)
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+oo c b
f fx)yds= tim j £ x) di+ lim j £(x) dx. (5.28)

Humezpanvt om neozpanuyennvix ¢ynuxyuti. Ecnu dynxkumsa f(x) He
OrpaHHYEHa B JII060M OKPECTHOCTH TOYKH ¢ OTpe3ka [a,b] u HelpephiBHA
npu a<x<c¢ H c<x< b, TO N0 ONPEAEHEHHIO KMEEM

J' £ (6) e = lim j S () de+ lim J' f(x) dx, (5.29)

C+T]

rie € ¥ T U3MEHAIOTCA HEe3aBHCHMO APYr OT Apyra. B caydae c=5b wim
¢ = a nony4aem

b-¢
jf(x) dx = hm If(x) dx (5.30)
I
j £ (x) dx = lim j fx) dx. (5.31)

a+£

HecobcrBennblif HaTErpant (5.29) Ha3sIBaeTCA cxo0syumcs WA pacxo-
OAwyumca B 3aBHCHMOCTH OT TOTO, CYIIECTBYHOT KM HET ONPENENHIONIHE
ero mpefeibl COOTBETCTBYIOIIHX ONpefesieHHbIX (COGCTBEHHBIX) MHTErpa-
JIOB.

Ecnu cymecTsyer HenpepsiBHasA Ha [a,b] ¢yHkuma F (x) Takas, 4ro

F'(x)= f(x) mpu x# ¢, TO

b
j f(x)dx=F (b)- F (a). (532)

+ oo

Mpumep 1. [Tokaszarh, 4TO HeCOOCTBEHHBIN HHTErpal j cXo-

1+x°

IMTCH.
PeweHune. Ilo ompeneneHmo

oo

: b
J‘ dx . J' dx
= lim g
) 1+ x° b—>+ee01+x2
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Tak kak
b

, dx

lim 5= lim arctgx | 0=
b—+eo 0 1+x b—>+oo
= lim (arctgh— arcth) =—-0=—
bo+oo 2

TO UHTETPAN CXOAUTCA.

NMpumep 2. [lokasars, HTO HECOOCTBEHHBIE  HHTErpajibl xdx,

© Sy

“+ oo

jsinxdx pacxomaarcs.
0
PeweHnue. Takkak

+oo b 2 b
x 1
xdx= lim | xdx= lim —}| =7 lim b% = +oo,
hb—o4eo b+ 2 2 b +oo
[i 0
TO MHTErpajl pACXOIUTCSI.
PaccMOTpHM BTOPO# HHTETpal:

+o0 b b
jsinxdx: lim jsmxdx = lim (-cosx)| =- lim (cosb).
5 b—+oo 0 b—>+oo 0 b—>+eo

Tak Kak blim cosh He CymIeCTBYeET, TO HHTErpan pacXoIuTcs.
—>+o0

Mpumep 3. Hccnemosats Ha CXOOUMOCTD HecoOCTBEHHBIN MHTErpall
+eo &
[ % @=-0.
X
1
Pewenune. Iloonpenenennto

Heo —a+l |?

dx i J‘ dx " x
—= lim |—= lim
4 x% bt 4 X% p4e —O+1

b~a+l 1
= lim - .
bo+e| —0+1 —0+1
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Cymecmonaﬂne MMOCNCAHETO npeaeia 3aBUCUT OT BCIIHYHHBI OL.

Ecan o> 1, 10
b—a+1 1 1
lim - = s
boteo| —O+1 —0+1 o—1

HMHTETpasi CXOAUTCH.
Eciu o<1, TO

b'—a+l 1
lim - = + oo,
botee |l —O0+]1 —0+1

HHTErpail paCXOOHTCA.
IIpu o =1 unTerpan Taxxe pacxoamnrcs, uéo

+oo b
dx . .
—= lim Inx

X

= lim (Inb—Inl)=+-ce.

b+

bt

Npumep 4. C noMouisio Npu3HAaKa CPaBHEHHA I0KA3aTh, YTO HHTErpail

]" dx

——=——= CXOJHNTCA.

1 Vi+x

Pewenune. IIpeoGpasyeM NOABIHTETPaANbHYIO (HYHKIHIO!
1 1 1

1/l+x4 - af 1 - 2J 1
x| —+1 x° 14+
Ger) =

Tax kak npyu x— oo

1 1
2 1 xz
X 1"'x—4 '

o0
1
H J.—de cxomutcs (cM. mpuMep 3), TO Ha OCHOBaHUH NPHU3HAKa CpaBHE-
X
HUS 3aKJII04aeM, 4TO MHTETpal

TaKOKe CXORUTCS.
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NMpumep §. Hccrenosats Ha CXOMMMOCTh HeCOOCTBEHHBLI HHTErpal

d

PeweHue. JT10 HHTErpan oT HEOTPaHHIECHHOM ¢$yHKIMN
(noxpiHTerpaibHas QyHKUMS He OmpejeNeHa B Toukax x; =-—1, x, =1,

mpu x——1 1 x— 1 GyHKIYA HEOTPAHHYEHHO BO3PACTAET).
Tlo onpeneneHunio HMeeM

T
JJI 2 le- Jﬁ

T
j =t lim j ==
E_)0—1+£ ’ £—0 0 h_xz

1-¢

+ lim arcsinx
£—0

= lim arcsinx
€0

—l+e

hm [—arcsin (—1+€) ]+ hm [arcsin (1—¢) ]=

n T

2 2
Npumep 6. MccneposaTs, npu kKakux 3HadeHusx o >0 cxonurca He-

coOCTBEHHBIIT HHTETPA J‘(;d—x—? (b> a).
X

-a)

Pewenne. Ecmu o # 1, To uHTErpan

j _L=_l_[(b_a)l—(x _el—a]
a+£(x—a)a I-a ’

1 -
nmpA €—0 MMEET NMpEJesOM oo WIH KOHEYHOE YHCIIO (b—a)' -
-

3aBMCHMOCTH OT TOTO, Oymer i o> 1 wnH o< 1.
Ecm a=1, 10
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b
dex =[In (b—a)—Ing] > (mpue—>0).
-a

CnenoBaTenbHO, AaHHBIN MHTErPasl CXOOMTCA NpH ¢ < 1.

8
: dx
Mpuwmep 7. I[lokasaTh, 4T0 HHTErpan I——— CXOIHUTCS.
'

PeweHue. TlomsmrerpanbHad QyHKUHA He OrpaHHuCHa B M060H okpe-
CTHOCTH TOYKH x =0 ¥ HenmpepsiBHa pH —1<x <0, 0<x<8.
) :

Tak xak nepBooGpasHas GyHkuns 5 x3 HenpepsiBHa B TOuke x =0, TO

Ha ocHoBaHHH GopMy:sl (5.32) nomydaem
2

8 8
«, J & 33 2
_l;,d-x— = 2 X l = 2 .
3agauu 4
HccenenoBaTh Ha CXOMUMOCTh HECOOCTBEHHbIE MHTErPaJIbL:
1. J. d 5 2 jlz sin 1 dx
i 1+x 5 X x
=
oo b
dx
3. jcosxdx. 4. I = (b>a,A>0).
! (b-x)
a
2 1 2
5. _[22’“1". 6. [mxas. 7. | ‘11" :
x4 0 p XX
OTBernl

1. m. 2. 1. 3. Pacxoautcs. 5. Pacxoautcs. 6. —1. 7. Pacxomurcs.
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Pa3sden IV.

JughgpeperyuarnbHoe ucqucneHue
| PyHKUUU HECKOMBKUX 1ePeMEHHbIX

naea 6.
DYHKLUMM HECKOSLKUX NepeMeHHbIX

IepeMenHas BEIMUHHA Z HA3BIBAETCA QYHKYUEHU 08YX NEPEMEHNBIX BE-
JIMUMH X U Y, €C/TA KXKIO0H nape AOTYCTUMBIX 3HAUYCHHHA X U y COOTBETCTBY-
eT eJMHCTBEHHOe 3HaueHue z. OyHKUMA HBYX NEPEMEHHBIX 0003HAaYaeTCH
OJIHHM U3 CHMBOJIOB:

z= f(x, ), z=@(x,y), z= F(x,y), z=z(x,y) # T. IL

CucreMy 3Ha4YeHHI x U y HA3bIBAIOT TOUKO# »M (x,y), a QyHKIHIO OBYX
nepemMeHHBIX — GyHkume Touku z= f(M).

TeomeTpudecKuM H300paxeHHeM QYHKIMH ABYX NEPEMEHHbIX SBIACT-

€% HEKOTOpas. IOBEPXHOCTH B IIPOCTPAHCTBE.
3uagenne Gynkmm z= f(x,y) npu x=a, y=>b o6Go3HauaeTcs Yepe3

f(a,b).
l'IepeMeHHasl BEJIHYWHA u HA3bIBACTCS Q)ynxuneﬁ Tpex NEPEMEHHBIX BE-

JMYHH X, Y, Z, €CIIH KOKAOH Tpoiike 3Ha4YeHHi X, Y, Z COOTBETCTBYET € AUHCT-
BeHHOe 3Hauenpe u. O003HAYECHHE:

u=f(x,y,2z), u=¢(x,y,z) 4 T. IL.
Oyuxkouio u= f(x,y,z) Ha3pBalOT (yHKUKEH TOYKH u= f(M), rtne
M(x,y,z).
AHAIOrW4HO ornpenensercs GyHKUMA n HEPEeMEHHbIX X, Y, Z,..., [
u=f(x,y,2,...,t).

COBOKYNHOCTH 3HaueHUH X, Y, 2,05t Ha3bIBaETCA TOYKOM
M(x,y,z,...,t) n-MEPHOro NMPOCTPAHCTBA, a (QYHKUKUA 1 NEPEMCHHBIX —
¢yuxumeit Touku u= f(M).

§ 6.1. O6nacTb onpeaeneHus byHKUUN ABYX U TPEX
nepeMeHHbIX. YacTHOe M nonHoe npupaieHue

COBOKYIHOCTh BCEX TOYEK, B KOTOPHIX ONpe/esieHa QyHKIUA HECKOTb-
KHX NEPEMEHHBIX, HA3LIBAETCA 06NIACMbIO CYWeCmEO8anUs WK 061acmbio
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onpedenerusn GyHKUMH.

JUta GyHKUMY IBYX MEepeMeHHBIX 00IaCThIO OIpeNieNieHHs ABJAETCA He-
KOTOpasi YacTh KOOPAMHATHOM TUIOCKOCTH, OTpaHHYeHHas OIHOH WM He-
CKONBKUMHM JIHHUAMM (WJIM BCS IUIOCKOCTB), MU (YHKIMH Tpex MepeMeH-
HBIX — YacCTh MPOCTPAHCTBA (WM BCE NPOCTPAHCTRO).

YacTHsle NpHpalleHys PyHKIMM z = f(x, y) onpeaessoTcd GopMynaMH:

Az=fx+Ax,y)= f (o) 6.1)
Ayz=f(x,y+Ay)- f(x, ) 6.2)
IMonuoe npnpamenué bynkuum z= f(x,y):

| Az = f(x+Ax, y+48y) - f(x,) . (6.3)
YacTHble npHpaieHus GyHKINMM u = f(x, y, z) onpenernsorcs popMyaMH:
A u= f(x+Ax,y,2)~ f(x,¥,2); (6.4)
Ayu=f(x,y+Ayaz)_f(xay’z); (65)
Au=f(x,y,z+Az)— f(x,y,2). (6.6)

IMonHoe npupawmenue GyHkumn ¥ = f(x, y, z):
‘ Au= f(x+Ax, y+ Ay, z+ Az)— f(x,y, 2). 6.7)

AHAJIOTHYHO ONPEREIAIOTCSA YacTHbIe MpUpalleHud (QyHKLMH n nepe-
MeHHBIX. Hanpumep,

Axu=f(x+Ax,y,z,...,t)—f(x,y,z,...,t). (6.8)
INonHoe npupaiieHne QyHKIMU /1 IEPpEMEHHBIX:
Au= f(x+Mx, y+ Ay, z+ Az, ..., t+ At)— f(x,¥,2,...,0). (6.9)

Mpumep 1. Haiitn obnacts onpenenenus pyHkimu z = Ax+ By
Pewexnune. DOyHKuua ABYX NepeMeHHbIX z= Ax+ By onpepeneHa mpu
BceX x M y. CieoBaTeNbHO, ee 00acTbio CymecTBOBaHUA OyXeT BCs IUIOC-
kocte Oxy. (I'eomerpmuecknm u3oOpakeHueM 3Toil (pyHKUMM sBIsETCH
TUIOCKOCTB B MMPOCTPAHCTBE.)

Npumep 2. Haiitu o6nacTs onpeneneHus GyHKIMI x+ y2 +z2 =9,
PeweHnne. PaspemuB 3T0 ypaBHeHHE OTHOCHTENBHO Z, TMONYYUM JBE

yHxIMH
z=i1/9—x2 —y2.
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®YHKUMM ONpefieNIeHs], KOTAa MOAKOPEHHOe BHIPAXEHHE HEOTpHLE@-
TENBHO, T. €.

9—x2-y? 20 wm x?+y?<9.

TMocneHEMY HEPABEHCTBY YHOBJICTBOPAIOT KOOPAMHATHI BCEX TOYEK,
NieXalyX BHYTPH M Ha IpaHule Kpyra paadyca R=3 ¢ LEHTPOM B Havaje
xoopauHat. Takum 06pa3’oM, oONacThio CYLIECTBOBAHMS ITHX byrxumit
Gynet kpyr paguyca R=3. (Camu dyHkimu u3obpaxaroT chepy paauyca
R =3 ¢ UeHTpOM B Hayajle KOOP/IHHAT.)

NMpuwmep 3. Haiitn o61acTs onpeneneHus GyHKUUY z = ,/;y— .
Pewenune. JlanHad (yHKOMs ONpefielicHa, KOTAa MOJKOPCHHOE BbIpa-
KEHHE HEOTPMUATENEHO, T.€. xy20. DTO BO3MOXHO B JBYX ClIydasx:
1) x20, y20; 2) x<0, y<0. llepeoMy YCIJIOBHIO YAOBJIETBOPSAIOT KO-
OpIMHATHI BCEX TOYEK, JeXKalMX B MEPBOH 4eTBEPTH M HA KOOPAMHATHBIX
OCAX, BTOPOMY — KOOPAMHATBI TOUEK, JIOXKAIIUMX B TPEThel YETBEPTH H Ha
KOOPAMHATHEIX  oCsix.  CllenoBaTeNbHO,  00JacTh  ONpENeNeHHs —
COBOKYIHOCTb TOYEK, PACIOJOKECHHBIX B IIEPBOM M TPETHEM KOOpAUHAT-
HBIX YIJIaX H Ha KOODJMHATHBIX OCAX.

Mpumep 4. Haiith o6nacTh CymecTBOBAHUA QyHKIHH

1

=

PeweHne. OyHkuus onpelcieHa, Korja MNOAKOPEHHOE BBIPAXEHHE
HOJIOXKUTENLHO (B OTIAMYHE OT MpEIbIAyLIero ApUMepa PaBEHCTBO HYIHO
3J€Ch UCKIIIOYAETCA), T. €.

-

9-x2—y?>0 wm x2+y* <09

TMocneqHEMY HEPaBEeHCTBY YAOBIECTBOPSIOT TOUKH, JIXKAIIHE BHYTPH
Kpyra panuyca R =3 (rpaHHYHBIE TOUKH MCKMo4aroTCA). OGnacTh onpene-
JieHYA (YHKIHH — COBOKYNHOCTH TOYEK, JISKAUIUX BHYTPH prra paauyca
R =13 c ueHTpOM B Hayaje KOOpAHHAT.

Mpuwmep 5. Onpeaenuts NpHpanieBus QyHKUMM z=Xxy, KOr#a x 4y
uIMeHsIOTCA OT ToukH My(1,2) mo Touex: M (11;2), M,(1;19),
My(11;2,2).
Pewenwne.

1. Ipu usMeHeHun x U y OT ToukH M;(1,2) Ao TOHKHM M,(1,1;2)
TIpUpaIlCHHe NOTy4aeT TOMbKO apryMeHT X, mpuuem Ax=L1-1= 0,1. Ya-
CTHOE TpHpalenue QYHKLIMH 110 x onpeaenutcs Gopmyioi (6.1):
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A z=(x+Ax) y—xy=xy+ Axy — xy = yAx,

Az=yAx, A,z=2-01=02.
2. Korﬁa x 1y MeHsored oT Toukn My(1,2) mo toukm M,(1;1,9)
MPHpALLEHHUE TOMYyYaeT IUINb APIYMEHT y, IpuueM Ay =19-2=-0,1.
YactHoe mpHpameHne QYHKIUM [0 Y BBIYHUCIAETCS C MOMOIIBIO (op-
MyJsl (6.2):
Ayz=x(y+Ay)—xpy =xy+xAy—xy=xAy;

Ayz=xAy, A,z=1(-0,1)=-0,1

3. B nmocnenseM ciydae (py U3MeHEeHHM oT M, Ao M,) mHpupaiie-
HMA nonydaror o6a apryMeHra, mnpuyeM Ax=11-1=0,1; Ay=
=2,2-2=0.2. '

Tonnoe npupamenue GyHKUMHK onpenensercsa popMynoi (6.3):

Az = (x+ Ax) (i + Ay) — xy = xy+ xAy + yAx + AxAy — xy =

= XAy + yAx+ AxAy, Az=1-0,2+2-0,1+0,1-0,2= 0,42,
3ameuanue. Us gopmyn A,z=yAx, A z=xAy, Az=xAy+yAx+

+AxAy BugHo, uto Az# A z+ A s

Mpumep 6. Hailith mubnu ypoBHS QYyHKUIMH Z = X).
Pewewwne. Jlunueil yposna PpyHkumu z= f(x,y) Ha3bIBaeTCA reoMeT-

pHYECKOE MECTO TOYEK IUIOCKOCTH Oxy, IUId KOTOPHIX NaHHas (QYHKUUS
MMeeT OAHO M TO XK€ 3HaUeHHe: yPaBHEHHE JINHHH YPOBHS €CTh

flx,y)=c.
B nanHOM citydae uMeeM xy = c. JIMHUM YpOBHS fBAAIOTCH runepbo-
Jamunpu ¢ #0.

NMpumep 7. Haiitu noBepxHOCTH ypoBHA GyHKINH % = x*+ y2 +22.
Pewenne. llogepxnocmvio yposus GYHKUMH Tpex IepeMEHHBIX
u= f(x,y,z) HasplBaeTCi IeOMETPHIECKOE MECTO TOYEK MPOCTPAaHCTBA

Oxyz, nAs KOTOPBIX AaHHaA (YHKIMA UMEET OTHO M TO XK€ 3HAYEHHE, T. €.
flx,y,2)=c
IMoBepXxHOCTH YPOBHs QYHKUMH % = x2 + y? + 2% parores ypaBHeHHEM
x+yt+zt=c,
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KOTOpOe ONpenenseT COBOKYNHOCTb cdep paguycoB R = Je ¢ LEHTPOM B
HauaJle KOOpIHHAT. :
2x+y

. Jokazare, urO:
x+2y

ﬂpu'Mep 8. llana odyuxmsa  f(x,y)=

) f12)= = f(; 552) fe.0)=—f(-.0)

Peweunne. Takkak

2-1+2 4 2-2+1 5
1,2)= =—, f(2,Dh= -,
71.2) 1+2.2 5§ f&n 2+42-1 4

TO
1
f@n

1,272, D=1 f(1,2)=

Tak kak
2c+c 3¢ 2(=c)+c _

f(C,C)=——=—=1, f(_c’c)=

c+2c¢ 3¢ —c+2c

fleo==f(=¢0).

3apnaun
Haiitu obnacty cymecrBoBanus QyHKLMIA:

1. z=x2+y2. 2. z=In(y+x).

3. z=—2— 4, x2+y2+zz—a2=0.

5, zme 6. z=y(2+y2—4)(25-x7-)?).
a? —x -2 \

TTOCTPOHTE JIMHUH YPOBHSA (DYHKLMAIL:

7. z=x+y. 8. z=x*-)%

2x

xt+y°

9, z=—J—;-. 10. z=
x

Haittu noBepxHocTH ypoBHS (GyHKUMIA TPeX NEepPeMEHHBIX:

11. u=x+y+z. 12.u=x2+y2—zz.

13. lan mepuMeTp 2p TpeyroinbHuKa. Beipa3uts Iuiomane S Tpeyroib-
HHKa Kak (PYHKLIHIO ABYX €r0 CTOPOH x U . OnpeneauTs ¥ MOCTPOUTH 00-
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J1aCTh BO3MOXXHBIX 3HAUEHHH X U y.
14. Orpenenuts 06beM V' MpaBWILHONW YETHIPEXYTONbHON MHpaMMABI
Kak (yHKLHIO ee BbICOTHI X H 60k0BOTO pebpa y.
2

15. lana ¢ynkuua F (x, y)= x2 +y . Beuucyiutes F (0,1), F (0,-1),
y +x

F1), F(2,-2), F(a,a), F(a,—a).

16. Jloxa3ats, uyto WA PYHKUMH Z = x>+ xy2 - 2y3 'BBITIONHAETCA pa-
BeHCTBO F (Ix,ty) = 13F (x, y).

17. Onpenenurs A,z, A,z v Az pns byHxkumy z = x* —xy+y’. Bu-
9HCINTE Az, A yZ, Az, eciu x H3MEHAETCA OT 2 1o 2,1, a y u3sMeHaeTcs ot
2p01,9.

OTBeThl

1. Bca mnockocTe Oxy. 2. [TomynmockocTs, pacnofioXeHHas Hal npsaMoil
x+y=0 x+y>0). 3.[se NONYMIOCKOCTH, OMNpEAENAEMBIC MPAMOi
Y p p

y—x=0. 4. Kpyr pannyca R= a, Bkmouas rpaHn4HbIe ToukH. 5. Kpyr pannyca

2

R=a, uckmouas Touku okpyxHoct X + y2 =d’. 6. Konbuo Mexny oxpyk-

HoCTAMM panuycoB Ry =2, R, =35. 7. x+y = c, npsaMseic, mapauiensHble Opi-
moit x+y=0. 8 x? - y2 =¢; paBHocTopoHHue runepbonsl mpu ¢ #0.

9, y= ex?; napa6onn. 10. ¢ (x2 +y2) =2x; okpyxuoctd. 11. x+y+z=c.

12. x* +y* ~z=c. 13. S=[p(p-x)(p—y) (x+y~ p). Obnacts cymecr-
poBanus Qynkunm: 0<x< p, 0K y<p, X+y> p, T.e. MHOKECTBO TOYEK
BHYTPH TDEYrO/IbHUKA, OTPaHMYEHHOTO JIHHMWAMM. X=p, y=p, X+y=p.

2 2 2 1 a2 —a a-1
14. V=— -x“)x. 15 1; -1; 1; = 1; = .
3 (y ) 3 a2+a a+l
17. A z=(2x—y+ Ax) Ax=021; Ayz=(2y-—x+Ay) Ay=-0,19;

Az=A,z+ A z— AxAy = 0,03.

§ 6.2. Mpeaen (hyHKUUN HECKONLKUX NEePEeMEeHHbIX.
HenpepbliBHOCTL

Yucno A HasbiBaercs npedenom GyHkmMM z= f(x,y) B TOUKE
M (xq,¥,), ecnu nipu nro6oM €> 0 Halinerca O> 0 Takoe, 4To A BCEX
Touek M (x,y), OTCTOANIMX OT M, MeHbLIEe YeM Ha 3, BBINONHAECTCA Hepa-
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BCHCTBO

|f(x0)-4|<e. : (6.10)
O603HaueHus npenesia GyHKUHH:
li s ¥)=4; 6.11
" gnMof (x,») (6.11)
lim f(x,y)= A. (6.12)
X=Xy
Pand

®ynkuua z = f(x,y) Ha3bIBaeTCad Henpepvierou B Touke My(xy, yy),
€CJIH BBITIONHAETCA PABEHCTBO
lim f(X,y)=f(xo,yo), (613)
X3 X,
Y=
mpudeM Touka M (x,y) cTpeMurca K touke M,(x,,y,) TPOH3BOIBHBIM

06pa3oM, ocTaBasch B 061acTH onpenesncHus QyHKHMH.
Ecnu o6o3naunth x=Xx,+Ax, y=y,+Ay, TO paBeHcTBO (6.13)

MOXHO NEPCICATh TaK:

lim 1 (x +Ax, yo +Ay) = f (xo, yo), (6.14)
Ax—0
Ay—0
WIn
Aﬁh_{lo[f(xo+Ax’J’0+AY)—f(xo’)’o)]=0- (6.15)
Ay—0

Ipuanmas Bo BHUMaHMe (opmyiy (6.13), pasenctBy (6.15) moxHO npH-
JaTh BUJ

lim Az=0, (6.16)
Ap—0

rre Ap= \/sz + Ay2 -~ paccTosiHue Mexmy ToukaMH  My(xg, ¥p),
M (x,y).

DyHKUHs, HENPEPEIBHAsA B KAKIO0H ToYke HEKOTOPO# o0nacTy, Ha3blBa-
€TCSA HenpepblgHOU 8 IMOoU obnacmu.

Ecnu B HexoTOpoi#f Touke N (X, ),) He BBIIONHAETCH yCioBHeE (6.16),
TO TOYKa N, Ha3blBacTCs moukol paspuiéa pynkyuu z = f(x, y).

Hapymenue ycnoBuii HempepsIBHOCTH GYHKIMH z= f(x,y) MOXeT

IIPOUCXONUTH KaK B OTHEIBHBIX TOYKAX, TaK M B TOYKaX, 06pa3ylomipux onHy
WIM HECKOJIBKO JIMHHH (JIMHAH pa3phiBa).
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Mpumep 1. Haiftu limsm_xy.

x—2

y—0

PeweHnne. B touke M (2,0) dyHxuus 7=

HE onpeneiecHa.

VMHOXHB ¥ pa3zie/iuB JaHHYIO QyHKIMIO Ha X # 0, Noay4um

sinxy _ xsinxy _ X sinxy
y xy xy
Ilepexons k npeznieny B OCTeHHEM PaBEHCTBE, MOJIy4aeM

sinxy | sinxy sinxy

lim = lim x- =limx-lim ——=2-1=2,
x=2 Yy x—32 xy x-2  x-2 Xy
y—0 y—0 y—0  y—>0
. sina
TaK kak lim =1
a0 O

Mpumep 2. Jlana pynxous
fey)=xsintaysint (F+y2 20, fO)=0, f(x0=0,
y x

Haiite lim f(x, y).
x>0
y—0

Pewenue. Bosmem £> 0, Toruanpnlx|< |y|<—- MOJlyYHM p =

2
= (E) + (f-) = % €. CocraBuM pa3HocTh f(x,y)—0 M OLCHHM ee:

2 2
lf(x y) 0|<|x| sm; +|y| Sln— <|x|+ Iy <2+§ €.
TaxuM o6pazom,
|f(x9y)_0!<8.

Ha ocHoBannu ¢opmyisl (6.10) 3akmogaeM, 910
lim f(x,y)=0.
x—0

y—0
x2y

NMpumep 3. Haiitn lim
x50 x +y

y-0
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Pewexue. Jaunyio GQyHKUHMIO MOXHO MPEACTABUTE Tak:
) .

Xy Xy
(x,y)= = x.
f@x) 24y Py
IMockonbky
2 P
x2+y? | 2

(3T0 MOXXKHO TIOJYYHTh U3 COOTHOLIEHHMA (X — y)2 >0 x2- 2xy + y2 20,

2 2 1 xy ,
x“+y 22xy, —2 , TO
y LA x2+y2)

|7G)]= Jxls 3l

X
x? +y?
Ecnu samano €> 0, To ipa |x|<3 u 8=2¢ nomyunm

1 1

T. €
| f(x,y)-0|<e.
CnepnoBareibHO,
2
x
lim ——2= =0
x=20 X" +y
y-»0
2
. L X =y
Mpumep 4. Haittn lim —5—-.
x=0 X" +y

y—0

PeweHue. Pasienus YHCIUTENb U 3HAMEHATEND HA X , TIOJTy4UM

y 2
1-1Z
ooy )

2 2~ 2"
X"+
X

Tax xak mpu x—0 u y—0 NPOU3BOIBHBIM OOPa3OM OTHOIIEHHE 2 ye
X

HMeEET Hpeaena, To AaHHasd PYHKUMS TakKe He UMEET npenerna.
Ecnu nonoxuts, uto x—0 ¥ y— 0 BIONb npaMoit y = kx, To
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: (Y
-yt x) 1=k
= "2— = lim

im = = :
=0xt+y? T xs0 (P 14k2
y—0 y—01+4

X

Ilpenen 3aBucut ot ko3duumenTa k, [1a Kaxao¥ npsMoii y = kx oH 6y-
JeT CBOMM.

Npumep 5. lana  Qynxums f(x,y,2)=—x-y£ (x*+y* 20,
xy—2z

xy—z # 0). Ilokasare, 9To npu x—0, y—> 0 QyHKUMS HE MMEET MpeaeHa.
Pewetwue. IlpennonoxuM cravama, 4to M (x,y,z)—> My(0,0,0)

BONB MpAMO#H, He Jiexameld B nnockocty Oxy. VpaBHeHHs 3TOH npamoi
MOKHO HaIMcaTh Tak: -

x=at, y=bt, z=ct.
Ha stoii ipsmoii nannas ynkima snercs GpyHkuwmed oHON epeMeHHOM
{, a IMEHHO:
abt? + ct _abt+c
abt* —ct abt—c’

=9 @)=

CrenoBaTennsHO,

Ml—)lnilof(x,y,Z)= ll_lf)%(P(t)"—' -1

Ilycts Teneps M— M|, octaBasicek B 1iockocta Oxy. Jlns mo6ol Touku
3TOi IUIOCKOCTH Zz = (), MO3ITOMY

Feeyn=2=1
xy

li ,z)=1
Jim f(.3.2)

CpaBHuUBas NMOTyYECHHBIE PE3YJBTATHI, 3aKII0YaEM, YTO AaHHAsA QYHKLHA He
HMEeT npejieNia B Hayajle KOOpAMHAT, HOO mpeaen He NOJDKEH 3aBUCETh OT
crioco6a cTpeMieHHs TOYKkH M K IpenesHON Touke M,.
Npumep 6. okasars, 4To QyHKUMS z = Xy HeNpepbIBHA B M0G0 TOY-
K€ ITOCKOCTH Oxy.
Pewewnue. lpexne scero GyHKims z = xy onpeneneHa npu BceX X  y,
T. €. BO BCEX ToYKax 1uiockocty Oxy. IlonHoe npupaiuenne GpyHKuMM onpe-
zenserca Gopmynoit
Az = xAy + yAx + AxAy.
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Iepexons K rxpeneiry opu Ax—0, Ay— 0, nomyqaem

Al"h_gonz =0,

Ay—0
T. &. GyHKUMA z =Xy HeNpephIBHA B OGO TOUKE M(x,y).
Npumep 7. Haiitu To4xH paspeiBa GyHKLUHH

3
fGy)= 4—_—;2—_—))—2

PeweHue. OyHKIMA He ONPE/EieHa TaM, II€ 3HAMEHATElNk obpataeT-
A B HyJib, T. €. B TOUKAX, JUiA KOTOPbIX 4— x* - y2'= 0. Ota ¢pyHKURA pa3-
PHIBHA B K&KOH TOYKE OKPYKHOCTH x*+yt =4 Cliel0BaTENBHO, TUHHEH

pa3phiBa ABIACTCA OKPYXKHOCTb X 2'+ y2 =4,

3apauu
Haiitu npenensi GyHKuwiL:
3, .3
.t L ox 4+
1. tim &) 2. lim 2.
x—=0 x x>0 x"+y
y—4 y—0
Y
3. lim————(x#0,y=0). 4. 1 .
-0 x + y x—0 x+y
y—0 y—0
JTokazaTh HEPEPHIBHOCTD (YHKLIMIA:
5. z=x-y. 6. z=x2+y2.
7. u=x+y+z 8. u=x’+y +7°.

Haitti ToukH paspbiBa GyHKUHMIA:

2
9. f(x,y)=x2"+y =, £0,00=0. 10. f(x,)=——F +y4, £(0,0)=0.

2, .2
1. 2= 225 12. 2= 55—
y -x x“—y =2
13, u= 221E 14, u= 55—
z-xy - —x" -y
OTBeTb!

1.4. 2.0. 3.He cymecreyer. 4. He cymectsyer. 9. O(0,0). 10. O(0, 0).
11. Mpambie y=+x. 12. Funepbona x?- y2 = 2. 13. l'unepGonuueckuii napa-
Somoun z=Xxy. 14. Konyc x2 +y2 -z =0.
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[naea 7.
MpoussogHbie n anddepeHumansl

§ 7.1. YacTHble npou3BOAHbIE U NMONHbINA AudchepeHuman
(PYHKUMM HECKONMbKUX fepeMeHHbIX

Yacmroit npouzsoonol GYHKUMH HECKOJILKHMX MNEPEMEHHEBIX II0 OXHOM
H3 3THX NEPEMEHHBIX Ha3bIBAacTCA TpeJesl OTHOLICHUA GOOTBETCTBYIOIUETO
YaCTHOIrO NpHpalleHus (GYHKUMM X OPHPAICHHIO INaHHOM IEpeMeHHOM,
KOT/a NocieHee CTPEMHUTCS K HYIIIO.

Ilna hyHKIAH ABYX NEpeMEHHBIX z = f(x, ) NO ONpPENEICHUIO UMEEM:

—g£=f,'(x,y)= lim f(x’*'Ax,J’)—f(x,Y)
x Ax-0 Ax

(yacTHas MPOM3BOIHASA 11O X),

Sy +29) - f(%,9) (dacTHas OpoH3BOIHAL 110 V).

Ay
Ilpy HaXoXIEHMH YacTHOW NPOM3BOAHON NONB3YIOTCH NPABIIAME
nudepennpoBanus GyHKUMH ONHOM IepeMeHHOM, CUMTas BCE APYTHeE

apryMEHTHI IOCTOAHHBIMH.
Tonnwim ougpgpepenyuanom pynkuum z= f(x, y) Ha3LIBAaeTCA IJIaBHAA

9acTh MOJHOTO NMPHpalleHHA Az, JNHHEHHasA OTHOCHTENBHO NpHpalleHuH
apryMeHToB Ax U Ay.

Pa3gocTe MeXIy NOJMHBIM NpHpAINEHHeM Az H NOMHBIM Auddepes-
oManoM dz ecth GECKOHEYHO Malnas BLICINEro MOPAAKA 10 CPABHEHMIO C

dz , o
> £ y)= }ylgno

p=yAx?+Ay*, T.¢.
Az—dz=¢-p, €50, xorna p—0, .1

rae
dz=A(x,y)Ax+ B(x,y) Ay. (7.2)
OyHKkups, o0najaomas HENpPepLIBHLIMM 9aCTHHIMU IIPOM3BOIHLIMH,

3aBeIOMO MMeeT NonHelil qupdepeniman. JuddepeHupans He3aBUCHMBIX
NEpEeMEeHHBIX COBIAJAIOT ¢ KX NPHPAWICHWAMH, T. €. dx=Ax, dy=Ay.

Tonnstit mudpdepenuuan yHKHH z= f(x, y) BRIUKCASETCH IO GopMyIe

=zdx+£

e . (7.3)
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DyHKUHA, UMeIOas NONMHbIN Auddepeniman, HasbBaeTcs Juggpepen-

yupyemoil.
U3 popmynst (7.1) cnemyer, 4To
Az=dz (7.4)
WIH
oz oz
fx+Ae,y+ &)= f(x,y)=—dx+——dy. (7.5)
ax oy
®opMmyiy (7.5) MOXXHO NEpENUCATh TaK:
d o
St b, y+ )= [ )+ <o dit o dy: (76)

Moanwit auddeperuyan GyHKIMH TPEX NEPEMEHHBIX BBITHUCIACTCA 1O
dopmyne
du Ju
du=—dc+—
ox oy
Npuwmep 1. Hajitu yactHble NpoM3BOAHBIE QYHKIMH z = x% +2xy+ yz.
PeweHue. Cunras y OCTOSHHON ¥ AU PEPEHLHPYS z KaK QYHKLHIO X,
MOJTy4aeM YacTHYIO IPOU3BOIHYIO MO X:

az ’ 4 ’
== 1), +@xp), + (), =2x 42y +0=2(x+).
Cunras x nocTosHHOH ¥ JuddepeHunpys z KaK QYyHKUMIO ¥, HAXOIUM

YaCTHYIO NPOM3BOAHYIO IIO .

ay+%§dz. 1.7

oz
'a;=(x2);,+(2xy);,+(y2); =0+42x+2y=2(x+y).

Npumep 2. Haiitu yacTHBIE MPOM3BOAHLIE GYHKUHH

u= X
x*+y? 427

Pewenwue. Ionb3ysch MpaBWIaMy HaXOXKIEHHSA YACTHBIX MPOM3BOIHBIX,
noryyacMm:

a_u_ x _x’(x2+y2+z2)—(x2+y2+zz);x_
ox x2+y2+z2 * (x2+y2+zz)2
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_ x2+y2+zz—2xx_ y2+zz—x2

- x2+ 2+zz)2 _(x2+y2+zz)2’
Yy

Q’i x _x;(xz+y2+zz)—(x2+y2+zz);x—
dy x? +y2 +z% )7 (x2 +y2 +22)2
- "y
(x2 +y2 +zz)2 ’
ou x G2+ Yy ) - (xP 4y 2% x
oz x2+y2+z2 B (xz+y2+zz)2 -

_ ~2xz
(x*+y*+22)2
Np nme p 3. Haiitu nonnsiit nuddepeHunan ¢pyHxuamu
u= arctg _x_' ,
Pewenue. Tak kak

T0 no dopmyne (7.3) HaXOAHUM

du= 2y 5 de— 2x 2 ___yd;c—x;iy.
x“+y x“+y x“+y

Npuwmep 4. Haiitn nonusiii nuddeperunan Gpynkimu
u=x*+y?+z%.
Pewenwne. Onpenenss 4acTHble NMPOU3BOIHbIE GYHKLIIUH

W
R T
U noAcTaBnss ux B popmyny (7.7), Haxoaum
du=2xdx+2ydy+2zdz.

NMpumep 5. Kak u3meHurcs o6beM NpAMOYTOJILHOIO Mapaulefienurena
¢ u3MepeHuwsaMH a=8m, b=6m, c=3m, KOTAA €ro ANUHA H LIMPUHA
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YBEJIMYMBAETCA COOTBETCTBEHHO Ha 10 cv W 5cm, a BRICOTA YMEHBIIUTCA
Ha 15¢cm.

PeweHnue. O6neM mapauenenunesa Beipaxaerca Gopmynod V = xyz,

rie x, y, z, — ero usmepenus. Ilpupamenue 06beMa MOXHO NPUOIIKEHHO
MOJCYMTATH 10 HOpMYIIe

AV =dV, rne dV = yzdx+ xzdy + xydz.
Tax xak no ycnosuto x=38, y=6, z=3, d&x=0,], dy=0,05, dz=-0,15,
TO
dV=6-3~O,1+8-3'0,05+8-6-(—O,15)=1,8+1,2—7,2=—4,2§

Hrak, 066eM ymMeHbpIIMTCS Ha 4,2 M.

Mpumep 6. BEIMUCIUTH NPUOTIKEHHO 1,023,

PeweHue. PaccmorpuM ¢yHkumo z=x>. HCKOMOE YHCIO MOXHO
CUMTAaTh NpPHUPANICHHBLIM 3HAYeHMEM OTOH Qynxkuuu mpu x=1, y=3,
Ax=0,02, Ay= =0,01

[epBoHayansHoe 3HaUeHHE QYHKUAH z= 1> = 1. Ha ocHoBanuu ¢op-
Myn (7.4) u (7.5) nosrydaem

Az =dz=yx*'Ax+x” InxAy =3-1-0,02+1-In1-0,01=0,06.
ITo gpopmyne (7.6) HaxOAHMM
1,02*% = 140,06 = 1,06.

3anauu
Haiitu nonusie xuddepeHnnans GyHKIHA:
. +
1. z=sm2y+coszx. 2. =222
xy
3. r=es. 4. u=r*cos’g.
5. u=x’yz. 6. u=]n(x2+y2+zz).

BrIYHCIHTS 3HAYEHNS NONHBIX 1 depeninanos GyHKmii:

7. z=2 mpu x=2, y=1, dx=0], dy=02.
X

8 z=eP mpu x=1, y=2, d&x=-0,], dy=0,L
Ioncuurath NPUOTIDKEHHO W3MEHEHNS QYHKIHA:

9. u= axctgz—, x m3Mensercd ot 2 10 2,1; y—or 3 1o 2,5.
x
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10. ¢ = arcsin Z, X u3MeHseTcs ot 5 1o 4,5; y — ot 3 o 3,3.
x

Brruncnuth TpHOMMKEHHO:

11. (1,02)*(0,97). 12. ,/(4,05)2 +(2,93)%.

13. Kax u3MeHuTcA JuaroHans / NPAMOYTOJBHHKA €O CTOPOHaMHM
a=10cm, b=24cm, ecid cTOpOHY a yAnuHATH HA 4 MM, a CTOpOHY b
YKOPOTHTE Ha 1mm? HaiiTi npuOIKeHHYIO BETHYHHY H3MEHEHHS M Cpas-

" HUTh C TOYHOIA.
OrBernl

) '
1. dz=sin2ydy —sin2xdx. 2. dz=-(£2+%} 3. dr= es(l dt -
x y s

-Siz ds). 4. du=2r (cos29dr —rsin29dg). 5. du=x (2zydc+ xzdy +

+xydz). 6. du= z;z(xdx+ ydy+zdz). 17.0075. 8. -0,le* =
X'+y +z

=-0,739. 9.-011. 10.0,15. 11.1,00. 12.4998. 13. dl=0,062 cm;
Al = 0,065 cm.

§ 7.2. NMpounssoaubie u audepeHumannbl
BbICLIUX NOpAAQKOB
Yacmuvimu npouz8odnbiMu emopozo nopadxa GyHKUMM z= f(x,))

Ha3bIBAIOTCA YACTHBIE NMPOM3BOAHBIE OT €€ YaCTHBIX MPOU3BOAHLIX MEPBOrO
nopsiaka. O603HaYESHUS:

82 d (az) 9’z 9 (az].
an?  ox\ox oy? =5; 5 ’
9%z 9 (oz _ 9z 9oz

axdy 5(5)’ ?ay_a:?:a—x(E)’

Vnotpebnstorcs u Apyrie 0603HaYCHUS:

”__a aZ ”___a_ % ”=i _a_z.
S = Bx(ax) &y(ay)’ a4 ay(ax)' (79)

”

yx
Tathl AN(epeHUMPOBaHNS HE 3aBHCAT OT mopsika aubdepeHumpoBanus,
T. €.

(7.8)

Eciu cMemaHHble IPOK3BOAHbIE f,) U HENPEPLIBHEL, TO pPe3yJib-
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0%z _ 9’z
oxdy ayax'
AHAJIOTHYHO ONpEesTOTCA YACTHEIE NPOH3BOAHBIC Gosiee BHICOKOTO
nopanka. Hanpumep, nns ¢yuxkpM z = f(x,y) UacTHble NPOHU3BOAHBIC

TpeThero NopsaaKa onpenesioTcs Gopmynamu:
x axl\axr) ' w\y?)S

*z 3 (d%z) ¥z 90z .
nly i) x|’ T
YacTHEle MPOW3BOJHbIE TPETBETO M BBHICWIMX TOPAIKOB, OTIHYAIOWACCH

TOMBLKO TIOC/ICHAOBATENLHOCTHIO MU PEPEHIMPOBAHNA, PaBHBI, €CIH OHM
HempepbiBHbL. Hanpumep,

(7.10)

9’z _ 9’z _ 9’z
ax23y dyax> Oxdyax ,
JHuddepeHuuajibl BTOPOTro, TPETHEro H 6onee BHICOKAX IOPAIKOB
dynxmu z= f(x,y) ompememunoTca GopMynamu d*z=d (d2), d’z=

=d(d’z) n 7.1 OHM BHIP@XAIOTCA 9E€PE3 YaCTHBIC NMPOH3BOLHBIC CIC-
aylomuM o6pasoM:

9%z

2 2
d2z=gc7dx2+2£c;ydxdy+%§—dy2; (7.11)
PP LRI CE: dxdy2+-§3—z 3 (1.12)
= oy Y 50y P AN

Boo6iie cripaBeiMBa CUMBONIMYECKas GopMyIia

PO R RA | 7.13
z= Bx+dyay z, (7.13)

KoTOpas GopMaTBHO PACKPEIBACTCS MO GHHOMHANLHOMY 32KOHY.
Mpumep 1. HaiiTu yacTHbIe NPOM3BONHbIE BTOPOro Mopaaxa GyHKuMH

z=(x"+y?)>
PeweHwe. Haxommm cHayana 9acTHbE MPOU3BOIHBIE NIEPBOTO NOPANKA:
oz

§=2(x2 +y2)(x2 +y2); =2(x2 +y2)2x=4x3 +4xy2;
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oz
=27 +y7) (P +y7), =2 (2 + 1) 2y = dxPy +4y°,

dy

HMuddepenmpys kaxayio U3 HONyYEHHbIX QYHKIMIA [0 X U TI0 Y, HONYYUM
4acTHBIE IPOH3BOXHbIE BTOPOrO MOPAIKA:

9’z d(oz
Feiabw ——~(4x +4xp?) = (4% +4xp?), = 12x% + 47,
%z 9 oz (4 4 ) 4x? 41202
— = x“y+4ay”), =4x Yo
¥\
2
;xazy=%(iz-) (4x3+4xy2);,=8xy;
%z 9

oz
ayax (ay) (4x y+4y )x_sxy
Kak u cnenoBano oxuaats,
9%z _ 9%z
oxdy dyox

Mpumep 2. Jlana pyHKUMA u= x2 y3. Haiitn ee yacTHbie MPOU3BOAHBIE
TPETHETO NOPAAKA.
PeweHue. Mubdepenunpys, Haxonum:

u;=2xjy3, u;,=3x2y2, u,';=2y3, u;;=6xy2,

—6xy , u —6x v, u e =O, u” =6y2, u’” =6y2,

Xyx VXX

U =122y, uly, =627, Ul =67, uly =12xy, uf, =12xy.

Npumep 3. Jlokasars, 410 QyHKUMA
1
U e
Vil +y2+22
’u  d%u 82u

YAOBJIETBOPAET ypaBHEHHIO 5—— +—+—=0.
x

ayZ 822
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Pewenwue. HaiineM cHauana YacTHEIE MPOM3BONHBIC JAHHON (yHKLMM
1
u=(x*+y*+z%) 2:
3

- g£=—x(x2+y2+zz)_5;
x
2 3 3
3x(x+ +z)2(x+y+z)2
ax2 Yy
ou -3
5 = YE ) Y
2%u s 3
8y2 3y(x+y+z)2(x+y+z)2
ou 2
é;——z(x +y*+2%) 2,
o%u 2
5= =322 (x% +? +z)2 —(x*+y?+2%) 2.
CI10XHB BTOpbIE npon:'.nom-lme HOTy4HUM
Pu, u, Pu_,
o2 ay2 NPk

NMpumep 4. Halitu nuddepeHunansl BTOPOTO H TPETHEro MOpAAKa
dysxmau u=x’y’.

Pewetue. IIpuHuMas BO BHUMaHHE Pe3yJbTaThl mpumepa 2, mo ¢op-
mynam (7.11) u (7.12) HaxognM:

d’z=2ydx* + 12x 2 dxdy + 6x2ydy2;
d’z =3 6ydx’dy+3 12xydxdy® + 6x*dy’.

3anaun
HaiiTi 4acTHble NPOU3BOAHBIE BTOPOTO MOPAIKA CIEXYIOMHX QYHKLMMA:

1. z=Inyx? +)%. 2.z=a.rctg£. 3. u=xz’ +sin>.
y

y
4, Jlana pysxumsa y= f(x+at)+ @ (x—at), roe a=const, a f(w) u
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- @ (w) — nBe TPOM3BONIBbHEIE (YHKIMH, UMEIOLIME MEPBYIO H BTOPYIO IIPO-
n3BoAHbIe. [1oka3aTe, YTO y yAOBIETBOPAET YPABHEHUIO
Fy_ 13
T2 o4 T
ot ox
S. Haiitn muddepennmansr BToporo U TpeTbero MopsakoB (yHKUHH
u=xy?

OTrBeThbI
22 2-y?
1. 27 = Yy —x z/ =z" = _ﬂ— ! = NP 4
N A AR 1 e E T (x4 p2
(x4 ?)? N (D Ty
2
1Y . x 1 r XX
Joug=-|=|sin=; up=-—lcosT-"sin=| ul=2z uf,=
2
2x x x° . x
=—3—COS——-——4—SIII"‘; ll),,'z=0; u;;=2x'

Y Yy y

§ 7.3. AndpcpepeHuupoBaHmne HeABHbIX hyHKLIMIA

DYHKUMA 7 TEPEMEHHBIX X, V,Z,...,¢, u HA3BIBAETCA HESBHOM, eCIH

OHa 3aJjaHa YpaBHEHHEM
F(x,y,z,...,t,u)=0, (7.14)
HE pa3peIleHHBIM OTHOCHTEIIBHO U.

Ecin ynxkuma F (x,y,z,...,t,u)=0 ¥ ee dYacTHbIE [IPOU3BOJHBIE
F,, Fy’, F},...,F,F, onpeneneHsl W HENpPEpHIBHLI B HEKOTOpO# Touke
My (xq,¥0,2,---, 49, %)) M B ee oKkpecTHOCTH M ecnu F (M;)=0, Ho
F/(My)#0, T0 ypasHenne F (x, YsZyeoont,0)=0 BOMM3H TOYKH
My(xg, Y95 2g5--, %9, Uy) M B CaMON TOUKE ONPEHENSET ¥ KAK HETpephiB-
Hy10 ¥ JuddepeHLMpYyeMyI0 GyHKUMIO OT X, ¥, 2, ..., .

IIpu coGmonenny yxasaHHBIX YCIIOBH NPOU3BOMNHbIE HESBHOM (yHK-
unH u, 3ajlaHHOM ypaBHeHueM F (x,y,z,...,t,u)=0, Haxomarcsa no ¢op-
MyJam:;
ou_ _F ou_ F ou_ F du F/

& F'd Fax FECwx F

(7.15)

B vactHoCTH, ecii y —HesABHAsA (yHKLMA OfHOM NMepeMeHHOM x, 3amaHHas
ypaBHeHHEM F (x,y)=0, To
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»_,_ K
ax—y _—F;, (7'16)

ia  QYHKIMM  JByX IIEPEMEHHBIX, ONpPEHCNAeMOH  YpaBHCHHEM
F(x,y,z)=0, umeeM :

a_ K x_ B
ax - Fz, ’ ay - le .
NMpumep 1. Haiitu nepByro U BTOPYIO IPOU3BO/IHYIO HeABHOHN GyHKUNH

ln\/x2 +y2 — arctg Yoo
’ X

Pewenue. B nanHoMm caydyae F (x,y)= ln\/x2 +y2 —arctgl. Ilpous-
x

BojHas ee ompenensercs dopmyinok (7.16). Haxonum HacTHbIE NPOH3BOL-
Hbl€ 3TO¥ PYHKLHM 10 X H II0 V!

(7.17)

F!= l:lln(x2 ' arctgl] =
2 X

x

_ 1-2x _ 1 (¥ \_ x+y |
T 2(x*+y? 2 x? T x4y
(x*+y%) 1+(Z) o
x
’_ 1 2 i _1__ y X s y—x .
YT a(xr+y?) Y 1+(2/_)2 x xr4y? x2+y? T x4yt
x

dy , x+y y—x x+y
=y =3 a2, .2 .
dx x“+y x“+y xX=y

Haxonum BTOPYIO IPOH3BOAHYIO:

,,_(x+y] Y =P -Gy )
y'= = 3 =
x=y (x=y)

_ A4y ==y (x+y)
(x=»)’
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x+y _ _ _x+y
_y)(x ¥) (1 x_y)(x+y)=2(xz+yz-)

—_
(;( y) (;( y)

NMpumep 2. Halitn nonueni mupdepenuman pysxunu z =z (x,y), 3a-

IaHHOM ypaBHeHHeM e™* — arctg Joo
z

PeweHue. B npanHoM cinydae F (x,y,z)=e™” —arctg % Haxomm
zZ

CHayaJia YacTHhIE MPOM3BOJHBIE QyHKIMU F (x, y, z):

, OF 1 y 1
1+—5
z
, OF 1 x 1
F, =5 " xze™* TR e —m];
1+ —5
zZ
oF 1 —xy 1
Fl=—= eXyz—————-.(————)z ex}’z_'_—____. .
5y xy 2y 2 Xy PN
1+—3
zZ
dz oz
Mo dopmynam (7.17) nomyyaeM 4acTHbIE IIPOM3IBOHBIE > " 5:
: 29

1 .
x*y? +22J _z[I- (P +2%) e”]
x[1+()c2y2 +22)exyz]’

yz| &% —
o [

8x= 1
xyz

et 5o
Xy 4z

ezl oo — L
oz 2y 42 ) Z[1-(x%P +2%) &™)
]_y[l+(x2y2+zz)exyz]'

CrenosaressHo,
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oz oz -2yt +22)e” 2
=L s+ L ay= -2 (yde+ xdy).
ox aydy 1+ (3t +2%) e xy(y *a)

Npumep 3. Halitn nonHsii nn(b(bepeﬂnna.n byBEKIN z=z(x,y), 3a-

TIaHHO} ypaBHEHHEM - 2xy=c.
PeweHue. BossMeM aubdepeHimais 00eHX JacTei 1aHHOTO YPaBHEHHS:

d (2% -2xy)=de, d (z*)-d 2xy) = dc,

2zdz -2 (xdy+ ydx)= 0, zdz— (xdy+ ydx)=0,

2dz = xdy+ ydx, dz=2 do+ > dy.
z z

3anaun

HaiiTu mpOU3BOAHEIE HESBHBIX (YHKLMIA:

1. &"siny—e’cosx=0.

2. (*+y*) -a*(x*-y*)=0.

HatiTi 9acTHBIE NIPOM3BOAHBIE HEABHBIX (yHKIMIL:
3. 3x*+4y? +522-60=0.

4 2

——Q£=0
X [+

Hatitu nonmsie nuddepenimansl GyHKmmi z=z(x,y), 3aaHHBIX
YpaBHCHUAMH:
5. x*+y?+2z2-2y—-1=0.

x

6. z—ye?=0.
OTBeThl
1 ,__e"siny+eysinx 5 ,__2x3+2xy2—a2x 3. oz _ 3x
¢* cosy—e’ cosx 2x?y+2y° +a’y’ x5z
a 4 o -
_ by E___@ L E__E sa=-Zarlle
dy 5z a&x  x*+y’ dy xT+y z z

X

6. dp = 22yt yd)

zz+xyez
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§ 7.4. AucppeperunpoBaHme CNOXKHbIX byHKLMI
Ecim '
u=F(V,vy,...,V,), (7.18)
rae

w=hHG0,2,.0,0, vy = f(x,0,2,...,0),...,

vn=fn(xay,2,-~-,t), (719)

TO QYHKUMS % HA3BIBAETCH C10JCHOT (BYHKLMEH HE3ABUCHUMBIX MEPEMEHHBIX
X, ¥,2,..., 1. IlepeMennsie v, v,,..., v, Ha3bIBAIOTCA NPOMENCYMOYHLIMU
apeZymMeHmamu. . )

YactHast mpoM3BOAHAA CIOXHON (YHKUMH HO OIHOM M3 HE3aBHCHMBIX
HEPEMCHHBIX PaBHa CyMME IPOM3BENEHMI €€ 4YaCTHBIX HMPOM3BOAHEIX TI0
TPOMEIKYTOYHBIM apIyMEHTaM Ha YaCTHRIE TIPOM3BOJHBIE ITHX apryMEHTOB
TI0 IAaHHO# He3aBUCHMOI IIepeMEHHOIA:

Ou_Ou o du v, . du v, ]
ox dv, dx Jv, ox dv, ox’
u_ du dv u om o v,

¥ oomy m oy T (7.20)
u_ ou a'v,'+ u a'v2'+'__ ou dv,
ot ov, & v, o ov, ot

n

J

B wacTHOCTH, €CliH BCe IPOMEKYTOUHBIE apIYMEHTBI ABIAIOTCA (yHK-
IMAMH OAHOM HE3aBMCHMOM nepeMeHHOM x, To Qyuxums (7.18) Gymer
CroxHOM ¢yHkuuel ot x. [IpousBoHas 5Toi GYHKUMM HA3BIBACTCA HOAHOM
NIPOM3BOAHON 1 HaXONUTCA N0 hopMmyIie

du _du dv, Ju v, ou dav

— (721
& v, & ov, d&  ov & (21

NMpumep 1. Haittn —Z—:, ecmu u=e” %, rae z=sinx, y=x>.
PeweHnue. Oynxmma u=e” > 3aBucur or IBYX NPOMEXYTOYHBIX ap-
FyMEHTOB v; =y, v, =z. Ilo dopmyne (7.21), koTopas B JaHHOM ciyuae
NPHHUMACT BUA

du_odu dy ou dz

dc dy dc¢ 0z dx’
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HoJIyJaeM

% = eV (=2)2x+ "% cosx = ¢ ¥ (cosx — 4x) =
= esinx—2x2 (cosx— 4x)’
TaK KaK
_QE =&V (-2), a_u = , 1}’_ =2x, E =COSX.
dy oz dx dx

3aMeuaHue. ToT ke pe3ynsTaT MOXKHO MOMYYHTh U APYTHM MyTEM, BbIpa-
3MB U4 KaK SBHYIO (PYHKIMIO X

esm x—2x
4 npoauddepeHIMPOBaB NOCICAHIO0:

du_
it
NMpumep 2. Haiitu nonssil auddepernnan pyHKIHA

. 2 : 2
(esmx 2x 2)'= esmx 2x

) (sinx —2x (cosx —4x).

x
u= x> arctg—Ji--y2 arctg —.
x y
Pewenue. OyHKUHIO 1 JABYX MEPEMEHHBIX X ¥ y MOXKHO MpENCTaBUTh
cneaywoueit GopMynon:
uEF(VI,V2,V3,V4)=le2"‘V3V4, (A)
TAe

v, = x2, vy = arctg-z, vy =y’ v = arctgi. B)
X
Tonubiii auddepenman Gysxumn u = f(x, y) onpeaensercs popMynoH

Ju 21_4_

du=§;dx+ay dy.

0
Haiinem yacTHbiE MPOU3BOIHEIE a—u 7t —g—;— ¢ nomotpsio Gopmyn (7.20),
x

KOTOpPEIC B AAHHOM CiIy4ac NpUMYT BHI!
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ou auavl auav2 Buﬁﬂ_ivi
ox  dv, ox E)vz ox 8v38x 8v4 ox’

du_du I O By w dy o vy ©
v, o, dy v dy vy oy
H3 dopmyn (B) momyqaem:
v vy v, 1 ( y) —y
- =2 =0 —==—--=|-5|= ;
x dy ox (y)z ) x2+y?
1+ =~
x
v, 1

Py 1 1y v | ERN
ox xzy—xz_'_yz’ ay_ x2 J’2 -
1+ — 1+| —
y y
_ -X
x*+3?

HpmmMax BO BHUMaHHE, 4YTO

ou Ju Ju ou

FVy SV, SV, =
v, v, v, v,

1 NOJICTABJLAA NONMyYeHHbIe BHIpaXeHHs B Ppopmyist (C), Haxomum:

Ju

—y
—=v,-2x+v- +(=v4):- 0+ (—vy)-
%2 I (=v4)-0+(=v3)-—

2 2 2, .2
+
-2xarctg—— ny - 2yy2=2xarctgl—y—(§—§-—)—=
X x +y x“+y x x“+y

= 2xarctg 2_ ¥;
x

ou

ay_v2 0+v1 . 2+(—-v4) 2y+(—V3)( — 2]=

24y

9 3ax. 1205 257



2 2 2, .2
+
= 2xx2—2yarctgf—+ zxy 2=x(3; );)—Zyarctg£=
x“+y y x"+y x"+y y
=x—2yarctg£.
Y
CrenoBaTebHO,
ou y )
du=—dx+ =| 2xarctg——y |dx+
™ ay‘b’ ( gy

+(x— 2yarctg i) dy.
y

Npumep 3. Jlana mbdepenumpyemas o¢ynkuus u=f(x,y), TAe
x=rcos®, y=rsing. Ilokxaszarb, 4To

(au)z (1 au) (au) )

— | #|—= + = .

or r o9 dx dy

Pewenune. [pumensem dopmynst (7.20), koTopsie B JaHHOM Clly4vae
TPUHAMAIOT BHI!

du Odu dx dudy  du_du ox auay

Br—ax'ar-*ay'ar’ 8(p ox a(p dy 09

o >tum popMynam Nomyyaem:

ou du du . du u . Ju

5;=-a-;cos¢+§y—sm(p, £=—grsm(p+—a;rcos<p
7611

éz=2£c05(p+—aisin(p; l-—a—u—=—§£ in(p+a—costp

or ox dy r dp ox dy

Bo3soas B KBazgpar obe wactu ABYX MOCJIEAHUX PABEHCTB M MOWICHHO
CKJ1aAbIBas NOJIy4CHHBIE peByJ'ILTaTBI, HaxoauM

(22
or r do ox ay )’
4TO H TpeGOBANOCH 10Ka3aTh.
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3anaun

d
1. Haiiru 7’:, ecnu u=ln(x2+y2), e x=t, y=t2.

du LR .
2. Haiitn -&;, €CIIM u=e , TOE z=cosx, y=sinx.

au Bu 3 3 W2 . :
Haiitu g H—, €CJIH u=v'w +—2'", TAC v=C0sy, w=sInx.
- v

dy

4. Haitru nonHsnii muddepenuman GyHxupu

w

sinvy

x
u= , THEe v=1xy, w="—,

cosw y
S. Tlokasath, uto ecnu QyHkuna u= f(x+ ay) maddepernupyemas,
TO OHA YAOBJIETBOPSAET YPABHEHHIO
ou du
—=a—.
ay ox
6. Tokasars, 9to ¢yHKIMA u= f(v,w), rae v=x+al, w=y+bt,
YIAOBJIETBOPAET YPABHEHHIO

u_
ot ax oy
OTBeThI
ﬂ:M 2 @:-Zemz‘xsi‘nzx 3 ?i:
adt  t(+Y) dx ' " ox
' . L2
. 2 sinxcosx : du 2sin” xsiny
= 3sin xcosxcos3y+2 5 ; §=*——3———
cos” y cos” y
. . X
sinxysin —
—3sin3xsinycos2 y. 4 du= cos:;y (ydx+xajz)+———xy-(ydx-xdy).
cos — y?cos? =
Yy y
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Cnaea 8.
MNpyMeHeHNA YacTHLIX NPOU3BOAHLIX

§ 8.1. KacarenbHas NOCKOCTb U HOpMasnb K NOBEPXHOCTH

Kacamenvhoii miockocmelo K TIOBEDXHOCTH B [aHHOH ee Touke M
(TOuKe KacaHusi) Ha3bIBA€TCH MIIOCKOCTb, B KOTOPOH JIEXHAT KacaTe/bHEIC B
3TOl TOUKe K BCEBO3MOXHBIM KPHBLIM, NPOBEJCHHBIM Ha JaHHOM MOBEPX-

HOCTH Y€pe3 YKa3aHHYIO TOUKY.
Hopmanwio K MOBEPXHOCTHA Ha3bIBAETCA NepNEHNNKYJIP K KacaTeNbHOH
[IOCKOCTH B TOYKE KaCaHHA.

KoopuHarsl HamnpaBiAIOLIeTo BEeKTOpa HOpMaH m= {a,b,c} Kk mo-
BEPXHOCTH
F(x,y,2)=0 @®.1

B Touke My(xg, Vg, Zo) TMPONOPLMOHATLHEI 3HAUCHUAM COOTBETCTBYIOMINX
YaCTHBIX MPOM3BOAHEIX (yHKIH (8.1), BLIMMCICHHBIX B STOH TOUKE:

oF oF oF :
a= k(ax) b= }”(ay)o c= X(Bz) (8.2)
i (]

oF oF oF
—| =F b > h 1l 5| & F; > » h 15| T F-, ’ > .
(Bx)o (%05 Y05 Z0) (ayjo y(xO Yo Zo) (az)o 2(Xo5 Yo» Zo)

KoopnuuaTsl BEKTOpa m BXOIAT B YPaBHEHHE KacaTelbHOH IUI0CKOCTH
Kk noeepxHocTH (8.1) B Touke M.

(GF) oF (aF)
™ (x=-xp)+ ay -yo)+ (z-25)=0 (8.3)

H B YpaBHCHHMA HOPMaJIH K IaHHOU TMTOBEPXHOCTH B TO# K€ TOUKE:

X=X Y—=Yo Z— 2%

GNCNE

z=f(x,)) (8.3)

84)

JUIA HOBEPXHOCTH
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YPaBHEHHA KacaTeNbHOM IUIOCKOCTH M HOPMajlM B JIaHHOW TOYKE
M,(x,,¥,,2,) NIPUHUMAIOT BUI: :

z—zn=fx'(xo’yo)(x_xo)+f;(xo’yo)(y_yo); (8.6)

X=X, _ Y=Y - z—z,

fx'(xo’yo) f;(xo’yo) -1

Npumep 1. Haiitn Hampasmowmii BEKTOp HOPManH K 3JUTHIICOMIY
x*+2y*+ 377 =6 BTouke M,(1,-1,1).

Pewenue. Ilpexne Bcero Touka M, JICKHT Ha JJUIHIICOMAE, B YEM

8.7

MOKHO )'GClIPlTLCﬂ, TIOACTABHUB €€ KOOPAUHATH! B JAHHOEC YpaBHCHHUE. 3TOMy
YPaBHECHHIO MOXXHO IPpUAAaTh BUA

x?42y?+322-6=0.
CpaBHnBas faHHOE ypaBHeHHe ¢ ypaBHeHHeM (8.1), 3aKIII04AEM, YTO
F(x,y,2)=x>+2y* +3z° —6. A)
Haxonum gacTHble npousBoaHbie PyHkuuu (A):

oF oF oF
ooy, Ezay, =6
x Ty P

M BBIYMCIIfAEM UX 3Ha4eHHA B Toyke M (1,—-11), T.e. opn x, =1, y, =

() () ()

CnenoBaTenbHO, MOTyYeH HANPABIAIONINI BEKTOP HOPMAIH

m={2,-4,6}.

=-1, z,=1

3aMevyaHHne. B kauecTBe HaNPaBNSIOMWIEr0 BEKTOPA HOPMAIM MOXKHO B3STH
BEKTOp m = {1,—2,3} umm moBoi apyroii BeKTOp, KONAHHEAPHEIA BEKTODY m=
={2,-4,6}.
NMpumep 2. CocTaBUTh ypaBHEHHsS HOPMAIM M KacaTeJbHOM MIOCKOCTH
K cpepe x* +y’ +2z° ~2x+4y—6z+5=0 BTouke M,(3,-1,5).
PeweHwne. HalineMm uactHbie mnpomsBoamsie ¢yuxuuu F(x,y,z) =
=x’+y*+7*~ 2x+4y—62+5:
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oF oF oF
—=2x-2, —=2y+4, —=2z—6.
ax y Ty
Bomucine HX 3HaYeHHA B Touke M;(3,—1,5), noayduM HampaBistOHH
BEKTOp HOpMaiu m={4,2,4}.
B coorserctBun ¢ opmyno#t (8.3) cocrapnseM ypaBHEHHE KacareNlb-
HOM NIOCKOCTH

4(x=3)+2(+D+4(z-5)=0

2x+y+2z--15=0.
Ha ocHoBanuu ¢opMmyisi (8.4) HAX0AUM yYpaBHEHHA HOpMaH

x-3 y+1 z-5

2 1 2
Mpumep 3. B kakoii Touke KacaTelbHas IIOCKOCTh K JJUIHATHYECKOMY
napaGonounny z=2x+4y’ apajuielbHa IUIOCKOCTH

8x—~32y—2z+3=07? Hamucath YpaBHCHHMA HOpPMalM H KacaTeJIbHOH

TLIOCKOCTH B 3TOM TOYKE.
PeweHune. B 1aHHOM Ciaydae TIOBEPXHOCTH 3aJaHa YpaBHEHHEM, pas-
PEHIEHHBIM OTHOCHTENLHO <z, T.€. YypaBHenmeM Buua (8.5), rae

2 2
f,y)=2x"+4y".

VpaBHeHHE KacaTelbHOH IUIOCKOCTH B MPOU3BOABHON TOUke M B COOT-
BeTCTBHY ¢ dopmyoii (8.6) nmeeT Bu

z2—zy=4xy(x—x)+ 8y, (¥ — )

4xy(x—x0)+8yo (¥ = yp) — (2= 2,) = 0. (A)
3Ta MAOCKOCTh MO YCJIOBHIO 3aMaqu AO/DKHA OBITh NapajienbHa IUIOCKOCTH
8x—32y—2z+3=0. Tak KaK IUIOCKOCTH MapauIeJIbHbl, TO X KO3hULH-
€HTBI TPH COOTBETCTBYIOLIMX TEKYIIMX KOOPAMHATAX MPONOPLIMOHAIBHEI:

4xg _ 8y, -1
8 -32 -2’
OTKyZa
r_r_ 1 _1
2 0 2’ 4y0 2:
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x0=1, Yo =-2.

U3 ypaBHeBHA z= 2% + 4y2 HaxomuM z, =18. CrenosarensHo,
M,(1,~2,18) — uckoMas ToYKa.
VYpasHenue (A) Npu NOMYYCHHBIX 3HAYEHUAX Xg, Yo, Zg TPHHAMAET
BHJ1
4(x-1)-16(y+2)—(z—-18)=0

4x—16y-z-18=0.

B cootserctBrM ¢ GopMmyioli (8.7) cocTaBiiseM ypaBHEHNs HOPMalH B TOY-
ke My(l,—-2,18):

x—1_ y+2 z-18
4 -16 -1
3anauu ,
CoCTaBUTh ypaBHEHHS HOpPMalH U KacaTelbHOHM IUIOCKOCTH K KaXIoH

U3 CIEIYIOIUX NOBEPXHOCTEH B YKa3aHHOM TOYKE:
1. 2x2+3y2+422 =9, My(1,-1,1).

P +y* =22 =0, M,(3,4,5).

z=4x2-9y%, My(,1,-5).

x=2y2 4328, M,y(5,1,1).

B kakux Toykax HNOBECPXHOCTH

noA W N

24y 422 48x—4y+22412=0

KacaTesIbHEIE IUIOCKOCTH K Helf maparuiebHbl KOOPAMHATHBIM [JI0CKOCTAM?
6. K mnoBepxHOCTH 2+ y2 +4z2 =4 IPOBECTH KacaTeNbHYIO IIOC-
KOCTB, OTCEKAIOIIYIO HA OCAX KOOPAUHAT PaBHbIE OTPE3KH.

OTBeTHI

x—l=y+1=z-1; 2x—-3y+4z-9=0. 2.
2 -3 4 3 4 -5

x—l= y—1= z+5; 8x—18y—z+5=0. 4. f:—5—=
8 -18 -1 -1

x-3_y-4 z-5,

>

1.

3x+4y-52z=0. 3.
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=J’;1=Z;1; x—4y—-6z+5=0. 5B rtoukax M;(~7,2,-1),

M,(-1,2,—1) xacareasHbie IUIOCKOCTH mapamnenbHbl (Oyz; B TOUKaX

M;(-4,5,-1), M (—4,-1,~1) nnockoctn napamnensue Oxz; B TOYKax

Ms(—4,2,2), M¢(-4,2,-4) MI0CKOCTH niapaienbHbL Oxy.
6. x+y+z-3=0; x+y+z+3=0.

§ 8.2. dkcTpeMyMm (DyHKLMMN HECKONBKUX NepeMeHHbIX

Maxcumymom (munumymonm) ysakumu z= f(x,y) Ha3LIBACTCA TaKOe
ee 3uadeHue f(xy,y,), KOTopoe Gonbie (MECHBILE) BCEX APYrHX 3HAYEHHUH,
NPUYHUMAEMEBIX €10 B TOYKaX, AOCTATOUYHO ONM3KMX k Touke M,(xy,),) H

OTIHMYHBIX OT HeEe.

MakcuMyM Wid MHHAMYM (YHKUHH Ha3bIBACTCSl €€ SKCMPEMYMOM.
Touka, B KOTOPOH HOCTHTAeTCA KCTPEMYM, Ha3bIBAETCA MOYKOU IKCmpe-
MyMa.

AHaOrH9HO ONpeaeNseTcs YKCTpeMyM GyHKIMM Tpex ¥ Oonee mepe-
MEHHBIX..

OKcTpeMyM @YRKIHH HECKONBKHX NMEPEMEHHBIX MOXKET HOCTHraTheA
JIMIIG B TOYKAX, JIEXKAIMX BHYTpH OONIaCTH €€ ONpeACICHHs, B KOTOPEIX BCe
YaCTHBIE MPOU3BOAHbIE MEPBOTO MopsAaKka obpamaTcd B Hylb. Takue T04-
KH Ha3blBAlOTCs Kpumuueckumu. JInd GyHKUMM ABYX NEPEMEHHBIX Z =
= f(x, y) KpurHUecKHe TOYKH HAXOMATCA U3 CUCTEMBI YPaBHEHHI:

[, y)=0;
£y xy)=0.
Venosun (8.8) ABAMOTCA HeoOX0OUMBIMU  YCIOBUAMYU DKCTPEMYMA.
Jocmantonnsie ycnosus sxcrpemyma o GyHKIuH z= f(x, y) BbIpaxaroT-
C C NOMOUILIO: OIPeIeTHTENS

(8.8)

a=|? Bloac-p? 8.9
Tae
A=fx';('r0,y0)’ B=fx’;(x0’y0), C=f);,/(x09y0)a (810)
a IMCHNO:

1y ecnr A>0, 10 My(x,,y,) — Touka 3xcTpeMyMa: ipH 4 <0 (wm
C < 0) —Touxa makcumyMa, mpu A >0 (wmu C > 0) — Touka MHHHMYMa,
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2) eciu A <0, To B TOuKe M, HET IKCTpPEeMyMa.
Ecnu A =0, To BOIPOC 0 HAJIMYMH WIH OTCYTCTBUM IKCTpeMyMa (QyHK-

IIHH OCTAETCA OTKPBITHIM (TpebyeTcs naibHelliee HccnexoBaHue GYHKUMH,
HanpuMep, 1o 3HaKy NMpHpalleHus Af BONU3M 3Toi TOUKH).

NMpumep 1. Hccaenorars Ha 3KkCTpeMyM QYHKITMIO
fGy)=x"+y +9xp.

PeweHune. HaxomuMm yacTHbie NPOM3BOIHbLIE NEPBOTO W BTOPOro IO-
pAnKa:

[, »)=322 +9y; f)(x,y)=3y" +9x;

()= 6x; £ (x,)=9; f,,(x,y)=6y.

OG6paimas B Hye nepBsic MPOM3BOAHBIE, MOYYHUM CHCTEMY YPaBHEHMI s
OTIpe/IC/ICHAA KPUTHIECKHX TOYEK:

2 _ 2 _
3x2+9y—0, - x2+3y 0,
3y"+9x=0 y +3x=0

Onpez[emmy H3 NEpBOro ypaBHECHHUS U NOJACTABIIAA €O BBIPAKXCHHUE
1 5
y=-=x (A)
3
BO BTOpPOC YpaBHEHHC, NNOITYYHUM

2
(—%xz) +3x=0, x*+27x=0

x(x}+27)=0,

OTKyJa
xl = 0, x2 =-3.

(KommnekcHele KOpHH ypanﬁemu x*+27=0 wm (x+3)(x* =3x+
+9) = 0 He NpUHHUMAEM BO BHUMaHHe.)

Haxonum 3hatienns y, COOTBETCTBYIOMME 3Ha4YeHUAM X, =0, x, =—3.
M3 ypaBHeHus (A) umeem y; =0, y, =-3. [lonyyeHsl ABe KpUTHHECKUE
Touku M;(0,0), M,(-3,-3).
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BprynciuMm 3HayeHUAs YaCTHBIX NPOU3BOMHBIX BTOPOro nopAnka B 3THX
TOYKax:

4 =/z0,0=0, B =/5(0,0)=9, C, = ,,(0,0)=0,
4y = f5(=3,-3)=-18, By = f5(-3,-3)=9,

G = ;;(—3,—3) =-18.
Haxomum onpenenurens (8.9):

A, = 4C, - B2 =0-0-9*=-8];

A, = 4,C, — B} =(-18) (~18)—9% =243,

B cuny JOCTATOYHBIX YCIOBHWH 3aKJIFOYaEM, 4TO B TOYKE M) HET 9KCTpe-
MyMa, Tak kak A; <0, B Touke M, ObYyHKUMA HUMeeT MakcUMyM, HOO

A, >0 u 4, <0, npuuem
max f(x,y)= f(-3,-3)=27.
Npuwmep 2. Haiftu skcTpeMyM QyHKHHI
£0x, »)=x>+3xpy? —18x% — 18xy — 18y% + 57x + 138y + 290.
PeweHune. Haxomum nepeeie H BTOpbIE YaCTHEIE MPOU3BOIHbIE:
f1(x, y)=3x* +3y? - 36x— 18y + 57,
fy(x, y)=6xy~18x~36y+138;

(%, y)=6x—36; f(x,y)=6y—18; f(x,y)=6x-36.

IpupaBHUBas HyNIO MepBbie NPOM3BOAHBIE, MOIyYdeM CHCTEMY YpaB-
HEHWH U1 onpeAeNieHua KPUTHYECKHX TO4EeK:

3x? +3y? -36x—18y+57=0;
6xy—-18x-36y+138=0

HITH

A

x2+y* —12x-6y+19=0;
2xy—6x—12y+46=0.

CNoXHB NOYAEHHO 3TH YpaBHEHHSA, NONYYHUM YPABHCHHC
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x? +y2 +2xy—18x—-18y+65=0,
KOTOPO€ MOXXHO NIEPENKHCATh B BHJIE
(x+y)* 18 (x+y)+65=0.

3T0 KBaJpaTHOE YpaBHEHHME OTHOCHTENBHO (x+ y), pelllas ero, Haxo-
UM

x+y=13, x+y=5. : (B)

BrrunTas nowieHHO BTOpOe ypaBHEHHE CHCTEMBI (A) M3 mepBOro, Io-
Tydaem :

x2—2xy+y2—6x+6y-27=0

(x-p)’-6(x-y)-27=0,

OTKyna
x—y=9, x—y=-3. ©)

Takum 06pa3oM Ui ONpefieeHHs KPUTHHECKAX TOYEK MONYYEHEH de-
THIPE CHCTEMB! YpPaBHCHHUI:

x+y=13;| x+y=13; | x+y=5] x+y=5
x-y=9; | x-y==3| x-y=9;] x—y=-3.

Pemras aTH cHMCTEMBI, HaxomuM 4YeTblpe KpuThueckue Toukd M, (11,2),
M2(59 8), M3 (7; _2), M4 (1’ 4)

BerunciiseM 3HaYeHHsA YaCTHBIX MPOM3BOIHBIX BTOPOTO MOpS/KA B YKa-
3aHHBIX TOYKAX:

=f501,2)=30, B, = f;(1,2)=—6, C, = f}(11,2)=30;
4, =558 =-6, B, =f}(58)=30, C,=/(58=—6
4, = f5(1,-2)=6, B, = f5(7,-2)==-30, C,=f,(7,-2)=6;

=fx(L4)=-30, B, = f5(1,4)=6, C, =f,(1,4)=-30
¥ 3Ha49eHHA onpenenures (8.9): _
A, = 4,C, - B2 =30-30- (- 6)* = 864;
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A, = 4,C, ~ B} = (—6) (—6)-30% = -864;
Ay = 4,C; - B =6-6~(-30)" =—864;

A, = A,C, - B} =(-30) (—30)— 6 = 864.

Tak kak A, <0 u A; <0, T0 B TOYKkax M, U M; IKCTPEMYyMOB HeT.
IMockonbky A; >0 u A4, >0, T0 TOuka M, SABAAETCA TOUKOH MHUHUMYyMa,
npuueM

min f(x, )= f(11,2)=10.
Takkak A, >0 u A, <0, To Touka M, €CTh TOUKa MAKCHMYMa, NIpHYeM
max f(x, y)= f(1,4)=570.

3anaun

Haitrut axctpeMymst GyHKImil:

L f(,y)=x*+y -2x+4y+1

2. fOy)=xt+xy+y?—13x—11y+7.

3 z=x3+y3—6xy.

4. z=x +y*-3axy.

5. z=x>—7x? +xy—y2 +9x+3y+12.

OT1BeTnl

1. min f(x,y)= f(1,-2)=-4. 2. min f(x,y)= f(53)=—-42.
3 200 =2(2,2)=—-8. 4.Munumym mpu a>0, makcumym mpu a<0.
5. Zpa =2(1,2)=19.

§ 8.3. Haubonbluee u HaMMeHbLIEe 3HAYeHUA (HYHKUUN

OyHKIMA, HENPEPLIBHASA B OrPaHUYEHHON 3aMKHYTO#l 00jlacTH, 10CTH-
raet B Heil HaubONbLLUIEr0o U HAUMEHBIIErO0 3HAYEHWI WIH B KPUTHYECKHX
TOYKaX, WIM B TOUKaX, JIEXKaIIUX Ha rpaHune obnacty. ,

s HaxoxaeHHus HauGosbLIero ¥ HAaUMEHBILEro 3Ha4eHUH QYHKUNH B
3aMKHYTOH OorpaHH4eHHO# odnacTi HEOOX0AHMO:

1. Haiirn kpuTHdeckue TOYKH (Jexkallue BHyTpH JanHoi obnactu) u
BBIYHC/IUTh B HUX 3HAYCHHUA QYHKLIMH.

2. Haiith HauGonburee (HauMeHbIlee) 3Ha9eHne QYHKIIMH Ha rpaHuLe
obnacru.
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3. CpaBHUTb BCE NOJNyYeHHBIE 3Ha4YeHMs (YHKUHMH: camoe Golbiuee
(menbmee) u Gyner HauGonbIIMM (HaMMEHBLIINM) 3HAYeHHEM (QYHKUMH B

JaHHoli obmacTh.

3amMeuanue 1. B ganHoM ciyyae HeT HEOGXOMMMOCTH MCCIEAOBATEH
YHKIHMIO HA 3KCTPEMYM C MOMOIIBI) YAaCTHBIX NPOH3BOAHLIX BTOPOrO MOPAAKA.
TpebyeTcs HallTH KPUTHYECKHE TOYKH U 3HAYEHHA PYHKIIUM B HUX.

3ameuvanue 2. Jlng dynkuvn z= f(x, y) rpanuna o6nacté cocTouT u3

HECKOJIBKMX Jyr (OTPe3KOB), ypasHeHus koTopeix y= f(x), rne a<x<bh um
x=@ (p), ree ¢c< y<d, nosroMy Ha COOTBETCTBYIONUIMX AyraX MPaHMLb! JaHHAsA
GyHkuns aensiercs GyHKUHeH oqHOH nepeMeHHON:

z=flx. f(X)]=2z(x) wm z= flo (¥),y]=z ().
Ecau rpanviia 3a1aHa napaMeTpU4ECKUMH YPABHEHUAMH
x=@(0), y=9,(1) (@<1<p),
TO AaHHas (GyHKHHA Takke NpeBpalaeTcs B PYHKUMIO OLHOM MepEMEHHOM:
z=f(xy)= flo10; 92() ]=z ().
NMpumep 1. Haiitn Hanbonbliee M HamMeHblee 3HadeHUs GyHKUMH
z= f(x,y)=2x"-2y* Bxpyre x> +y*<9.
Pewewnune. Jlaunas QyHKIHA MMEET YaCTHBIC HPOU3BOJHBIE:

f;(x’)’)=4x; fy'(x’}’)="4J"

TpypaBaHBasA HyIO 3TH NPOM3BOAHBIE, MOJY4HM CHCTEMY YPAaBHEHHH,
U3 KoTOpoit HaxommMm x, =0, y,=0. 3HayeHHe QYHKUMH B KPUTHIECKOM

Touke M,(0,0) paBHO HymO:
2y=/(0,0)=2.-0-2-0=0.
I'panuneit naHHOM 3aMKHYTOM 06NacTH ABIAETCA OKPYXKHOCTH
x> +y*=9 wm ¥ =9-x2,
roe —3<x<3. Oynkuma z=2x> -2 y2 Ha rpaHuue o61acTH CTaHOBHTCS
¢dynxuuelt onHo# nepeMeHHOM x:
z(x)=2x2=2(9-x2)=4x2-18,

apryMeHT KOTOpo# H3MEHseTCs Ha oTpeske [—3, 3].
Hatinem HanGonbinee ¥ HaumeHsinee 3HaueHU QYHKUMM z (X) Ha yKa-

3aHHOM otpe3ke. [nddepeHunpys >ty pynkumo, nosygaem z’(x) = 8x. Uz
ypaBHeHMA z'(x) =0 HaXoIMM €AMHCTBEHHYIO KPUTHYECKYIO TOUKY X; =0,
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B KOTOpO# $yHKUMA z (x) HMeeT 3HaueHue z; = —18. BeIUMCIHUM €€ 3Haue-
HHUs Ha KOHLAX orpeska [—3, 3], T.e. B Toukax x =-3, x=3:

2, =2(=3)=4(-3)*-18=18;

z;=2z(3)=4-3-18=18.
CpapauBas Mexpmy coboif umcna zp, z, 2z, 23, 3aKIIOYaEM, 4TO

byHKIU z= 2x2 —2y2 uMeeT HamOoJIbIIee 3HAYSHHE, paBHoe 18 M Hau-
MeHblIee 3Ha4eHue, paBHoe — 18, mpryeM:

Zyau6 = f(-3, 0= f3,0=18;

Zyaa = F(0,=3) = f(0,3)=~18.
3aMeuanue. HanbGonpluee 4 HauMeHbIICE 3HAYCHYA GYHKIMH Ha TPaHULE

061acTH MOXHO ObLIO HAWTH # ApPYyruM crocoboM. OKpYXHOCTb x*+ y2 =9
HMEET CAEAYIOWHME IAPAMETPUYECKHE YDABHEHHS !

x=3cost; y=3sint (0<¢<2n).

TMoxcTapss 3TH BLIpaXEHWA M x M y B dopmyiny z=2x2 -2 y2, NOTY4YHM
($yHkuHI0 ORHOR NEPEMEHHOM £:

z(#) =2 (3cost)? — 2 (3sint)? = 18 (cos’ t - sin® £)
HIIN
z(t)=18cos2t,

Ans xoropoi 2’(f) = —36sin2¢. Ha orpeske [0, 2] dynxuus z (f) = 18cos2t
HMEET KPHTHUYECKHE TOUKH f] = 0, = %, I3=T, 4= % T, KOTOpPLIM COOT-
BETCTBYIOT CIEAYIOIHE 3HAYCHUS QyHKIHH:

5 =2(t)=18; z; =z(t) = —18;

z3=2z(t;)=18; z, =z (1,)=—18.

NMpumep 2. Haiith Haubonpuice ¥ HaHMEHbIIEE 3HAYCHHA (yHKLMM
z=f(x,y)=x"+y*+6xy B nNpAMOyronbHHKE C  BepUIMHAMH
A(-3,-3), B(-3,2), C(1,2), D(1,-3).
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PeweHune. Bo3lsMeM yacTHbie NPOU3BONHbBIE JAHHOMN (BYHKIHH:

[, y)=3x +6y; f(x,y)=3y" +6x.

H3 cucrems! ypaBHeHui

3x2+6y=0; x2+2y=0;
2 -,
3y"+6x=0 y +2x=0

HaxoxuM JIBe KputHueckue Toukd M;(0,0), M,(-2,-2), obe oHU npH-

HaJUIeXaT psMOyronbHAKY ABCD (puc. 8.1).
BeraucnsieM 3Ha4eHUA QYHKIUM B ITHX TOYKAX:

5 =f(0,00=0, z, = f(~2,-2)=8.

yA Haiinem HauGonemee H Hau-
B 2 C MEHbIIIee 3Ha4eHnA (PYHKOMH Ha Tpa-
HHLe TpaMoyrojbHuka ABCD. 3ty
L7 rpaHully ynoOHO pa3OuTh Ha YeThipe
s ) otpeska AB, BC, CD, DA, Ha kax1om
3-2-10 1| 2 U3 KOTOPBIX MOTYT OKa3aThCd CBOM
-1 KpHTHYeCKHe Toukd. Kpome Toro,
2 He0OXOAMMO Y4eCTh M KOHLBI OTpe3-
KOB, T. €. TOUKH A, B, Cu D.
. HieM xkpHTHYIECKHE TOYKH Ha OT-
Puc. 8.1 peske AB, ypaBHEHHE KOTOpPOro
x=~3, upmaem -3<y<2 Ha

xY

3TOM OTpe3Ke JaHHas ¢yHKLUUA CTaHOBHTCA (HYHKUMElH ONHOM nepeMeHHoH y:
z=f(=3,y)=-27+y> 18y, z(y)= y* - 18y-27.
ITpousBoanas 3toil PpyHKIHH
Z/=3y*-18

obpamiaercs B HyJIb pyA y = -J6= =245, y= J6 = 2,45. Broporo 3Ha-

4eHHs paccMaTpuBaTh He Oy/ieM, Tak kak OHO He IPHHAUIEKHUT OTpe3Ky AB,
i kotoporo —3<y<2. BpuucnuM 3HaueHue ¢QyHkumm z(y) npu

y=-+6:
2= z(-JE)=(-J€)3 ~18(-V6)-27=12V6 -
—27~24. /
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. Ha otpeske BC y=2(~3<x<1), moaromy.
z=f(x,2)=x>+8+12x.

Oynxkms z (x)=x> +12x+8 KPHTHYECKHX TOYEK HEe HUMEEeT, TaK Kak
ee nmpomsBonHas z'(x)=3x> +12 B HyJb He oOpamaercs.
Ha otpeske CD, rne x=1 (-3<y<2),
z=f(Ly)=1+y’ +6y,

TaKXKe HET KPUTHYECKUX TOUEK.
Ha otpeske DA y=-3 (-3<x<1), nostoMy

z= f(x,-3)=x>-27-18x.

®ynkums z (x)=x> —18x—27 nMeer KPUTHYECKYIO TOYKY X = ~J6

(Touka x = J6 , B KOTOpO# npomssojHas z’(x) =3x% —18 TaKke obpaina-
€TCA B HyJIb, OTPe3Ky DA He NpHHAIUIEKHT).
Berucnsem sHaueHne GyHKIHMU z (x) B TOYKE X = -6:

zy=z(-6)=(-V6) -18(-v6)-27=

=1246-27~24.
OcTasocs HaliTH 3HaYeHuA QYHKIMH z = f(x, y) = x> + y3 +6xy B Beplu-
Hax A, B, C, D: )
z5=f(A)=f(~3,-3)=(=3)* +(=3) +6(=3) (-3)=0;

ze= F(B)= f(=3,2)= (=3) + 23 +6(=3) 2= 55,
2= f(C)=f(1,2) =P +2>+6-1.2=21;

zz=f(D)=f(1,-3) =P +(=3)>+6(-3)1=-44.
CpasumBas z,, z,, 23, z;, Zs, Zg, Z7, Zg, 3AKJIIOYAEM, YTO (QyHK-
wi z=x>+ y3 +6xy B npamoyroiabHuke ABCD pocTuraetT HaMMeHLIIEro

3HaYeHusA, paBHOTO —55, B Touke B, M Haubonbluero 3HayeHHA, PaBHOIO

21, -8B Touke C.
NMpumep 3. 3 Bcex MpAMOYToJibHBIX NapauiesieNUNenos, HMEHOLIUX
CYMMY TpeX HM3MEPEHHH, PaBHYIO MOJIOKUTEIBHON TNOCTOSHHOH a, HaliTi

272



TOT, 06BEM KOTOPOro HaHGOJILINMIA.
Pewenne. O603HaYMM HU3MEPEHHA MPAMOYIOJLHOTO MapajUie/euneaa
4epes x, y, z. M3 ycmoBusa 3agaqn BHAHO, uTOo x>0, >0, z>0. O0beM
napanjenenunena V seipasurca dopMynoi
V=xyz.
Ilo ycnoeuio 3aga4u
x+y+z=a, a>0,

vh OTKyZa
\ z=a—-x-y,
B [09TOMY

V=xyla-x-y).
Ilonyyennas ¢yHKIMA OBYX nepe-
»  MEHHBIX onpeneseHa BHYTPH TPEYyroJb-
X  Huka OBA, OrpaHH4e€HHOTO MpPSAMBIMH
x=0, y=0, x+y=a (puc.8.2).
®yuxuut V (x,y)=xy (a—x—y) nmMe-
€T YaCTHbIE IIPOU3BO/IHbIE:

0 AN

Puc. 8.2

Vi, y)=ay—-2xp—y*, Vy(x,y)= ax—x* - 2xy,
Va(x,y)==2y, V =a-2x-2y, V,; =-2x.
TIpUpaBHAB HyJIO YaCTHBIE POM3BOXHLIE MIEPBOrO MOPAAKA, HAXOAMM:
ay—2xy-y* =0; }
ax—x* - 2xy=0.

Tak kak x# 0, y#0, To cokpamas nepBoe ypaBHeHHe Ha y, BTOpOe —
Ha X, TOJy4YHM CHCTEMY

2x+y=a,
x+2y=a,
pelieHHe KOTOpoi
a a
x = — = —
3’

Kpuruueckas touka M (%

ulh

) JIEKUT BHYTpU 0OJIaCTH OIIpefieNieHUs
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¢yHKUMY, T. €. BHYTpH TpeyroibHuka OAB.
BBIYHCIHM B 3TOM TOYKE 3HAUESHUSA BTOPLIX YACTHBIX MPOU3BOAHBIX!

7?7 2 ” l

” 2
Vyy(xO’y0)= _'g'a

u onpexaenuTens (8.9):

(B3 4

Tak kak A>0 u A=V](x,y,) <0, To Touka M ABISETCS TOUKOMH

MaKCHMYyMa.

a
U3 ypaBHeHUs zZ=a— X—) Haxomgum Zz; = 3 TakuMm o6pazoM, x, =

a
=Yo=20=7; HCKOMBIii mapasienenunes ectb ky6, pedpo koToporo pas-

3
HO a # o0neM V=a—.
3 27

3apaun
Haifrn manGonblivie ¥ HaWMeHbIIME 3HaYeHMs (PyHKIMI B yKa3aHHBIX
3aMKHYTBIX O6JIacTAX:

1. z=f(x,y)=3x+3y Bpyre x* +)° <4

2. z=f(x,y)=x?-y* Bxpyre xt+y? <l

3. z=xy(4-x-y) BTpeyronphuke x20, y20, x+y<6.

4. z=x* +y3 —3xy B OpaMoyrojbHuke 0Sxs2, —1Sy<2,

5. IlonoxuTenabHOE YHCIIO d Pa3NoKUTh HA TPHU MONOKHMTENbHBIX Clla-
raemblx Tak, 4ToObl MX Mpou3BexeHue 66110 HAHOOIBIIHM.

6. OTKpBITBIA NPAMOYTONBHBIHA AMMK NODKEH MMETh JaHHbIH 00beM V.
Onpenenuts pasMephl ALIKAKA, TIPH KOTOPLIX Ha €F0 H3TOTOBJIEHHE NMOTpeby-
€TCSl HaMMeHblIee KOJHIECTBO MaTepuaa.

7. Haiity npAMOyroJisHBIH HapajuieNenunes AaHHOH NMOBEPXHOCTH S,
HAMeEIOIHit HanbonbIni 06beM.

8. JaH TpeyroisHEK ¢ BepmuHaMu A (¥, y;), B(x3,¥,), C(x3,y3).
B nnockxoctu TpeyrosnsHuka ABC HailTi TOYKy, Wi KOTOPOM cyMMa KBal-
paToB paccTosHuil 10 ero BepuivH OyIeT HauMEeHbILEH.
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OTeeTnI

1. Zhau6 = f(‘/a’ ‘/5)= 6"/5; Zhaum = f(_ ‘/—2-’ _‘/5) = _6"/—2"

2. Zyges = F(=1,0)= £(1,0) =1, Zyae = F(0,~1) = £(0,1) = —1.
3 2 =2, D=4; z..=7(42)=-64 4. Zyans =f(2,—1); 13;
: 1
Zyame = (L)) = £(0,-1)=—1. 5. x=y=z=§. 6. x=y=(QV)}; z

1
1 3 X1+x+x +y, +
==(2V)}. 7. x=y=z=aqa ‘8 x,="1""2773. =NEN T
2 ; 3 . 3
My (x5, yg) — Touxa nepecevenus Memuan Tpeyroasuuxa ABC. .
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Pazden V.
LuggpeperyuarnbHbie ypasHeHus

OCHOBHbIE NOHATURA
Juchepenyuanshovim ypasHenuem Ha3biBaeTCs YPABHEHHE, CBA3HIBAIO-
lllee HE3AaBHCHMYIO NEPEMEHHYIO X, UCKOMYIO GyHKmIO y = f(x) H ee

MPOM3BOIHEIE PA3IMYHBIX MIOPAIKOB.

Mopadxom nuddepeHIHaTLHOr0 YpaBHEHHs Ha3biBaeTCi MOPANOK
crapuieii IPON3BO/HOM, BXOAAIIEH B 9TO ypaBHEHHE.

Jlugppepenyuansroe ypasrenue n-20 nopadka B OGLIEM BHIE 3aMHChI-
BaeTCA Tak:

FG,p,y,y" . y™)=0.

Pewenuem middepeHIMATEHOTO YPaBHEHHS Ha3bIBAETCA J0Gas ¢$yHK-
s y = f(x), obpamaiomas 370 ypaBHEeHHE B TOKAECTBO.

Pemenne F (x,y)=0, 3aHaHHOE B HEABHOM BHIE, HA3hIBACTCA unme-
zpanom QG depeRIHATEHOTO YPaBHEHI.

I'paduk pewenns auddepeHIMANBHOr0 YPaBHEHNA HA3LIBACTCA UnMme-
ZpanbHOll KpUGON.

Obuwum pewienuem nndOEPEHINAILHOTO YPaBHEHHA 1-ro NMOpsaKa Ha-
3biBaeTCH yHKUHA

y= (p(x, C],Cz,... ’Cn)’

3aBHCALIAA OT X M A TNPOHM3BOJNLHBIX He3agucumMbix MOCTOAHHBIX C,
C,,...,C,, ofpauamnoas 310 ypaBHCHHE B TOXIECTBO.

OG1nee peliesue, 3aJaHHOE B HEABHOM BHAE

@ (x,y,C,C,,...,C)=0,

HA3BIBACTCS OO UM UHMEZDAIOM.

Yacmuvim pewenuem IudGepeHIMATBHOTO YPABHCHHA HA3bIBAETCA
pelieHme, KOTOpoe mojydaerTca M3 ofuiero, eciiM NpHaaTe OnpelesneHHbIe
3HAYEHHA TIPOH3BOJILHBIM ITOCTOAHHBIM, T. €. PEILICHHE BUAA:

y=9(xCC,....C)),

0 ~0 0
rne C', G, ..., C, — QUKCHPOBAHHEIE HHCIa.

YacmubiM uHmezpanom HasbiBaeTCs MHTErpal, MOTyYeHHBIH 13 obuiero
myTeM (UKCHPOBAHMS MPOU3BONLHBIX NOCTOAHHBIX:
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O (x,»,CL,C3,...,C)=0,

rae C?, c{,’ yaees C,? ~ (PUKCHPOBAHHLIE YHCIIA.
NMpumep 1. Onpenenuts Nopagok JudpdepeHIHaNLHOr0 ypaBHEHUS:

1) y"=-3y"+2y-4=0; “

2) x(1+x)y —(1+2x) y—~-(1+2x)=0;

3) yV-16y"=0;

4) y"-6y"+11y’' -6y =0.
Pewenue. IlepBoe ypaBHeHue ssimsercs AudepeHLIMaILHBIM YpaBHe-
HHMEM BTOPOro MOpsAiKa, TaK Kak MOPANOK CTapliei, BXoJsLiel B HEro npo-
W3BOJHON paBeH 2, BTOpPOE — ypaBHEHHEM IEpBOro Mopsaka, u6o OHO Co-
JAEPXHT TOJIBKO HEPBYIO MPOW3BOAHYIO. (3aMETHM, YTO B NEPBOM YpaBHe-
HUH Kodbduunents! Ipu y, y’, »” u cBOGOAHBIH WieH ABASIOTCS YMCHA-

MH, BO BTOPOM YpaBHEHUH OHM 3aBHUCAT OT x.) TpeThe YpaBHEHHE ABJIAETCA
YpaBHEHHEM YETBEPTOro NMOPAIKA, TaK Kak MOPAIOK CTapiued MpON3BOAHOM
paBeH 4, 4EeTBEPTOE — YPABHCHHEM TPETLEro INOPSAKa, MOCKOJBKY TPeThs
NpOU3BOAIHASA SABNIACTCA CTapliedi NMPOW3BOIHOMN, coAepKalieHcs B 3TOM
ypaBHEeHHH. (3aMETUM, YTO TPEThe YpaBHEHHE He comepkut y, ¥, y” u

X, YETBEPTOE TaKXKe HE CONEPIKUT X.)
Npumep 2. lokasats, 40 QYHKUMA y=e>* SBIAETCA pELICHHEM
muddepeHManBLHOTO ypaBueHus ™ — 8y = 0.
PeweHue. HaiizeM TpeThio IPOU3BOAHYIO TaHHOU QYHKIIUH:
y' = zer’ ,V" = 4e2x, yn/ = 8€2X.
TMoncrapnss BoipaxkeHud o8 y U y” B muddepeHUHaILHOE YpaBHEHHE,

MOTYYHM TOXAECTBO 8¢’ —8¢?* = 0. D10 03HauaET, 4TO OyHKLHA y = e*
€CTh pCUICHHEe NAHHOI'O ypaBHEHUA. 10 pPEUIeHHE — YaCTHOE, TaK KaK OHO
HE COJEPKHT IIPOH3BOJILHBIX MOCTOAHHBIX.

1
Mpumep 3. [Nokazats, yTo yHKUMA y= C1e3" + 3 x +% YAOBAETBO-

pseT ypaBHeHmIO y” — 4y’ + 3y = x— 1. SIBnsAeTca K 3TO0 pelueHue oomum?
PeweHwne. Haxomum ase nepsbie NPOU3BOHbIE JaHHOH (YHKLUM:

1
Y= 3C1e3" +§, y'= 9Cle3x.

”

IMoxacTasngeM BuIpaKeHU I y, ¥° U y” B MCXOAHOE ypaBHEHHE:
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9C,e* -4 3c,e3"+l +3(c,e3"+lx+l =
3 379

=9C,e** —12C,e™* —%+ 3Ce + x+§ =x—1

1 1
Tak Kak MoNy4eHO TOXIECTBO, TO PyHKUHUA y = C1e3’r + 3 x+ 3 ABJIA-

€TCA PElICHHEM NAHHOTO yPaBHEHMS. DTO pellleHHE He ABIACTCA O0IuM,
160 OHO COHEPXKHT TOJIBKO OIHY IMPOM3BOJIBHYIO MOCTOAHHYIO, @ MOPANOK
ypaBHEHHUs paBeH 2.

1 1
NMpumep 4. V6enurscs B ToM, uto dyukuus y = Cie” + C,e” +3x+3
ABJIETCS PEIICHHEM ypaBHeHus y” — 4y’ +3y=x—1.
PeweHune. Haiinem npoussonurie

1 .
y =Ce* +C,e” +3 y”’=Ce" +Cye”

¥, OACTABIAA BhIpAXEHUs 1L ¥, y° M y” B NaHHOE ypaBHEHHE, NOJy4a-
€M TOXAECTBO

1 1 1
(Ce* +Cre*)—-4 (CleJ|r +C,e* +-3')+3(Clex +C,e” +3 x+;) =

4
=(Cie* + Cye*)-4(Cie” +C2z»:")-—§+3(C1eJr +Cye*)+ x+%_=.x—1.

CrieioBaTelbHO, JaHHas QYHKIHS ARILETCH penieHdeM nuddepeHIHaIbHO-
ro ypasHeHus. 310 pemenue OyIeT YaCTHBIM, TaK KaK OHO CONEPKMT JIMIUb
OIIHY He3a6ucuUMyio MOCTOAHHYIO (1ocTosHHbie C; ¥ C, B IaHHOM CiTydae
He SBJAIOTCA HE3aBHCHMBIMU: MX YHCIO MOXHO YMECHBHIHTH, MOCKOJBKY
CyMMa JIByX NOCTOSIHHBIX TaKKe €CTh IOCTOSHHAA, TO MOXHO 0003HaYMTh
G +C, =0(), Torna

11
=Ce" +=—x+—.
7 3779

: 1 1
NMpumep 5. Ilokasars, 910 GyHKIMA Y= Ce¥ +Cye” +3 X+ AR
eTca o6muM pelueHreM ypasHenua y” — 4y’ +3y=x—1
PeweHue. Jlannas QyHKUMA CONESPKHT JBe HE3aBHCHMBIEC MPOH3BOND-
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HbIE MOCTOSAHHbIE (MX YUCIIO HEJIb3S YMEHBHINTh, KaK B MPEIbLIYIIEM MpH-
Mepe). Ecau MBI moxaxkeM, 4T0 QYHKLUMA YIOOBIETBOPHET YPaBHEHHMIO, TO
3T0 M GyJeT 03HayaTh, YTO OHA ABIAETCA OOIUM peleHHeM TaHHOro aug-
depeHIHaNLHOTO YPaBHEHHS.

Iockobky

1
y' = 3C,e3x +C,e* +§, y’ = 9CIe3" +C,é”,

TO MOACTAHOBKA BRIp@XEHUH y, ), y” B ypaBHeHHe NPUBOIHUT K TOXIE-
CTBY

, ; 1 11
9C,e** +Cye” —4[3c,e3" +Cpe" +3 ]+ 3[C1e3" +Cre" +3 x4y ]:

: 4
=9C,e + Cye* —12Ce™ —4C,e” -3+ 3Ce* +3C,e" + x+—:1;'=- x-1

Mpumep 6. Mano obmee pemenue y=C;sin2x+C,cos2x mupde-

peHUBaILHOTO ypaBHeHHs V' +4y = 0. Kakue yacTHele peHieHus nojyya-

forca mpu C; =2, C, =3? Ilpu xakux 3HadeHusx napamerpoe C) u G,

TOMYYa0TCsA YaCTHBIC pelueHus: y = sin2x, y=cos2x?

PeweHue. Iloacrasnss 3Hauenns C, =2, C, =3 B dopmyny wis 06-

IETO pellieHHs, MOTyYHMM 4YacTHoe pelieHue y =2sin2x+ 3cos2x. Yacr-

HOe pemieHHe y =sin2x mnomygaerca m3 obuero npn C; =1, C, =0, 4a-

cTHoe pewmenue y=cos2x npu C; =0, C, =1

Npumep 7. [Tokaszars, 4To PyHKUHA y2 -x? - Cy =0 sBnserca o6wuM

uHTerpajiom aupepeHIUaNbHOTO YPaBHEHHS Y (x*+y")-2xy=0.

PeweHue. [lubdepeHuupys mo x AaHHYIO HESBHYIO QYHKLHIO, TOTyYHM
2x

2y-C’

2yy'=2x-Cy'=0, y'2y-C)=2x, y'=

W3 ypaBHEHUA y2 -xt- Cy = 0 HaxoauM

2_ 2

c=2X=*
y

1 TIOJICTABJISIEM €0 BRIpAXEHHE B GOPMYITy IUIS IPOM3BOIHON )
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, 2x ,_ 2%y
y'= , V= .
yz_xz y2+x2

Honcranosxa npou3BoaHO# B AuddepeHImanipHOe YpaBHEHHE TIPHBOIUT K
TOXIECTBY

2D (52 +x2)- 23y =0.
y +x
TakuM 00pa3oM, HesBHas (yHKIms y2 -x- Cy =0, 3aBucAlas OT

ONHOM NPOM3BOJIBHOMN MOCTOSHHOM, €cTh pemeHHe Nu(pepeHIHaTLHOTO
ypaBHEHMH, T. €. ABJIAETCA OOIHM HHTEIPAJIOM 3TOr0 ypaBHEHM.

Npumep 8. Haiity nuddepeHumanbHoe ypaBHEHHE, OOIMM PELICHHEM
koToporo senserca ¢yHkuus y=Cyx+C,, 3aBHCAIasd OT ABYX NpOM3-

BOJILHBIX HIOCTOSIHHBIX.
Pewenue. Jpaxanl auddepeHImpys NaHHYIO (QYHKIHIO, MCKIIIOYaeM
napamerphl C; u C;:
y,= Cl’ y”= 0.
VpasHenue y” =0 YHOBJICTBOPAET YCIOBHIO 3a/auH.

Npumep 9. CocraButh auddepeHUMaILHOE YPaBHEHHE, oblee pelue-
HUE KOTOPOro

y=C1x+&.
x
Pewenune. [duddepeHimpys naHHYIO QYHKIMIO, NIOTyIUM:
C 2C.
'=C -, Yy =C -
y 172 Y 1773

U3 ypaBHeHuH

el e G
y=0x x,y_l x2

HCKIIOYHM Cl . YMHOXas BTOpPOC YPaBHECHHME Ha X M BBIYHTas H3 HEro nep-
BO€, NTOITYYHM
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” 2C2
IIpuGaBiisis 370 ypaBHEHMe K YPaBHEHHIO y” = —=, yMHOXEHHOMY Ha
X
x?, ECKmOounM Cy:
xy'—y+y”x2 =.

HonyueHHOE ypaBHEHUE ABIAETCH HCKOMBIM.
Npumep 10. Haittu auddepeHimanbHoe ypaBHEHHE CeMeHCTBa KpH-
BhIX y= cx. :

Peweunue. JIupdeperimpys nannyio GpyHKuMIo, noxyuaem y’ = 3Cx?.
TloacraBnas cioga Bbipaxenne C = —2;—, TNIOJIy4eHHOE U3 JAHHOrO ypaBHe-
X

HUA, HAXOAMM HUCKOMOe AHddepeHIHaTbHOE YpaBHEHHE

’ .3
y =3xL3.x2, y =—x)—}.

3apaun
1. Onpenemuts Nopanok AU pepeHIHalIbHOTO YPaBHEHUA:
D y+p®y=qx)
2) YH+p®)y'+q(x)y=0
3) y'-ay"+by'+Cy=0;
4 yW+yVoy=o.

2. lano obmee pemenne y=Ce”+C,e”* muddepentmansHoro
ypaBHenus y” ~ 3y’ + 2y = 0. HaiiTH yacTHEIE pEIICHHSA B CITyYasXx:

)G=0 C=1

2)Ci=1, C,=0;

NC=1 C=-2.

3. Jlan o6umit wmarerpan x2—y? —Cx=0 JuddepeHuHATBEHOTO
ypanuemvi 2xyy’ = x4+ y2. Hafitn wactHpie unTerpajiisi mpy C=4,
C=6, C=-8, C=-10 4 MOCTPOUTH UX.

B 3anauax 4 — 10 nokazats, 4T0O JaHHbIe QYHKIUMH YIOBJIETBOPAIOT CO-

OTBETCTBYIOHIMM IH(PepeHIIMATPHEIM YPaBHEHHAM; YCTARHOBHUTb, KaKHMH
PEHICHHAMH OHH ABISHOTCA — OOILMMH HITH YACTHBIMH:

4. y=x(nx?+C); xy'-y=2x.
(x+1*

2
s. = 4 '+]2’ ey = +13‘
y 2 (x+1)°, y 1 (x+1)
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y=Ce*sinx, y”-2y'+2y=0.
y=C;sin7x+ C, cos7x, y"+49y; 0.
x2+y2—~C2=O, x+y' =0.

r ® 2

Y -x2=2y=0, y'(x*+y*)-2xy=0.

10. y = Cie* + Cye™* + C3e**, y"' ~6y” +11y' -6y =0.

Haiitu muddepeHumnansHoe ypaBHEHHE CEMEHCTBA KPUBbIX:

11. y=Cx%. 12. y = Csinx.

Hatitn nuddeperumansioe ypaBHeHHe, OOMUM peUIeHHEM KOTOPOro
ABNAETCA NaHHasA (YHKIMA:

13. y=Ce¥ + Cpe™?*. 14. y = C, sin3x + C, cos3x.
15. y=C, + C, cos (x + C;). 16. y=Cie* + Cye™™ + Cye™*.
OTBeTHI

1. 1) nepeuiii  nopanok; 2) Bropoif; 3) Tperuit; 4) nsarteii. 2.1) y= ezx;
2) y=e*; 3)y=e -2 3. 1) x* 3" —4x=0 um (x-2)°-y*=4
(paBHOGOuHas runepGona, HEHTP KoTOpo# Haxoxurcs B Touke M (2, 0), monyocu

PaBHBI IBYM); 2) x*- y2 —6x=0; 3) x2 - y2 +8x=0;

4) x? - y2 +10x = 0. 4. O6wee pewenue. 5. Yacrnoe penieane. 8. O6muit HuTE-
2

rpan. 9. Yactsiit narerpan. 10. O6uee pemenve. 11, ' = —Z. 12, y' = ycigx.
x

13. y”"-2y'— 8y =0. 14. y”" +9y=0. 15. y"” +y’=0.

16. "' =2y" —y'+2y=0.
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[naea 9.
AuddeperHunanbHble ypaBHeHUsA
nepBOro Nopsjka

O6uwmit Bun nuddepeHImansHOT0 YpaBHEHNA IEPBOTO NOPAKa:

F(x,y,¥)=0. , ©.1)
Ecnu 5T0 ypaBHeHHe pa3peninMo OTHOCHTENBHO y’, TO
Y =f(xy) wm dy=f(x,y) dx. -2)
VpaBHeHue (9.2) MOXHO 3amicaTh Tak:
P(x,y)dx+Q(x,y)dy=0. 9.3)
Obwum pewernuem ypasHeHus (9.1) HasbiBaeTcs GyHKIMA
y=9(x,C) 04

OT X U NMPOU3BONILHOM mocTosAHHOH C, ofpamaoias 3T0 ypaBHEHHE B TOX-
IeCTBO.
OOl1Lee pelmeHne, 3aJaHHOE B HEABHOM BHIE

@ (x,y,0)=0, 9.5)
Ha3bIBACTCA 06U UM UHMESDANOM. '
Feomerpuueckn obmee pemieHue (M oOIMA MHTErpan) MpeACTaBAAET
co0oif ceMelicTBO MHTErpalbHbIX KPHMBBIX Ha IUIOCKOCTH, 3aBHCAIIAX OT
oxHoro mapamertpa C.
Yacmuoim pewenuem ypasHeHHA (9.1) Ha3pIBaeTCA pelIeHHE, NOTy4YeH-
Hoe H3 o6mero pemenus (9.4) npu duxcrupoBanHOM 3HaYeHUH C:

y=9 (x’ CO ): (96)

rae C, — GHKCHPOBaHHOE YHCIIO.

Yacmueim unmezpanom ypaBHeHus (9.1) HaspiBaeTcs MHTErpail, Moiy-
YeHHbI U3 o6mero uHTerpana (9.5) npu pukcupoBanHoM 3HadeHuH C:

@ (x,y,Cy)=0. ©.7)

3anava Komu. Haiimu pewenue y= f(x) ouggepenyuanrsrozo

ypasuenus (9.1), yooenemeopsiowjee 3a0GHHLIM HAYQILHBIM YCAOGUAM:
Y=y, npu x=Xx,. JIpyraMu CHOBaMH: HalTH HHTETDAILHYIO KPHBYIO

ypaBHenEA (9.1), MpoxXoasuIyIo yepes JaHHYIO TOUKY M,(xy, Vo)

283



§ 9.1. nddeperunanbHbie ypaBHEHUA
C pasAenAloIWKMHUCS NepeMeHHbIMU

Jugppepenyuanvuvim ypasHenuem ¢ pasOeisiouUMUucs NEPeMeHHbIMU
Ha3bIBAETCA YPABHEHHE BH/A

X x)Y ) dc+ X,(x) h() dy =0, 98

rae X (x), X;(x) — gysxumn T01BKO OT X; Y (), K (») — byukuuu Tons-
KO OT ).
VpasHrenue (9.8) neeHHeM Ha Npou3BeaeHne ¥ () X;(x) npuBoAHUT-

S K YPAGHEHUIO C PA30ENEHHBIMU NEPEMERHIMU!
X (x ) 4
(x) det 16))

X0 Ty =0 ©9)
O61uii uaTerpan ypasHesus (9.9)
X (50, _
le(x)de“y)dy C. (9.10)

3ameuanue. [Ipn nencuuu Ha npomssexesue Y () X;(x) MoxHo no-

TepATh T¢ peuieHus ypasHenus (9.8), xorophic ofpam@aloT 3T0 MPOM3BEACHHE B

HY/Ib.
HemocpencTBeHHOM NOACTaHOBKOH Nerko yGeauThes, 4ro dynxuus x =a, rue

a ectb kopeHb ypasHenns X;(x) =0, 1. e. X,(a)= 0, asnserca peuennem ypas-
Heunsa (9.8). ®yukums y=>b, rae b kopeHs ypaBHCHHﬂ. ron=0, re
Y,(b) = 0, Taxxke aBnseTcs pemenueM ypasnenus (9.8).

Pemtenust X=a ¥ y = b, ecnu OHH UMEIOTCS, TEOMETPHIECKH TIPEACTABIIAIOT

060 NPAMBIC THHUH, COOTBETCTBEHHO NapaiensHeie ocd Oy U ocH Ox.
Mpumep 1. [IpouHTerpupoBaTh ypaBHEHUE

, X
y'=—= (y=0)
y

HaiiTi HHTErpabHYIO KPHBYIO, IPOXOMALLYIO Yepe3 TouKky- M (3, —4).
PeweHune. JlaHHOe ypaBHEHHE MOXHO MepenucaTs Tak:

&
dx

TTonyueHHOE ypaBHEeHHe ABJISETCH YPaBHEHHEM C Pa3feNeHHBIMH MEpeMeH-
HBIME (K03(duuMEHT MpH dx — QYHKUMA TONABKO OT X, NPH dy — QyHKUMS
TOJIBKO OT Y).

Hurterpupys, MoJy4yum

=2 xdx+ ydy=0.
y
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C L2 2
x_+y_=C] WM x2+y2=2C1.
2 2

Ionaraa 2C, = Cc? (4TO MOXHO CHENaTh, TaK KaK x> + y2 2 0), obumi
HHTErpan 3alHiieM B BHIE

xt+ y2 =C2.
Il'eomeTpuueckn obmmit HHTETpan npeacTaBiseT co0oil CeMENHCTBO OKpYX-

Hocteli panrycoB C ¢ UEHTPOM B Hauasie KoopauHaT (puc. 9.1).
Haiinem Ty okpyXHOCTb, KOTOpas NpPOXOIWT Yepe3 Touky M (3,-4).

IMoAacrasisis KOOpAMHATE TOYKH M B YpaBHEHHE x*+ y2 =C?, Haxonum
3?4+ (-4)> =C? umn C?=25.
loncraBue 3Hauenme C° B
ofwuit WHTErpan, NOMyYHM
HCKOMYIO OKPYKHOCTD
x? + y2 =25.

NMpumep 2. Pewmuth ypas-
HEHHe

314 15 b __Y 0.
dx x

Haiitu yvactHoe pemenue,
YAOBJIETBOPSIONIEE  YCJIOBHIO:

7

y=3 npu x=2.
M Pewenue. Pasnensa ne-
PEMEHHEIE, TTOTYYUM
Puc. 9.1 Q+ix-= 0.
y x
Hurerpupys, Haxomum
ln|y|+ln|x|=C1. (A)

IMocTosHHyI0 Clv MOXHO 3aIMCaTh B BUIE
G =In|C| (C#0)

(mockonbky M0G0 MONOKUTENLHOE WIH OTPHLTENBHOE YHCNIO C; MOXET
GLITH NPEACTaBIEHO KaK HATYPaNbHBIH JIOrapu(M APYroro, NONOKHUTENHHO-
ro yucia |C | )-
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Moncrapnas seipaxkenne wia C; B paBeHCTBO (A) M npeo6pasys ero,
HOJTYHHM
In|xy|=In|C| (C=0).

[ToTemumpys NociefHee PaBEHCTBO, HaxomiuM obmmi uHTerpan xy=C
(C#0), reoMeTpUuecKH TpeACTaBISIOUMA coGol cemelcTBO rumepbor,
ACHMIITOTAMH KOTOPBIX ABISAIOTCA KOOPAUHATHEIE OCH.

Peuwm 3agauy Komm 71 NaHHOTO ypaBHEHMA NO 3aJaHHLIM Hadailb-
HBIM YCJIOBHAM: Y, =3 mpH x; = 2. IloAcTaBMB 3TH 3Ha4eHus B ypaBHECHUE
xy=C, monyunm 2-3=C mwm C=6.

Takum 06pa3oM, NOMY4EeHO YaCTHOE pemieHHe xy = 6. D70 runepbona,
npoxonsias dyepe3 Touky Mgy(2, 3).

3ameganue. Pasends nepeMeHHbIE, Mbl MpPEANONaraiy, 4ro y # 0, u,
ClieoBaTeNbHO, MOrMH moTepath pemenue y=0. JleficrBurensho, y =0 —
PCUHICHHE YpaBHCHHA (B Y€M MOXHO YGCJ.IHTLCS{ HCHOCPCJICTBCHHO), OHO MOXCET
6LITs nony4eno u3 obmero uurerpaia npy C = 0. Taxum o6GpasoM, obmuii urre-
rpan xaercs GopMynoi

w=C,
rne C MOXer TIIPUHHMATDL moObie NeHCTBUTENIRHBIE 3HAYECHHS (B TOM YHCIC H
C=0).
Npumep 3. [Ipounrerpuposats nupdepeHINATILHOE YpaBHEHHE

(1+x2) dy—2xydx = 0.

HaiiTH 4acTHOE pellIeHue, YAOBIEeTBOpAIONIce yCIoBMIO: ¥y =1 mpu x=0.

PeweHune. [lauHoe ypaBHCHHC fBJAETCA YPAaBHCHHEM C Pa3[CiAIOLIH-
MHCs nepeMeHHBIME (k03¢ dHImenT NMpH dy — QYHKUMA TOJNLKO OT X, MpPH
dx — npousBefeHne GyHKIMHA, OHA H3 KOTOPBIX 3aBHCUT TOABKO OT X, ApY-
ras — Tonsko oT y). PazgenuB obe 4acTH ypaBHEHMs Ha NpOH3BENCHHE

y (1+x?), momyuum ypaBHeHHe ¢ pa3sfeNeHHbIMU [IEPEMEHHBIMH

dy 2xdx =0.

y 14 x?

UHTerpupys 3T0 ypaBHEHHE, HAXOIHM

ln|y|—ln(1+x2)= ln|C|
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i

OTKyJZia NoJyuaeM obiuee peineHue
y=C(1+x%)

YrtoObl HANTH HCKOMOE YacTHOE PEUICHHE, TOCTATOYHO onpenenmb 3Haue-
Hue C 1o Ha4albHBIM YCIIOBHAM:

1=C(1+0), C=
CrenoBatenbHO, YaCTHOE PEHICHHE UMEET BUJ
y=1+ x2.
3ameuanue. [Ipu nenenun va y (1+ x2) npeanonaranocs, uro y (1+

+x2) #0, T.e. y#0, 1+x2#0. Ho y =0 —pelwenne ypaBHeHHS, B 4YeM

MOXHO HEIMOCPECACTBCHHO yﬁCZlHTBCﬂ‘ 3T0 PECIICHHUE MOJy4HacTca U3 06111,61"0 npy

C=0. .

Mpumep 4. Haittu o6umit nHTETpan AuddepeHIHaIBHOTO YpaBHEHHUA
o +x)dx+(y—x2y)dy=0.

PeweHue. BoiHoca COOTBETCTBYKOIINE MHOXHTC/TH 3a CKO6KPI, JAQHHOC
YPaBHEHHE MOXKHO 3aIrucaTh TakK:

x(P2+D)de+y(1-x})dy=0,

OTKyJAa BHAHO, YTO 3TO YPaBHCHUC C pPa3sACIIAIOUNIUMHCH NEPEMCHHBIMH.
Pazgenns o6e YacTH MOCHENHEro YpaBHEHMs Ha [POU3BEACHHC

(y2 +1) (1—x2)¢ 0, nomy4nm

xdx Lyl o

1-x2 1+ y?
HHTerpupys 310 ypaBHEHHE, HAXOXHUM

—1n|l—x21+ln|1+y2|=1n|C|

In| =2

X

=1n|C|,

OTKyJla NoJlydaeM oGl MHTerpan:
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1+y?=C(-x%.
Mpumep 5. Haiitu oGuee pemenne muddepeHiManbHOT0 ypaBHEHA
dr—rde=0.

PeweHue. B faHHOM ypaBHEHHH HCKoMas QyHKuMsa o6o3HaueHa Oyk-
BOI 7, ee apryMeHT — OykBoii @. Pa3nenss nepeMeHHbIE, MOTYTHM

b
r
OTKyHa
lnr = (p+ Cl .

W3 nocneaHero YPaBHCHUA HAXOIUM

r=¢e"6 = Ce®,

rae C=¢“.
Cre0BaTeNBHO, OBIIEE PeINeHHe onpeaeisieTcs GopMymnoit
r=Ce®.
3apauu

IpounTerpuposats AU epeHNMaNbHEIE yPABHEHNS, HAHTH yKasaHHbIE
qacTHbIE pelIeHHA H MOCTPOHTh HX:

1. y'=4x*;, y=0 npu x=0.

2. (x2+4)y’-2xy=0, y=5npu x=1

3. xy’=L

, y=lnopu x=e.
lnxy p €

4. y'= d , y=1mpu x=0.

Vi-x?
5. yy=y?, y=1npn x=—1
6. y'tgx—y=1, y=1mpu x=§.

ITpounTterpuposaTh A QepeHInaIbHbe YPABHEHHA C pasensiomu-
MHECH NepeMEHHBIMH:

7. (x+3)dy-@+3)de=0. 8 y'= 24 .
x —
9. (gt +x)de+(y+xiy)dy=0. 10. y" = y? cosx.
11. sinxdx+ﬂ= 0. 12. dr ~rctgpde = 0.

W
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OTBeThI

1L y=x'+cC, y=x4. 2.y=C(x2+4), y=x2+4. 3. y=Clnx,

] | . 1
y=Inx. 4 y==1-x2+C, y=—v1-x>. 5. y=- y=——

x+C’ x

6. y=Csinx—1, y=2sinx—1 7. y=C(x+3)-3. 8.y=lnl% +C.
X
2
9. (1+x2)(1+y*)=C. 10, y=— . 11, y= 82+ 0)
C-sinx 4
12. rsing=C.

§ 9.2. OgHopoaHble auddepeHUManbHbie ypaBHeHNuA
nepeBoro nopagka

JuddepenunanbHoe ypaBHEHHE
P(x,y)de+Q(x,y)dy=0 O.11)

Ha3bIBAETCA 0OHOPOOHBIM, ecnv Ko3bduimentl P (x,y) u Q(x,y) ABna-

I0TCA OAHOPOAHBLIMH (YHKLUHAMH OJHOTO M TOrO K€ M3MEpeHus n, T. €.
GYHKIMAMH, U151 KOTOPBIX TIPH JIOGOM & BHINONHAIOTCA TOKAECTBA

P (kx, ky)= k" P (x,y), Q(kr, ky)=k"Q(x,y). .12

VpapHenue (9.11) MOKHO NpUBECTH K BHIY
Y =0 (l) (9.13)
x
C noMOLIBIO NOACTAHOBKH

y=ux, (9.14)

rie ¥ — HOBas HeusBeCTHasd ({YHKLHSA, OJHOPOIHOE ypaBHEHHE mpeodpasy-
€TCA B ypaBHEHHE C pa3fe/IAIOMUMHCS NEPEMEHHBIMH.

VpaBnenue
, ax+by+¢
y =f(—‘ 2 ) 0.15)
ax+by+c,
T KOTOPOro
a b
A= a, b #0, (9.16)

npeobpa3zoBaHHueM
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x=u+h,
y=vik 9.17)

FJie IOCTOSIHHBIE /1 B k HAXOIATCA M3 CHCTEMBI YPaBHEHHI

ah+bk+c, =0 }

9.18
a2h+b2k+02=0, ( )

CBOOMTCA K OfHOpoaHOMy YypaBHenmio. Ilpn A =0 mnpeoGpasoBanuem
a\x+by=1t ypasHenue (9.15) CBOIUTCS K YPaBHEHHIO C Pa3AeIAIOIIMMU-

€A epeMeHHBIMH. _
Mpumep 1. IIpoHHTErpHpPOBaTE  OAHOPOLHOE  JH(depeHIHATEHOE

YpaBHEHHE
xay-(y+,lx2 +y?)de=0.

Pewenwne. Kosdpduumentsl npu dy i dx COOTBETCTBEHHO PaBHEI:

Qx,y)=x; P(x,y)= —-(y+ \/xz +y2 )

®yaxumn P (x,y) u Q(x,y) ABIAOTCS OTHOPOAHBIMM (GYHKLHMAMH Tiep-
Boit cTeneHH. JleliCTBUTEIBHO,

Q (kx, ky) = kx = kQ (x, y);
P s, )=~y e K 4K )= —by— kP47 =
=—k(y+‘/x2 +y2)=kP(x,y).

TakuMm o6pa3om, ToxaecTBa (9.12) BEIIONHIIOTCS.
TMonoxuM y = ux, Toraa dy = udx+ xdu. IlogcTaBuM 3TH BBIPD@XKCHUA

B MCXOIHOE YpaBHEHUE:
x (uafx+xdu)—(wc+\/x2 +u?x? ) dx=0.

PackpbiBast cko6kH, NPHBOMA NONOGHEIE YNIEHBI M COKpailas Ha X, MOy1uM
YPaBHEHUE C PasAeNAIOMUMHCS TEPEMEHHBIMH

xdu—V1+udx=0.

Pa3fienss nepeMeHHbIe H HHTETPHPYS, HAXOMUM

lnx=ln(u+1/1+u2)+lnC,
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OTKyZa

x=C(u+m).

TomcTaBass Clofa BEIPAXEHHE U= X (nosryyeRHOE U3 PaBEHCTBA Yy = ux),
x )

’ 2
x=C 2y 1+(Z)
X X

i—y=\/x2+y2.

C

HaxoauMm

Bo3Bons B KBajgpar obe wactu YpaBHCHHA R COKpallas Ha xz, NOJIyYHUM

obmuit uHTErpan
xt-20y=C?,

TreOMETPHYECKH INpencTaBLmomui cobolt ceMelicrBo mapabon ¢ BepmmHa-
MH Ha ocu Oy. ,
Mpumep 2. Halitn o61uil HHTErpan OQHOPOAHOTO YPaBHEHHA

(x* = y*)dy~2yxdx = 0.
Pewernune. B naHHOM ciTydae HMeeM:
O (x,y)=x*-y*; P(x,y)=—2xp.

OtH QyHKIHH ABIAIOTCE ONHOPOAHBIMH QYHKUMSAMH BTOpOH cTemenun. B
caMoM jene:

0 (kx, y) = (kx)* — (ky)* = k2 (x* = y*) = K*Q (x, y);

P (hx, ky) = =2 (kx) (ky) = k* (= 2xp) = k> P (x, y).
ITonarasa y = ux, HaxoauM
dy = xdu+ udx.

IMoacrasnss BeipaxeHAs VA y U dy B HCXOAHOE YpaBHEHHE H COKpamas Ha
x? # 0, noxyaHM ypaBHeHHe ¢ pasieNAOLMMHCA NEPEMEHHBIMH:

(1~ ) (xdu+ udx) - 2udx = 0
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2
& 2l =0 w=0).
x u(l+u’)
IMpunuMas BO BHIMAHUE, YTO
1-4? _ 1 2u
u(1+u2) u 1+u*’

H HHTEIrpHpYys NOTYy4EHHOE YPaBHCHHE, HAXOIHM
In|x|=n|u|~In|1+4?|+ In| C|,

OTKyAa

v Cu
1+
IMoncTaBass CIOAa BhIpAXeHHe LA u#, ONpPEIeseMoe H3 PaBEHCTBA Y = UX,
NONy4HM OOIMi HHTErpan
X +y =0y,
NpeACTABIAOMMI CeMefCTBO OKPYXKHOCTeit ¢ LenTpamy Ha ocu Oy M Tpo-

XOAALIMX Yepe3 Haualo KOOpAUHaT.
3ameuanue. IIpy u=0 nomyuaem pewenue y = 0. Oro pemenue spns-

eTcs uacTHeIM. B camoM Jene, oOLmii HHTerpan x?+ y2 = Cy MOxHO nepenucarb
B BUIE Cl(x2 +y2)=y, rae C =%. Mpu C, =0 nomyqaem y=0.
Apumep 3. [IpounterpupoBaTh OAHOPOAHOE ypaBHCHUE
(y4 —2x3y)dx+(x4 —2xy3) dy=0.
Pewenune. OyHKIMH
P(x,y)=y*-2x"y, Q(x,y)=x" —2xy°
ABJIAIOTCA OAHOPOMHLIMH (YHKLWAMH ueTBepTO# creneHH. IlycTs y = ux,

toraa dy=udx+xdu n ypaBHenue (Tocne COKpaINEHHUs Ha x* #0) npu-
MET BHA

(u* +u) dx— (1= 2u*) xdu=0
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u l+u

du, —=

4 >
X u+u X

d_1-24 [1 3
- 3

Jdu (u#0, u#-1).
Haterpupy1, nomydaem
In|x|= In|u|~In|1+ 4’|+ In|C],
OTKyAa
x(1+ u3) =Cu.
Ioncrasnss B mocne/Hee PaBEHCTBO BBIPAKEHHE NS ¥, HAXOXHM OOLIMi
HHTETpasn
x4 y3 = Cxy,
KOTOpBIHM MOXKHO NEpEnHcaTh B BHAE Xx° + y3 =3axy=0, roge 3a=C. Us-
TErpanbHbIC KPHUBbIE — NEKAPTOBBI JIUCTHI.
3amMeuanue. Ilpy u=—1 nonyyaeM y = —Xx — peLeHHe ypaBHEHHUs. DTO
pPEUICHHE YacTHOE, OHO ToNydaeTcss M3 o0luero MHTErpana x+ y3 = Cxy npu

C=0. Ilpu u=0 nonyyaem pemenne y = 0. Kpome Toro, x = 0 Taioke spnser-
C pellicHHeM. DTH PeIlieHMs — YacTHBIE, OHM TIONYYaloTCs U3 OGUIEro MHTErpana

C,(x*+y*)=xy npu C =0.

NMpumep 4. lpounrerpuposats nuddepeHIUANLHOE YPaBHEHUE
(4y-3x-5)y"+7x-3y+2=0.

PeweHue. 310 ypaBHeHHe Buaa (9.15)

,_—TIx+3y-2

~3x+4y-5’

3nech A=

3
4|=—28+9=—19¢O.

BBoaum HOBbIe nepeMeHHbIe no dopmynam (9.17):
x=u+h; }

y=v+k,
rae h, k NOJDKHBI yIOBAETBOPATH YpaBHEHHAM (9.18):
~Th+3k-2=0;
-3h+4k-5=0.
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7 29

Pemas 3TH ypaBHEHUs, HaXOmuM A= 19’ k= o Takum obpaszoM, ¢op-
Myst (9.17) NpHHAMAIOT BHA! |
7
xX=u+—;
19
v+ 2
¥ 19
OTKyZa
dx=du, dy=dv.
Honcragnss 5TO B HCXOAHOE YPaBHEHHE, [OJTYINM
49 87
y'— iv___ —Tu+ 3V—B+ —1——2 _ —Tu+3v
du —3u+4v—£+£—5 —3u+dv
19 19

7ell) "

CuenaeM NOACTaHOBKY

v
=z
u
OTKyna
‘ & dz
v=uz, —=—-u+z-1,
du du
MO3TOMY ypaBHemxe (A) npHHEMaET BHA
~7+43z
—utz= .
du —3+4z

IMpeo6paiyem nocieaHee ypaBHEHHE

2
& _ 3z—7_z_3z—7—4z2+3z_-(4z ~62+7)
du ~ 4z-3 4z-3 4z-3

Pasnenss nepeMeHHbI€, TOTYyYHM
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(4z-3)dz __du

4z —6z+7 u

WIH
(4z-3)dz - du
2(222 —3z+—7—) “
2
Mons3ysace popMynoi ‘
(L @ad
LM o In ,
@ /@)

M3 MOCJIEAHEr0 YPaBHEHUA HaXOAM

-l—ln(Zz2 -3z+
2

N

)=—'1nu+—1—1nc1.
2
VMHOXHM Ha 2:
2 7
In| 2z —3z+5 =InC; -2Iny,

In (222 —3z+%)+lnu2 =InC,,

m[;ﬁ(z:z —32+%) ]: InC,.

v
IToacraBisan croga BBIpAXCHUE 11 Z = —, NOJYIHM
u

ln(2v2—3uv+%u2)=lnc,.

TlepeiizeM Kk NepeMeHHbIM X, ¥ 10 popMyTIaM:
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2y° -

) 429 29)? 21 87 21.29
y+2 -3xy+—y+—x-— +
19 19) VTR 9 T 92

#1225, 7 o
27 7197 219

CnenoBatenbHO, 061IMi MHTErPAN HMEET BHJ

2y2 —3xy+L27-x2 +2x-5y=C.

3apaum

Hpoumerpnposau. OIHODPOJHBIE nn(bd)epemmanwme YPaBHCHHSA:
1. 2xp' = y —4x?, 2.2xy 4xyy=0.
3. (P +y?)de—2xydy=0. 4. Yy —dxy+4x?y =0.

5. (2xy+y2)dx+(2xy+x2)dy=0. 6. xy'—y+xth=O.,
x

7. xdy- ydx=ydy. 8 (x+y)dx—(x—y)dy=0.

9. (xX+y*)dx—2x%dy=0. 10. (x* + % + xy) dx = x’dy.

Hponmerpnponan YPaBHEHHA, IPHBOJAINUECH K OJHOPOIHBIM:

11. 3y—7x+7=(3x—7y—3)%.

12. 2x+8) dx+(3y—5x—11) dy=0.

OTtBern! A

1L y?+4x2 -8Cx=0. 2. 2x +xy—Cy=0. 3. x>—)*=Cx. 4. y=
_ 4x

Inx+C’
—Inyx2 +y? =C. 9.2x=(x-y)(Inx+C). 10. y=xtg(InCx). 11. (x+
+y=1)’(x—y=1*=C. 12. C@y-2x+1)*(y—x-1)? =0.

5 3y (x+y)=C. 6. xsinZ=C. 7. my+Z=C. 8. arctg 2 -
x y x

§ 9.3. NuneitHbie auddepeHUManbHbIe ypaBHEHUs
AepBOro nopsaka. YpasHexwue bepHynnu

Jluneiinoim nuddepeHIMATEHEIM YPaBHEHHEM TIEPBOTO MOPANKA HA3BI-
BaeTCA ypaBHCHHE NEPBOii CTENEHH OTHOCHTENLHO ¥y U J’, T. €. ypaBHEHHE

BUAa
P1(x) Y +9,(x) y+ 93(x) =0 (¢ (x)#0) (9.19)
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Y +px)y=q(x). (9.20)
Pelnenune miHeHHOTO ypaBHEHHA UINETCSA B Bpmé
y=u(x)v(x). 9.21)

[Toncranoska BbipaxeHnmit Wis y 0y’ B ypaBHeHue (9.20) IPHUBOIUT
€ro K BHIy ‘

v —%+|:-Zx—v+ px) v] u=q(x). ' 9.22)

B kauectBe v BLIOHPAIOT OfHY U3 (YHKLWHA, YIOBNETBOPSIOMINX YpaB-
HEHHIO

av
—+ v=90, 923
n P (x) A (9.23)
Toraa GyHKIMS ¥ OTNPENENAETCA U3 yPABHEHUA
du :
2 . 9.24
V=4 x) 9.24)

Eciu pynkums g (x) =0, To ypasHenwue (9.20) npHHAMAET BHL
Y+px)y=0 (9.25)

¥ Ha3BIBACTCS JUHEUHLIM OOHOPOOHBIM, €0 OOIIEE PEILCHHE BBIPAKACTCH
tdopmynoii ,
-[pxas

y=Ce (9.26)

Jlns pelleHus HEOMHOPOZHOrO JHMHEMHOro ypaBHeHus (9.20) MOXHO
NPHMEHATD Memo0 eapuayuy NPOU3BORLHON NOCMOAHHON. DTOT METOL CO-
CTOMT B TOM, YTO CHaYalla HaXOAsT obIee pemlenue ypasHenus (9.25), 1. e.
cootHomeHre (9.26). [lanee, nonarad B 3TOM COOTHOWIEHHH Beqmuuuy C
}yHKUMeH OT x, HIIYT pellleHHe HEOXHOPONHOTO ypaBHeHH (9.20) B Bume
(9.26). [inst sToro noxcTaBnAIOT B ypaBHenue (9.20) y u y’, onpenenseMeie

u3 Gopmynsl (9.26), U U3 NOTYYEHHOTO nxddepeHIHaNbHOTO YpaBHEHHA
HaxoaT ¢pyHkmo C (x). Obuiee pemerye ypasHerus (9.20) momydaercs B

BHOC

(x)dx

y=C(x) e_j P 9.27)
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VYpasnenuem Bepruynnu Ha3pIBaeTCs ypaBHEHHE BUA
Y +p(x)y=qx) %, 9.28)

rie o — nelicTBUTENbHOE YHCHO. B ciiyqae a=0, o =1 ypaBHeHue (9.28)
ABJIETCA JIMHeHHEIM. Bo BCeX OPYTHX CIIydasX OHO CBOJMTCH K JIHHEHHOMY
C IIOMOUIBIO NOJCTAHOBKH

u=y"®, 9.29)

Npumep 1. Haitru ofmee pemenue muHeiiHoro auddepeHUMAILHOTO
ypaBHEHHA

Yy +y—kx=0.
Pewenue. JlanHOE ypaBHEHHe SBJIAETCA ypaBHeHHeM BHAa (9.20), rae
p(x)=1, g(x)=kx. Tonoxum y=uv, torsa y =u'v+uv’. INoxcras-
JISist 3TH BBIPAXKEHHS B HCXORXHOE YpaBHEHHE, IIOTYyIHM

wWv+w' +uv—lkc=0 wi u (V' +v)+u'v—kx=0. (A)
B kauecTBe v BeiGepeM oaHY U3 QYHKIWH, YIOBIETBOPSIOUMX YPAaBHEHHIO

' dv
‘'+yv=0 —+v=0. B
vi+y WIH o v (B)

WHTerpupys 3T0 YpaBHEHHE, TI0JTy1HM

lnv=—x, v=¢".

Vpasuenne (A) ¢ yaeroM (B) nepemuuieM tak:
du
v—lkx=0 wia —v-ikx=0.
u'v p v

[TOACTABIIAA CIOZA 3HAUCHHE V= ¢ ~, HOJNyYHUM

du—kxe*dx=0.

HHrerpupys NoJy4eHHOE YPaBHEHHE, HAXOMMM

u=kae"dx=ijd(e")=k[xex—je"dx]=

= kxe* —ke* + C=ke*(x—-1)+C.
[oncTaBuM BBIpaXEHUS J1A U, v B GOPMYITY y = Vi

y=u=e ke’ (x-1)+Cl=k (x-1)+Ce™".
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CrepoBatenbHo, ofmiee pemenue NaHHOTO AUddEpEHUMATLHOrO ypaBHe-
HUA TaKoBO:

y=k(x-1D+Ce™".
Mpumep 2. Halitu obmee pemeHwe  JMHEHHOro  ypaBHEHHS
xyr —y= x3 .
Pewenne. Tonoxum y=uv, Torna y"=u'v+uv’. YpasHeHHe nepe-

IIMIIEM B BUIIC

3

x(@v+w)—uw=x" wm u(xv’ -v)+xu'v=x>. (A)

BeiGepeM v Tak, 4To6bI BhIpaXeHHE B CkoGkax o6paTHIOCH B HY/Ib, TOLAA
dv _ dx

xﬂ—v=0, —=—, Inv=Inx, v==x.
dx v x

YpasHeHue (A) IpH V= X 3alHIIEM TaK:
x2du= x3dx, du = xdbx,
OTKyHAa

CliefoBaTenpHo,

2
x
=uv=|—+C|x
ofee peleHue.

NMpumep 3. IIpouHTerpHpOBaTH IMHEHHOE YpaBHEHHE )’ + y = X + 2.
Pewenwune. Ilycts y=uv, Torna

y=uv+uw'
Tloncraenss BeipakeHus Wiy 0 y° B ypaBHEHHe, TIOMyIHM
Wvtw' tuv=x+2, u(vV'+v)=x+2—-u'v. (A)
Tlotpebyem, atobbr v/ + v =0, Torma

ﬂ+v=0, ﬂ=_‘h’ lnv:—xa v=e_x‘
dx v

Ecnu v’ +v =0, To ypaBHenue (A) npuHAMaeT BUI

x+2—-u'v=0.
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MoncTapnas cloa 3HAYEHHE V, NEPENHLIEM YPaBHEHHE B BUIE
_x du
x+2-e ’;: 0, du=e*(x+2)dx.

HUnterpupys nocnenHee ypaBHeHue, MOTYYHM

u="‘e"(x+2)dx=J.xe"dx+2j‘e"dx=xe’C —Iexdx+2e‘+C,

u=xe*+e* +C.
CrnenoBartebHO,
y=uv=¢ [C+e*(x+1)].
TakuM o6pazoM, obmiee pemieHue aaetcs PopMyIoii
y=Ce *+x+1
Npumep 4. Haiitu pemienre ypaBHEHHS
x+»)y' =1, &)

YIOBIETBOPAIOLIEE HaYaibHOMY yCloBHIO: ¥y =0 mpu x= -1,

Pewenue. Tlo BUAy 3TO ypaBHEHHE HE SBIACTCH TMHEHHBIM, TaK Kak
CONEPXKUT MPOM3BEAEHUE MCKOMOM QYHKUMM y U ee npoussoaHoil y'. On-

HAKO, €CJIH PAaCCMaTPUBATh X KaK (PYHKLHIO OT Y, TO, YUHUTHIBAs, UTO

y - PR
TIOJIYYHM JIMHEHHOE ypaBHEHHE
x'=x+y. (B)
[IpIMEHHM [OACTAHOBKY
x=uv,

TOrZa
x'=uv+w’.
Tloncrasnds 31U BopaxeHUs B ypasHeHue (B), mosyuum
Wv+w' =uw+y wma w'v+u (v —v)=y. (&)
Bribepem ¢pyukuuio v # 0 tak, 4To6sl 0OpaTHiics B Hynb KO3 QuimeHT
TMDH ¥ B [IOC/IEITHEM YpaBHEHHH
dv dv

v'—v=0,_-2;—v=0,—v—=dy. (D)
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Hnrerpupys, noayunm
Inv=y, v=¢’. (B)

Ioncraemsis 370 3HaueHue B ypasHenue (C), B cwty paBercrsa (D) HaxomuM

ey%=y, du=ye ™ dy,

u=J'ye_ya§)=—-ye"y—e_y+C. ®
Taxum o6pasom, obmmee pewuenue ypaBHenns (B) ects:
x=u=(-ye -’ +C)e’ wm x=—y—1+Ce’.
[onaras x=-1wu y=0, nonyqum —1=~1+C, 1.e. C=0.
CrnenoBarebHO, HCKOMOE 4acTHOE PEIIEHHE HMEET BHI
y=—(x+1).

Mpumep 5. [pounterpupoBaTs MUHENHOE ypaBHEHHE
, 1 ‘

PeweHue. [puMeHNM METOX BapHaUMW NPOM3BOJBHOM OCTOSHHOL.
PeilinM cHavana MHeHHOE OHOPOHOE ypaBHEHHE

Y —ythx=0, (B)

Y thxdx, Iny= J.thxdx= Inchx+InC,

y
y=Cchx.
Peluenye HeoIHOPOHOrO ypaBHeHHS UILEM B BUJIE
y=C(x)chx. ©)
Huddepenunpys, Haxomum
| Y =C'(x)chx+C(x)shx. (D)

Moncraensas (C) u (D) B ypaBHeHue (A), nomyqnm:

C’(x)chx+C (x) shx~C (x) ch (x) th(x) = %,

1
2c¢hx’

C’'(x)chx= %, C'(x)=
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oTKyfa
cw=tfLa= [T a= [
» 2 J chx ef+e” e +1
OcymecTBIAsA HOACTAHOBKY

ef =t efde=dt,

HaiigeM

X

J. e dx—j d__ ctgf = arctge®™ +C
EEIPE il R Rt gf =arctge :

Hrak,

C (x)=arctge™ +C. (E)
INoactaeass (E) 8 (C), nomyuumM

y = chx [arctge™ + C].

NMpumep 6. IIpOMHTErpHPOBATH YPABHEHHE

X2(x-1)y -y -x(x-2)y=0. (A)
Pewenune. JlaHHOEe ypaBHEHHE MOXHO IIPHBECTH K BHIY
,_x= 2 1

x*(x-1) Y 2(x- 1)
310 ypaBHeHHe BepHYIIH, T. €. ypaBHEHHE BHAA (9.28). 3necp

e Y
P(x) ( ), Q() x2(x_1), o=z

ITomcraHoBKa (9.29) B JAHHOM Ciyuac NPHHAMAET BAI
1
-1

u(x)=y"=y"=y =

u(x)=—, y= ®)
y

u(x)’
OTKYL&

W(x)= —;‘—y ¥ ==y (x). ©
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Honcraenas (B) u (C) B ypaBHeHue (A), nomyduM JHHEHHOE HEOIHO-
POIHOE YpaBHEHHE OTHOCHTENLHO #:

du

2

x=D—+x(x-2)u=-1 D

x“(x=1) ntr (x-2) (D)

PeluM cooTBeTCTBYIONIEE OTHOPOAHOE IMHEMHOE YPAaBHEHHE:
x2(x—1)§xl-‘—+x(x¥2)u=0. E)

Tak xak
du_ x(x-2)
& xi(x-1)

ﬂ:— x-2 dx:—(z——l )dx,
u x(x=-1D x x-1

TO
lnu==2Inx+In(x-1)+InC,

In C] (x_ 1)

’
x2

Inu=

OTKyZa

C] (x - 1)
u=—"—>5—. ®
¥ .
O6mee pemenne ypasHenus (D) HIIEM ¢ HOMOLIBIO METOMA BapHaUun
NMPOU3BOJILHOH MOCTOAHHOM.
ITonaraem
x-1
u=C1(x)~—2. (G)
X
Auddepenunpys dpynkmo u (x), nomyunm

du ., x—1 2—x
g=C1(x)x_z+ Cl(X)—xs—- H)
Ioxacrasnas (H) B ypasuenne (D), Haxoaum

xz(x—l)[C]’(x) x'21 +Cy(x) 2"3" ]+
X p
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+x(x-2)C (0=

-1
=1

X
HIA
1 dc,(x) 1 dx
i = — = - ’dc = —————,
QO="CT0 & oD -l
C()=——+C. @
x—1

TMonacrasnas (J) B (G), nomyunm obiliee pelicHHe YPABHEHUSA (D):

u(x)=x_21[ ! +C].
x

x—1

- C(x—-
l:Cx21+-12—=1+ (2x 1)
y x x x
CrnepoBatensHo,
YEIrCcH-)

obmee peICHHE UCXOTHOTO YpaBHCHHA.

3agaun _
Haittn o6iue pemenus NHHEHHBIX AU (epeHIraNbHBIX ypaBHEHUH
MEPBOro MOpAAKa:

1. y' —4y=e*. 2. y-—%—=x
x“+1
X 2x 2
3. y'+ =L 4. y' - =1+x".
g l'xzy Y 1+x2y
5. Yy —-ytgx= 2x. 6. y'x—y—x>=0.
cosx
’ 2x 2 ’ :
7. Yy -— y=2x(x"+1). 8. y’cosx+ysinx=1
x“+1
TIpounTerpHpOBaTh YpaBHeH!s BepHyuu:
9. 3 +y+4x(x+1)=0. 10.xy'—4y=x2J;.
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OTBeThbI

1. y=Ce4"—-i1-e2x. 2. y=1+x+CV1+x2. 3. y=+l-x*x

> +C
cosx

7. y=Cx+D)+(x*+1)%. 8. y=Ccosx+sinx. 9.4x>+y>=Ce >,
2
10. y=x4(an;+ C) .

6. y=x2+Cx.

x(arcsinx+C). 4. y=(x+C)(1+x?). 5. y=

§ 9.4. YpasHenus B nonHbix auddeperuuanax

Ypasnenuem 6 nonneix ougppepenyuanax HaspiBaetcs IupdepeHIH-
aJpHOE ypaBHEHHE

P(x,y)dx+Q(x,y) dy=0, (5-30)
JieBas 9acTh KOTOPOro eCTh MOJMHbIH AuddepeHInan HeKoTOPoi QyHKIMH:
P(x,yydc+Q(x,y)dy=du(x,y). 9.31)
YpasHenue (9.30) ¢ yuetoM (9.31) MOXKHO 3anMCaTh TaK:
du(x,y)=0, (9.32)

T03TOMY €ro 00LMii MHTErpall HIMEET BHA
u(x,y)=C. (9.33)

Oynxuua u (x, y) MOxeT ObITh HajileHa U3 CHCTEMB] YPaBHEHHII:

ou L Qu_
W P(x,y), > Q(x,y).
PasenctBo
9P _9dQ
W = (9.34)

ABJISAETCH HEOOXOMHUMBIM H JIOCTATOYHBIM YCJIOBHEM TOTO, YTO JIEBasd 4acTh
ypaBHeHus (9.30) ecTh monnblii qugdepeHIman HeKOTOPO# QYHKIHH.

Ecau nesas yacts ypaBHeHus (9.30) He sABngeTca MoNHbIM nuddepeH-
LHAJIOM H CYLIECTBYET QYHKLMS W = U (X, y) Takaf, 4TO

W (Pdx+ Qdy) = du,

TO yHKIHA W = | (X, y) HA3EIBAETCS UHMEZPUPYIOUWUM MHONCUMENEM.
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Oyukupa W (x, y) YAOBIETBOPAET ypaBHEHMIO

) =5 (0) ©939)
Ecnu
(%g - %%) f(x), (9.36)
TO MHTErPUpYIOLLHit MHOKHTEb 3aBUCUT TOJIBKO OT X, T. €.
1= p(x).
Ecnu
(%y’i— aaQ) o) ©37)
TO MHTEIPHPYIOUINH MHOXKMTENE 3aBUCHT TOJIBKO OT ¥, T. €.
p=pnQ)
NMpumep 1. [IpouHTerpupoBaTh ypaBHCHHC
2xydx+x'dy=0.

PeweHue. JleBas 4acTh JAHHOTO YPAaBHEHHUA €CTb MOJHbINA m»ub(bepeﬂ—
uman pynkmum % (x, y)=x"y, T. €.

2xydx+x’dy=d (x’ y).
Hcxonuoe ypaBHEHHE MOKHO NIEPENHCATh B BAAC
d(x*y)=0,
OTKY/Ia TIOJIy4aeTcs ero obmuii uHrerpan
x’y=C.
Npumep 2. IIpOMHTErpHpOBATh ypaBHEHHE
x* dx+ (ydx + xdy— ydy) = 0.

PeweHue. [Ipeobpasys ieByiO YaCTh yPABHEHHA, OTyTacM
x4 yz
di—|+d —-d|=—|=0
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4 2
x y
d| =—+xy-2-|=0,

OTKyZIa HaXOIHM OGIIMit MHTErpa

4 2

x y
-—_+ —_———
4 YT

Npumep 3. IlpouHTErpHpOBaTH ypaBHEHHE
0’ -20) dx+ (3 —x?) dy=0.
Pewenne. 3ro ypasnenue euma (9.30), mis KoToporo
P(x,y)=y" -2m, Q(x,y)=3x" - x*.
Haxozns cooTsercTBYIONIME YaCTHBIE IPOU3BOIHBIE, IOMYUHM:

Py .o aQ (x,») 2
=3y —-2x,
% =3y ax y x
OTKYAa
9P _99
dy ox

CrnenoBareilbHO, neBas 4acTh ypaBHEHHS SBIAETCA MOMHBIM Juddepen-
LHanoM HekoTopo QyHKIHH u (X, y):
du

du=$dx+$dy 0 —2xy) de+ (3p® - x%) dy,

ou Ju 2

= - A
axy2xy,ay3wx (A)

Hurerpupyem no x nepeoe u3 ypasHeHuit (A), CUMTas y NOCTOAHHBIM,
HpH 3TOM BMECTO MOCTOSHHOW MHTErpHPOBAHHA HAIO MOCTaBMTH @ () —

HEH3BECTHYIO (PYHKITHIO OT y:
u@)= [0’ -29)dr=yr-3? +0 )
Huddepenunpys dpynkumio u (x, y) 1o y, nomydyum

ou

—=32x-x2+ ¢’ ().
dy
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Ho

éﬂ__ =3 2 2
ay—Q(",)’)‘- Xy —X,

MO3TOMY
3xy? -2+ () =30y’ =¥,

otkyna ¢’(»)=0 1 ¢ () =G;.
Takum obpazom,

u(x,y)=y3x>—yx2 +C.
C mpyroit cTopoHsl, o ¢popmyne (9.33)
u(x,y)=0C,,

no3ToMy OGIHii WHTErpal UMeeT BUI

y¥x—xly=C, tne C=C,—-C.
Mpumep 4. [IpouHTerpupoBaTh ypaBHEHHUE

X (x+2y) de+ (x2 = y2) dy =0,
Pewenue. B nanHom ciryyae

P(x,y)=x(x+2y), Q(x, ) =x" =",

OTKyZa
i =2x, _82 =2x.

oy ox

Venosue (9.34) BEINOAHEHO, MOITOMY HAHHOE YPABHEHHE ABJACTCS
ypaBHEHHMEM B TOJHBIX Auddepenumanax. Cea0BaTeNbHo,

ou 2 ou 2 2
—_—=x 4 2yx, —=x"—Yy".
ox s dy Y

563 NEpBOT0 PABECHCTBA NOJTy1acM

u(x, )= [ +20) de

x3 2
u(x,y)=7+x y+o ().
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Juddepenunpys no y pyukumo u (x, y), HaX0IHM

Serg0)
Tax xax

%oy,

dy
TO

X +o'()=x’ -y,

OTKyJa

o)==y
H

o0 =-[ra=-L+c.

Ioncrasnas HalinenHoe BuipaxeHue L1 @ (y) B QopMyry A
u(x, y), HOIy4UM

3

3 3
u(x,y)=-x?+x2y——y3—+Cl =C,

3 3
X 2 y
— +xy-=—=_..
3 Yy 3 3

Takum 06pasom, oOmHit HHTETPA MOXKHO 3aIIMCaTh B BH/IE
x’+3x’y—y' =C, rne C=3C,.
Mpumep 5. IIpoMHTErpHUPOBATL YPABHEHHE
(' -y )+ (1-x" ) dy=0.

PeweHune. DTo ypaBHEHHE He ABISETCS ypaBHEHHEM B MOJHBIX Audde-
peHLHMaNax, TaK Kak

QU

P

a 2 3 2
—=—(x’ =y )=2xy-3)",
3 "3 (0 =y’ )=2xy-3y
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HHTerpupyiolinil MHOXHTEND HIIEM B BUIE QYHKIHH TOJIBKO OT y:
H(xy)=00),

TaK Kak B JAHHOM CJIy4ae BbINOJHAETCA ycoBHe (9.37), a HMEHHO:

e
¥y ox) y

JU1s 3TOro MHOXHTEIS HMEEM:

au(y)_o ou(y)_du
ox dy Ay

VYenosre (9.35), kotopoe 6osiee moxpobHO MOXKHO 3amucarh Tak

dy  ox x )
NPHHHMAET BHA
%(xyz—y3)=u[—y2—(2xy—3y_2)]

WUiIn

dl‘l‘ 2 3 2

— @ =-y)=p@y*-2

dy(xy y) =y —2xy),
OTKyZa

a_2y(- )@ du__g
B Y (x-y) y

HHrerpupys nocnennee ypasHeHHe, HAXOIUM

dy.

1 1
lnp=-2lny=In—, p(y)=—.
y y

YMHOXaA HCXOQHOE YpPaBHEHHE Ha WHTErPHPYIOIIMI MHOXHUTENL W (y)=

1
= yz , TIoJTy4aeM ypaBHeHHe B HOiHbIX guddeperHunanax:
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(x—y)dx+(—12——x] dy=0.
y
B camom nene,

d(x-y) 11[1 ) LY
dy

y )Ty T %
raec
ou 1
P=fr=xr O =g
Tak kak
Ju
P=—= s
1 p™ x=y
TO
w )= 5yt 0, e xre')
A=ToErem, o ¢'0),

, 1 , 1
—x+Q9'(V)=—-x ¢ (Y)=—.
y y

HHTerpupys nocieasee ypaBHEHHE, IOTYIHM
1
o ()=—-—+C,.
Yy

Toncrasnsas GpyHkumio @ () B BeIpaxkeHue Wi u (X, y), HAXOAUM

2
1
u(x,y)=x——yx——+C,.
2 y

Taxk kak
u (xs y) = CZ ]
TO

x2

_'—yx"l"l' CI = C2
2 y

311



% —yx—- % =C.
TpeoGpa3sya nmocneaxee paBeHCTBO, MOMyYHM OOIIHI HHTETpan B BHIE
xzy—Zch2 -2-2Cy=0.
3apaun

Haiitu o6mme murerpanst quddepeHnanbHbX YpaBHEHHH, Npeasapu-
TEJLHO MPeo6pa3oBaB UX JEBLIC YACTH:

1. xdy+ydx=0. 2. yldx+2xydy=0.
3, Xy-yde_

=z . 4. xdx+ydy=0.

TTokasaTh, YTO HaHHbIC YpaBHEHHs ABJLTIOTCS YPaBHEHHAMH B TOJHBIX
auddepeHnpanax, U HalfTH UX 06IIKE HHTErPaNEL:

5. (x2+2xy+a2)dx+(x2+y2—a2)dy=0,
6. (cosx+xcosy+e”)dy+(siny— ysinx)dx=0.
7. chx (chy—1ijax+shy(shx+1)dy=0.

1 y2 x? 1] ,
8 | — dx -— |&=0.
[" (x-y)z] +[(x—y)2 v |?

Pewnts ypaBHEHHUs, JOMyCKAIOWIME HHTEIPUPYIOMMH MHOXUTEb BHIA
B () W (y):

9. (y?-2x-2)dx+2ydy=0.

10. y2dx+(xy—D)dy=0.

11. Qy+xp) dx+(x+x*y*) dy=0.
12. (1+ x2y) de+ (x+x2y*) dy=0.

OTBeTHI
1. xy=C. Yka3aHHe. xdy+ydx=:d(xy). 2. y’x=C. . 2=cC.
x

4, x2+y2 =C? s. x3+y3+3x2y+3a2x—3a2y=C. 6. xsiny+ ycosx +

+e’=C. 7. chy(+shx)-shx=C. 8. Z—+hZ=C. 9 p(x)=¢",
-y Y
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yze"—er"=C. 10. u(y):l, xy—Iny=_C. 11. p.(x)=l,
y : x

3x2y+x3y3 =C. 12, u(x):;]—, yz—%+xy=c,

§ 9.5. Pa3nbie auddeperumansHbie yPaBHeHuA nepBoro
' nopspaka

Onpenenuts TG TU(GEPEHIMATEHBIX ypaBHERHi 1 PEeIIHTh UX, Haii-
TH YKa3aHHbI€ YaCTHBIE PELICHNS:

1. y'= » ¥y=0npu x=0.
Y=g y=0m
2. (1-x)y +xy-3=0, y=1npu x=0.
2xy
3. V=", y=1nmpu x=—1
Y= y=lmpix

4. (y+xy))de—xdy=0, y=—1 npa x =1,
Onpenenuts THne! mrdepenmmansbx YPaBHEHEH ¥ npomHTErpupo-
BaTh HUX;

5. Qxy+2y? -9x?) e+ (x? +4xy) dy=0.
6. y+y-xy’=0. 7. Y 4+y-x*=0.
8. (I-x%y)dx+x*(y—x)dy=0. '

9, (1/21—8x—-4x2)dy—dx=0.

10. (3x% +2xy - y?) dhe+ (x? - 2xp - 3y%) dy = 0.

11. xy’ ~ y=2x. 12. " -3y +x*H2 = 0.
13, xde+(x+y)dy=0. 4. y'+ yetgx = tgx.
15. (y—2x~Ddc+(x+2y+1) dy = 0.

16. (x2—4xy—2y2)dx+(yz—4xy—2x2)dy=0.

17. (x+y-2)dx+(x—y+4)dy=0.

18. x (x* = 1)y’ = (2x? = 1) y+4x> = 0,

OtBetnl

x-3
x+3

1. YpasHenne ¢ pasmensomumucs HEepPEMEHHBIMH, y = In

+C y=
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2. JuneiiHoe, y=3x+C‘]1—x2; y=3x+\/1—x2.

3. OxgnoponHoe, xt+ y2 -2Cy=0; xt+ y2 —2y=0. 4.Hnrerpupyromui

=In

x+3

2x 2x

—_— . 5. YpaBHeHue B NOJ-
x2+2C x2+1

muoxurens L (Y)=—5; y=-—

HeIX  Au(depenuuanax, OHO K€  OJHOPOAHOE, x? y+ 2xy2 -3x*=C.

1

1
6. YpaBHeHHE BepHynmu, —=x+ 5+ Ce¥. 7. JIuneitHoe,

y

2

y=Ce_x+x2—2x+2 8 u(x)=—1‘ —-l——xy+-y—=C 9. VpaBHeHHe C
. . 8 7 T > . 9.Vp

2(x+1)
5

PasjENAIOMMMUCA [EPEMEHHBIME, Y = 3 arcsin + C. 10. YpaBHeHHE B

nomueix AuddepeHnmanax, OHO K€ OAHOPOIHOE, x> +x? y- yzx— y3 =C.

11. Jluneitsoe, y=x[ln (x2 }+Cl. 12. YpasHeHHe BepHyLH,
7x* = y(x” +C). 13. Onnopoasoe, iﬁ\f 24 xp4x’ +——1— arct ytx C.
YA
Intg *+Z)+c
2 4

—1. 15. YpaBHenue, CBOAALICECE K ORHO-

14. Nuneiinoe, y = .
sinx

POAHOMY, y2 +xy— x+ y—x=C. 16. YpaBHEHUE B NOIHBIX nupdepenunanax,

(x+y) (2 =Txy+ y?)=C. 17.YpasHeHue, CBOLANICECA K ONHOPONHOMY,

x? - y* +2xy—4x+8y=C. 18. Jluneiinoe, y=4Jé+Cx\/x2—l.

§ 9.6. 3anaun, npuBOAALIKECH K anddepeHUnanbHbIM
ypaBHEHHUAM

MHuorye Hay4dHble H TEXHHIECKHEe 3a1a4i PHBOIAT K UHTETPUPOBAHHUIO
nudepeHIMANBHBIX YPaBHEHHH. B takux 3amadyax TpeGyercs HaTH 3aBH-
CHMOCTh MEXIy TepeMeHHbIMH BeIHYMHAMH HEKOTOpOro (GH3HYECKOTO,
XMMHYECKOro WIH APYroro mpolecca, HalTH ypaBHEHHE KpUBOH HIM IIO-
BEPXHOCTH M T. IL.

TIpu pemeHNy ITHX 3ana4 HE00X0AUMO:

1. Cocrauth auddepeHIHaTEHOEC YPABHCHHE U3 YCIIOBUS 3a/1a4H.

2. Onpexe/uTh €ro THI M BHIOPaTh COOTBETCTBYIOIMH METO peile-
HUSL
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3. IlpouHTerpHpoBaTh NoNydYeHHOe AM(PepeHIHaTbHOe YpaBHEHHE U
HOJYYHTE €ro ofLHee pemeHue.

4. Haiitu 9acTHOe pellleHHe, YIOBNETBOPAIONIEE NAHHBIM HAYANbHBIM
YCIOBHSAM. S

5. BbIMHCIMTE MO Mepe HEOGXONMMOCTH 3HAYEHHs BCIOMOTATENbHBIX
napameTpoB (k03¢ QHLMEHT NPONOPUMOHANBHOCT! U AIP.), HCHIONB3YS XO-
TOJTHMTE/LHBIE YCIIOBAA 33/IaUH.

6. Haiftu o6uimit 3aKOH paccMaTPHUBAEMOTO MPOLECCA H, €CITH 3T0 Tpe-
GyeTcs, YHCIICHHbIE 3HAYEHUA HCKOMBIX BEJTHYHH.

Hpuctynas x cocrabnenmio nuddepeHIHATLHOTO ypaBHEHNS, HYXHO
BLIOpATL HE3ABHCHMYIO NEPEMEHHYI0 M HCKOMYIO (YHKLHMIO, BBIPA3HTh
TIpHpallleHne (YHKUHH, COOTBETCTBYIOIIEE 3aMaHHOMY TPHPAILIEHUIO apry-
MCHTa, Y€pe3 BEAWIUHE], O KOTOPHIX HIET peyb B yCIOBHH 3amadn. Cocra-
BHB OTHOLICHHE NPHPAIlleHHs QYHKIMH K NPUPAIIEHHIO apryMeHTa U Tepe-
XOIiA K MIpenesty, Noiy4uM nadepeHIMansHOe YPaBHEHHE, '

IIpu cocrapnenun nuddepeHUManLHOro ypaBHEHHA 4acTo GLIBAET lie-
11eco06pasHbIM NMPUMEHATE Memod Oudpghepenyuancs, 3aKmOYAIOMMHCT B
TOM, YTO MPHOTHKEHHOE COOTHOIIEHHE MEXIy GECKOHEUHO MATbIMK MpH-
PAIICHHAMH HCKOMBIX BEJIHYMH, BEPHOE C TOYHOCTBIO A0 GECKOHEUHO Ma-
JILIX BBICIIErO TOPsiNKA, 3aMEHACTCS COOTBETCTBYIOLIMM COOTHOINEHHEM
Mexly uX auddepeHunanam.

Huorna nupdepenmancHoe ypaBHeHHE MOXKHO COCTAaBUTL Gonee npo-
CTBIM MYTEM, BOCIIOJNIG30BABUIACE T'E€OMETPHYECKHM WIM MEXaHHYECKHUM
CMEICTIOM HPOU3BOAHOM.

Kpome Toro, npu cocranennn nuddepeHnatLHOro ypaBHeHus, B 3a-
BHCHMOCTH OT YCJIOBHA 32[]a4H, HCHIOJNB3YIOTCA COOTBETCTBYIOMIME 3aKOHBI
¢u3uKK, MEXaHHKH, XUMHM U IPYT¥X HayK.

Mpumep 1. Hality kpuByIO, NPOXONAILYIO Yepe3 TOUKY M,(1,4) u
o6rajnaolyio TeM CBOKMCTBOM, 4TO OTpe3oK moGol ee KacaTenbHOM, 3a-
KJIOUCHHEIH MEXTy OCIMM KOODIHHAT, KEJIMTCH TOMONAM B TOYKE KaCaHHs.
Pewenue. ITyctb M (x,y) — NpousBonbHAs TOYKA HUCKOMOMN KPHBOH,

AB ~ OTpe30K KacaTeNbHOM K KPUBOH B NaHHOM TOUKE, 3aKIHOYEHHBIH MEX-
Iy KOOpAMHATHRIMH OCAMH. Ilo ycrmoBmio 3amaunm BM = MA. Eciu OP -
abcicca Touku M, To A AMP ~A ABO u

%=2£=£. Ho £=2 H PA= OP, nodromy
PA MP MA MA
04 OB

——=——=2,T. 6. OA=2x, OB=2y.
OP MP
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VrroBoi ko3 pUIMeHT KacaTensHOMH K KpuBolt y = f(x) B Touke M (x,y)

dy

BBIpakaeTcss ¢ TIOMOIIBLIO MMPOM3BOMHOMH Z=tga, rne o=ZBAX. C

IpYro¥ CTOPOHbI, TaK Kak tgo = —tg £ BAO u tg £ BAO= %, TO

04 2x x
CrnenoBaTelIbHO,

Yy__y

dx x

Unrerpupys 3to nutdepeHUHaNTbHOe ypaBHEHUE ¢ Pa3ACIMOMIAMHACH mie-
peMeHHbIMH (cM. § 9.1, npumMep 2), HOTyIHM
xy=C.
Tak kaK KpuBas JOJDKHA MPOXOAWTH 4epe3 Touky My(1,4), To mox-
CTaBJIAAA ee KOOPAWHATHI B TAHHOE YPaBHEHHE, HAXOMM:!
1-4=C, C=4.
TakuM 06pa3oM, HCKOMas KpHBas ONpeNe/sIeTCs YpaBHCHHEM
xy=4.
Npumep 2. Touka OBIKETCA MO MPAMOM JIMHHUM C MOCTOSHHBLIM YCKO-
perneM. HalfTy 3aKoH NBHKEHHA TOUKH.
PeweHne. B KadecTse He3aBUCUMOH NepeMeHHOH BmifepeM BpeMms,
TOra MPONJEHHBIH MyTh U CKOPOCTh TOYKM OYyMyT QYHKUMAMH BPEMEHH.
O603HaYMM TyTh, TPOIXEHHBIA 3a BpeMsd f, uepe3 s, CKOPOCTh TOMKH —
4epes v U yckopeHue uepes w. [lo ycnosuio w=a, TI€ 4 — MOCTOsHHAsA
BenuyKHa. [IycTh B HayabHBIH MOMEHT BpEMEHH 3aflaHbl 3HAUEHUE CKOpO-
CTH Vv, M 3HaYeHHE MyTH S, T.€. V=Vy, S=5, Opu 1=0, rne vy u 5 —
HEKOTOpbIE NIOCTOSHHBIE.

Tak Kak yCKOpeHHe TOUKH Y NpSAMONIUHEAHOM JBHXEHHH PaBHO Mpo-
M3BORHON CKOPOCTH [0 BPEMEHH, TO 1O YCJIOBHIO 3a/la4i MOXHO COCTaBUTH
cnenyomee mupdepeHINanbHOE ypaBHEHHE NEPBOro Hopsaka ¢ pa3)1e-
JAIOUIMMUCS NEPEMEHHBIMMU:

gv—:_—a unu dv=adt.
dt

HnTerpupys nociiefiHee ypaBHeHHe, moylyyaeMm v =af+ C,. 3naueHue mo-
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CTOAHHOH () ONpeneNHM 1O HAYANBHBLIM YCIOBHAM: v = Vo npu =0,
Toncrasnas oTi 3HaYEHHA v 1-¢ B BhIp@KEHHE v, HalIeM:

vw=a 0+C), C =v,.
CrienoBarenbHo, CKOPOCTE ABHKEHHS TOUKH BBIPA3UTCA hopMyJIoii
v=at+v,.
Honcrasnas 8 51y gopmyny Beipaxenue ms CKOPOCTH Vv 4epe3 mpous-

ds

BOJHYIO OT ITyTH MO BPEMEHH V = E NOTy4UM HOBOe aubdepeHuuansHoe
YPaBHEHHE NEPBOTO NOPAIKA C Pa3/EAOLMMHCS NEPEMEHHBIMH
ds
—=at+vy Wi ds=(at+v,)dt.
dt
Huterpupys 310 ypasHerwe, Halizem obiee peluleHre faHHO#| 3aaaun

1

S=—at2+V0’+C2.

2

Tak xak s=s, npu t=0, To C, =53, cnenosatensHo,

1
S=5at2‘+V0t+So.

B vacTHOCTH, monaras B BRIDOKEHHAX A VU S a=g, vy =0, s5=0,
5= h, NOTYYMM 3aKOH IBIDKECHUSN TIpH CBOGOIHOM Na/leHUHU TeNa B MyCTOTe:

1
v=gt, h=—g’.
: 2
Npumep 3. Ompenennrs thopmy
yA 3€pKasla, OTpaXkaroLiero JIydd Toqey-
/ HOTO HCTOYHHKA MapanyieabHbIM Tyy-
KOM.
M S
D/ B— PeweHune. Hcrounuk ceera npu-
;1\}% MEM 32 HavyaJl0 KOOpAMHAT, a och Ox
0 L ‘N »x HanpaBuM NapajienbHO OTPaKEHHBIM
JIy4am.
Iycts M (x, y) — npousBonbHas
\ TOYKA KPHBOM, ABNAIOLIEHCA ceyeHu-

€M 3€pkasla IIOoCKocThio Oxy. [Ipose-
J€M HOpManb K KPHBOM B TOuke M
Puc. 9.2 (puc. 9.2) no nepeceyenus ¢ ocsio Ox
B TOUke N (x, 0).
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O603HaunM 4epe3 o yroi OMN u 4epes P — yron SMN. CornacHo 3a-
KoHy oTpaxeHms, o.=p. Tak kak y=ZONM=B=a, To AOMN —
pasHoGeapeHHbIl, mpuieM OM = ON. OuesuaHo,

0M=,/x2 +y?.

Otpesok ON onpeaennM ¥3 YpaBHEHHA HOpMaJIHA
Y-y= —i,(X—x).
y
Ionaras 3gece Y = 0, nomydnm
1
—y=-—(X-x),
y
OTCIO[a HAXOIAHMM OTPE30K

X=ON=x+yy'.

TMoacTasnsas B paBeHcTBo OM = ON BBIpaxenns uis OM u ON, nony-
qaeM ofHOpoaHoe MuddepeHIHaNEHOE ypaBHEHHE

x+yy =yxl+y?,

KOTOpO€ MOXET OBITH peieHo ¢ TOMOLIBIO TOXCTAHOBKH J = UX.

Y1o6bl YIPOCTHTH BBHIKNAAKH, NMPHMEHAM HCKYCCTBEHHbIH npueM. Ilo-
JIOKUM

p=yx’+y?, pP=x"+y%.

TuddepeHimpys BTOPOE PaBEHCTBO 110 X, IOMYIHM

2p%xg=2x+2yy' WiH p%=x+yy'.
Ho
x+yy' = x2+y2=p,
H03TOMY
dp dp
—_— —-—=1,
de p WM &

orkyaa p = x+ C. Takum obpazom,

\/xz +y? =x+C, y* =2Cx+ c*
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KpuBsie 3TH ABILLIOTCA napabonamu. II0BEPXHOCTH MCKOMOrO 3€pKaja —
napaGosoua BpaLleHus.

Npumep 4. B cocyn, conepxamuit 107 BOmBI, CO CKOPOCTHIO 27 B
MHHYTY HENpEphIBHO TIOCTYNAET PacTBOP, B KaIOM JIHTPE KOTOPOTO CO-
aepxurcd 0,3 ke conn. TToctymaromuii B COCyA pacTBOP NMEPEMENIHBAETCH C
BOJIOH, M CMECh BBITEKAaeT M3 COCyJa C TOH Xe CKOPOCTHIO. CKOILKO COMd
6yner B cocylie 4epes 5 MUHYT?

PeweHune. 3a He3aBHCHMYIO IIEpEMEHHYIO IPUMEM BpeMs f, 33 HCKO-
MyI0 QYHKIHIO ) (f) — KOJIHYECTBO COJNK B COCYIE 4EPE3 ! MHUHYT MOCI]E

Havana onbita. HaliieM, Kak M3MEHHUTCS KOMHYECTBO COJIM 3a MPOMEXYTOK
BpPEMEHHU OT MOMEHTa / 00 MOMEHTa ¢+ Af. B cocya moctynaer 2 # pactso-
pa B OfHY MHHYTY, @ B Af MHHYT — 2Af JIMTPOB, B KOTOPBIX CONEPKHICH
0,3-2At = 0,6Af k2 conu. C npyro#i CTOpOHEL, 32 TOT e NPOMEKYTOK Bpe-

MeHH Af M3 cocyna BeITekaeT 2Af IUTPOB pacTBOpa. B MOMEHT ¢ BO BceM
cocyne (10 1) comepxurca y(f) k2 coiM, cleloBaTensHO, B 2Af NHTpax

BLITEKAIOIIETO pacTBopa coiepxanock 6bt 0,2Af- y (f) k2 conn, ecnu Owi

COIEpXKaHUe CONN B COCYAE OCTaBalOCh HEH3MEHHBIM 3a BpeMsa Af. Ho
MOCKOJIBKY 32 YKa3aHHOE BPeMs OHO MEHSAETCA Ha BEIMYHHY, GECKOHEUHO
Mamylo. npu  Af—0, TO B BhITeKalommMx 2Af 7 CONEPKHTCS

0,.2A¢ [y (£)+ o] k2 conu, rie 0.—>0 mpu Az—>0.
CrienoBaTebHO, B pacTBOpE, NOCTYMAOIEM 32 [POMEKYTOK BPEMEHH
At, comepxutca 0,6Af k2 conm, a B BbiTekatoieMm — 0,2A¢-[y (1) + o] ke.

Tpupamenne KONMUYIECTBA CONH 3a 3TO BPEMs PABHO Pa3’HOCTH HaHACHHBIX
BBIpaXEHHH, T. €.

y(@+ADN-y(£)=0,6At—02At-[y () +al,
rae ao—0 npu Af—0. PasnennM o6e 4acTH HOIyYEHHOTO YPaBHEHHS Ha
At u nepeitneM k npegery npu Af— 0, momyuum
V' ()=0,6-02y().

O10 nudpdepeHHATEHOE YpaBHEHHE IEPBOTO NOPAAKA ¢ Pa3iellaioly-
MHCSl IEPEMEHHBIMHU, KOTOPOE MOXKHO 3aIlKCaTh Tak:

_& dt

0,6—02y
HHrerpupys ero, nomyuum

y=3-Ce %,

3Ha4eHHEe MPOM3BOJNILHOM MOCTOSMHHON OMPENENHM U3 HA4alLHOTO YCIOBUS
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y=0 npu ¢=0 (B HauaNbLHBII MOMEHT B COCyAe coiu He 6bu10). [loacra-
BMB B 001ee pemrenue 3Hadenus =0 u y =0, Halinem:

0=3-C, C=3.
Hrax, f13MeHeHHe KOJIMIeCTBA COJIH B COCy/le onpeenseTcs GopMynoit
y=3~ 3e702,
Ilpn =5 nonyvyaeM
y(5)=3-3¢""%=3-3¢"" = 1,9 (k).
Mpumep 5. MoTtopHas joaxa IBHXETCA B CIIOKOMHON BOAE CO CKOpO-
cThi0 5 Mfcex. Ha monHOM X0y ee MOTOp BHIKIIOYaeTcd M depe3 40 cex

TOCIie 3TOTO CKOPOCTH JIOAKK YMeHbiaercs 0 2 mfcex. Ompenenuts cKo-

POCTB JIOAKH Yepe3 2 mun IOCHE OCTAHOBKU MOTOpA, CUUTas, YTO COIpPO-
THBJIEHHE BOJIBI HPOTIOPIIMOHAILHO CKOPOCTH JBWKEHHUS JIOIKH.

PeweHune. [IpumeM 3a HE3aBUCHMYIO NIEPEMEHHYIO BPEMS /, TOTA CKO-
pocTb lonku v 6ynet Hekotopoit dyHkmmeit £. Ha nsrxymmyrocs moixy new-
ctByeT cuna F = kv, rae k — koo¢pdunmeHT nponopuroHansHocTH. C opy-

roif cTOpoHsl, Mo 3akoHy HbloTOHa cuia paBHa MPOM3BEAEHIIO MAcchl Ha
dv .
yCKOpeHHE, T. €. F = mTi— (YCKOpEHHE PaBHO IPOU3BOJHONH OT CKOPOCTH
no BpeMeny). Cled0OBaTENbHO, MOKHO COCTaBHTH CIIEIYIOIIEe zm(b(bepeﬂ-
LIMAJIBHOE YPABHEHHUE C pa3/Ie/AIOMIMHCS nepemeHHmMn
dv dv
—=—ky Wl —=—— dt.
dt v m

WnTterpupys 310 ypaBHEeHHE HAXOAUM €ro oOHIee PEICHHE

_k,
v=Ce ™
TTOCTOAHHYYO MHTErpPUPOBaHHA OIpENEeNIMM U3 HAaYalbHOTO YCJIOBHSL:
v=>5mfcex npu t=0. [loncTapnss 3TH 3HaYeHHd B obuiee pelleHue, Ha-
XOIHM
LI
5=Ce ™ , C=5.

CJieI0BaTENbHO, H3MEHEHHE CKOPOCTH B 3aBUCHMOCTH OT BPEMEHH OIN-
penenwnrcs popMynoi

v=5e m . A)
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B sr0ii gopmyne B nokasatene cTeneHu COnepKUTCS HEM3BECTHBIH KO-

k

3¢¢dumenT —. Ero MOXHO ONpENeNuTs M3 AOTONHHTENHLHOTO YCNOBHS:
m

npH ¢ =40 cex CKOPOCTL JIOAKH V = 2 Mfcek, MO3TOMY

X0
2=5e ™ |

1
(2
e = 5 .

Ioxcrasnss nomysennoe Boipaxenue B hopmyiy (A), NOMy44M

1 t
ves (3)40
5

Y3 5701 (opMY.THI HAXOMHM CKOPOCTE JIONKH NPH £ = 2 mun = 120 cex:
120

1
= 3
v=>5 (_?_)40 =5(—2—) =585—=0,32 (M cex).

OTKyna

5

NMpumep 6. Haiitn 3aBHCHMOCTL MeXTy BBICOTON MecTa Haj YPOBHEM
MODS H IaBIEHHEM BO3/yXa.

Pewenue. OO03HauUM BRICOTY MecTa

l HaJl yPOBHEM MoOps 4epes 4 (u) U JaBicHHE

dh m BO3IyXa 4Yepes p(H/M2 ). Paccmotpum
TIPU3MATHYECKHH CTONG BO3Myxa, ONMMpalo-
IUiAics Ha TOPH3OHTAILHYIO IUIOWIANKY B

1%, PacCIONOKECHHYIO Ha YPOBHE MoOps

(puc. 9.3).

JlaBneHue BO3QyXa p B CEYEHHHM 3TOTO
cronba Ha BBICOTE A ONPENENHTCH BECOM
Puc. 9.3 4acTH CT0;10a, onMparouleicsd Ha yKa3aHHOE
CedeHHE. YBeNH4YeHHE BBICOTHI 1 Ha Gecko-
HEYHO Malyl BeJMYMHY dh BieveT 3a cobolf yMEeHbUICHHE JaBJiCHHA Ha
GECKOHEUHO MATYIO BETMYHHY dp, H3MEPSEMYIO BECOM CIIOSl BO3IYXa MEXILY

ABYM#A CeUYCHUAMHU h 1 h+ dh. CneoBaTeNnbHO, NONLYYAETCA YPaBHEHHE

—dp=vydh,

Yposenb mops
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IZie Y eCTh BeC OfHOro Kybomerpa BO3IyXa IOJ HaBICHHEM p (3meck mpe-
HeGperaeTcsi TeM, YTO Y MEHACTCS MpPH MEPEXONe OT HWKHETO CEHCHHA K
epxHemy). Ho BeJIMUMHA Y CaMa TIPONOPLMOHAIbHA HaBJICHHIO, YTO BhHITE-
kaeT W3 3akoHa boitns —Mapuotra (pv=povp), T.€ Y= kp, roe k-
K03 UIMEHT TIPOIIOPHHOHANBLHOCTH. [1oACTaBsA 3TO BHIpAXKEHUE LIS Y B
ypaBHenue —dp = Ydh, NOIy4uM B v

—dp= kpdh wn L=~ kdn.
. p

HHTerpupys nocie/iHee ypaBHEHHE, HaXOAuM
p=Ce kh
Iycts p= p, npu h=0 (T. e. IaBICHUE HA YPOBHE MOPA PaBHO Po)» TO-
rma py = Ce™®0, C=p,.
Taxum 06pa3oM, NCKOMas 3aBUCHMOCTh YCTaHABINBAETCA dopmyno#

p=Dpee .

Ko duupenT k onpenenseTcs U3 AOMOJHHTENBHBIX yCI10BHIA.
Permast NoJTy4€HHOE YpaBHEHHE OTHOCHTENBHO A, TOMydaeM GopMyTy

h=dm2e,
k

p

[1O3BOJIAIONIYIO BEIYHCIMTL BBICOTY /# MECTa HaJ YPOBHEM MODs IO NaBijie-
HHIO BO3AYyXa p.

Mpumep 7. B HEKOTOPOil XUMHUYECKON peaKlMy BEIMIECTBO B pasnara-
eTcq Ha Ba BelectBa X M Y, mpuueM CKopocTh 00pa3oBaHus KaXHOTo W3
HEX NPONOPLMOHANEHA HATMYHOMY KONMYECTBY b Bemectsa B. Haiitu 3a-
KOHBI H3MEHEHHA KOJIMYECTB X U y BelecTB X ¥ ¥ B 3aBUCUMOCTH OT BpeMe-
HH 1, ecii B Hauane npouecca b=hy, x=0, y=0, a no UCTEICHHH ONHO-
ro yaca b=lb0, x=ﬂ>-, y=—32°—.

2 8 8
Pewexnue. Ecnu uepes x By 0603Ha4eHbl KONMYECTBA BEMECTB XnY

dx
COOTBETCTBEHHO, TO MPOW3BOAHAL — - BBIP@XAET CKOPOCTh 00pasoBaHMs

BelecTBa X, NPOH3BOAHAA % — ckopocTh ofpasoBaHus Beulectsa Y. B

KaXIBIl MOMEHT BPEMEHH ! KOJMYECTBO b DPa3OXKMBIICrOCs BEHICCTBA B
onpenensiercs GopMyliol b=by—x—y, Tiae by — NEPBOHAYANLHOE KOMH-
yecTBO BemlecTsa B. CornacHo yCIOBMIO 3aJavyd TOJy4aem CHCTEMY IBYX
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auddepeHUHANBHBIX YPaBHEHHI IEPBOrO NOPAAKA
dx
Sk - Lot ty-x-y)

rze k u [ — x03¢pdULIHEHTH NPONOPLUHOHAILHOCTH.

31y CHCTeMy MOXHO CBECTH K OAHOMY AH(pepeHUHATLHOMY ypaBHe-
HHIO nepBoro nopaaxa. B camom nene, pasgenuB o6e YacTH BTOpOro ypas-
HEHHA Ha COOTBETCTBYIONIHME YaCTH NEPBOTO YPABHEHHAA, IIOTYYHM

& _ 1

& k
Pemmas s1o ypaBHenue, 6ynem umeTs

1
=—x+C;.
y p 1
Hcnonesys HavanpHbie ycnosua (x=0, y=0 npu ¢=0), HaXoAHM, 4TO

C, =0, no3romy y—%x IoncTaenssa NoNyvYeHHOE BhHIPAXEHHE AJA ¥ B

nepBoe M3 YpaBHEHHI HCXOLHON CHCTEMBI, MOTYYHM JIHHENHOE ypaBHEHHE
NEepBOro nopsjaka

dx -
—+(k+1) x=kb,,
7 (k+1) x= kb,

oblee pemeHre KOTOpPOro

kby —(k+) ¢

x—";-—;+C e

Tak kak x=0 mpu £=0, TO C2=—?k% H

kby ~(k+l)
=X .
ErerdmeT)

/
Honcrasnas HOJYMCHHOC BBIPAXCHHC IJIA X B PaBCHCTBO y=;x, Haxo-

MM, 4TO
- T
=t A=)
b
Ornpenenum Teneps 3HaueHus ko3dduuuenrtos & u /. Tak xak x ?0 "
3by

y= ry npu ¢ =1, TO MOACTAHOBKA STHX 3HAUEHHIA B BHIPAXKEHHS [UIS X H
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OPUBOIHUT K CHCTEME YPaBHEHMIH:

) 3
1— —(k+l) 1—e Dy 2 2
k+l( )= 8 re 07 )=y

CnoX¥B TIOYWIEHHO 3TU YpaBHEHH, TIOTYYHM .

1= g~ (k+D _ 1

OTKyZa
e ®*N =272 y k4l=In2.

Paznenus no4neHHO BTopoe ypaBHeHue Ha TlepBoe, Haiinem /=3k.

CnenoBatenbHo, kK = 2 ln2 l— In2.

Takum 06pa3zom, HCKOMOe pemeHHe omnpenensercs GopMmynamu:
4 2! 4 » 21
3apaun

Cocrasuth nuddepeHIHaNbHEE YPAaBHEHHA M3 YCIIOBHH CIIEIyIOIIUX
3aja4 M PeHIHTh HX.

1. Haiitu xpuBy0, MpoxoasLIyko depe3 Touky M (1,3) H s KOTOpoi
OTPE30K KacaTenbHON MeXIy TOUKOH KacaHus M ocbio Ox IENUTCS MOMOoJIaM

B TOUKE repecedeHus ¢ ochlo Oy.
2. Haifty Takyio KpHBYIO, poXonsinyto uepe3 Touxy M (0,3), wrobsl

yrIoBo# k03¢ QHUIHEHT KacaTeabHO B Mo6oii ee Touke paBHANCA OpAUHATE
37O} TOYKH, YMECHBIUCHHOH Ha IBE CAMHUILIBI.

3. Yepes cocyl €MKOCTBIO g JIMTPOB, HANOJHEHHBIH BONHEIM pacTBO-
POM COJIH, HENPEPLIBHO NPOTEKAET XUAKOCTb, MPHYEM B EIUHHLY BPEMEHH
BIUBAETCH b JMTPOB YHCTOM BOJBI M BLITEKAET TAKOE XK€ KOJTHYECTBO pac-
TBOpa. HailTu 3akoH, 10 KOTOPOMY M3MEHAETCS COAEpXKAHUE COMIM B COCyne
B 3aBHCHMMOCTH OT BPEMEHH NMPOTEKAHK KHIOKOCTH Yepes COCyl.

4. Jloaka 3aMemJISET CBO€ OBWKEHHE MMOJ AeHCTBHEM CONPOTHBACHUA
BOJBI, KOTOpOE MPOMOPLHOHAILHO CKOPOCTH JoAkH. HavanbHas CKOpOCTh
nonku 1,5 mfcex, cxopocth ee uepes 4 cex lmfcex. Korma ckopocth

ymenbutcs 10 0,01m/cex? Kakoii myTh MOXeT NpoiTH JOAKa A0 OCTa-

HOBKH?

5. Teno oxmanwrock 3a 20 mun ot 100 go 60°. Temmneparypa okpy-
XAJOLIEr0 BO3AyXa noauepxuBaercs paBHoi 20°. Korzna teno oCTHIHET 10
30°?

6. B 6akxe naxoautcs 100 1 pactBopa, conepxamero 10 kz conu. B 6ak
HENpepLIBHO MOAAETCA BOJA CO CKOPOCThIO 5t B MUHYTY. [locTynaiowas B
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6aK BOJIa MEpeMENIMBAETCSA C MMEIOLIMMCS PACTBOPOM, H CMECh BBHITEKAET C
TOH ke CKOpocTbio. CKONIbKO COJM ocTaHeTcs B 6ake uepes 1 wac?

7. Haittu xpuBYy10, Bce HOPMAIH KOTOPOH MPOXOIAT Yepe3 MOCTOSH-
HYIO TOUKY.

8. Bona BeITekaeT yepes oTBEpCTHE B /HE LWIMHAPHYECKOTO COCY/A.
ITo xakoMy 3aKOHY MOHIDKAETCA YPOBEHb BOIBI C TEYEHHEM BpPEMEHH, eCilu
H3BECTHO, 49TO CKOPOCTH V, C KOTOPOHM KHIKOCTb BBITEKAET U3 OTBEPCTHS,
3aBMCHT OT BBICOTHI /4 CTON0A XKMAKOCTA ClefylomuM oOpasoM: v=

=0,64/2gh.

9. Cyano Bomonsmemenuem B 12000 m IBUXETCH MPAMOJIHHENHHO CO
CKOPOCTBIO Vg =20 M/cex. CONPOTHBIEHHE BOIbl NPONOPUHOHAILHO
KBaJpaTy CKOPOCTH CyIHa M pasHO 36 m npwm ckopoctH 1m/cex. Kakoe

PacCTOSIHHE NPOMAET CYAHO M0C/IE OCTAHOBKM JBUraTels, Ipexae YeM CKo-
POCTb CTaHeT paBHO# 5m/cex. B Kakoe Bpemst CyIHO TpoMneT 3T0 pac-

CTosHHE?
OTBerni
1. Nuddepenunanstoe  ypasuenne y=2xy’, y2 =9x, 2. y'=y-2,
« dc_ b -2
y=e +2.3. o =-——x, x=Cye ¢, rae C, — nepBoHAYATLHOE KONMYECTRO
a

U
conu. 4. 50 cex; 15m. S. I =k (U-20), rre U - remneparypa Tena. O6mee

(]
pemenne U =20+ Ce* . Peilenre, cooTBeTCTBYyIOIEE HaYaibHLIM YCIOBHAM
!

1)20 :
sapaum: U =20+ 80 (5 . Teno ocruiHer 10 30° wuyepes lwac. Ykaza-
Hue. CKOpOCTh OXNaX/IEHHs Tella B BO3AYXE PONOPLMOHANLHA PA3HOCTH MEXAY

: dh
TeMIEpaTypo#l Tena U Temneparypoii Bosayxa. 6. 0,5 k2. 7. OkpykHOCTh. 8. E- =

=—k1/Z, t=%(w/l_{.—w/2), rae H—Bricora cocyna. 9. M%v;=~kv2, rne

L2002 - 362, Lo0034-L, 1=a6cex, s=
P v 16

=388m. Vkazauue. [lpuusrs, g= 10M/C€K2.

M —macca cynua;
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naea 10.
AuddepeHunanbHbie ypaBHeHUs BTOPOFo
nopsiaka

JTugpgpepenyuanshoe ypagnenue 6mopozo nopaoKa UMEET BUNL

F(x,y,¥,y")=0 (10.1)
i
V' =[x (10.2)
O6wum pewenuem ypasrerns (10.1) HaspiBaeTCs QyHKUHA
y=0(x,C,C) (10.3)

OT X M JBYX NpPOM3BONBHBIX HE3aBUCHMMBIX MOCTOAHHBIX Ci, C,, obpa-
maiolas AaHHOe YpPaBHEHHE B TOXKAECTBO.
O6mee pewmenue ypasHenus (10.1), 3agaHHOe B HEABHOM BHZIE
(D(x,y, Cl’ C2)=0, (104)

Ha3bIBAETCA OGUjUM UHMEZDANOM.
Yacmnoe peutenue

y=0(x,C%,C), ‘ (10.5)

rae C1° R c;’ — (pUMKCHpOBaHHbIE YHC/IA, MONyJacTCcsa U3 ObIIero pemeHns
(10.3) npu dukcupoBaHHEIX 3HaYeHMsIX C; 1 C;.

3anaua Kowmwu. Haimu pewenue Oud)d)epenuuanbnozo ypagHeHus
(10.1), ydoanemeopaioujee ycnosuam: y=yy, ¥ =yy npu x=X. Tocro-
SHHBIC ONPEETAIOTCA M3 CHCTEMbl YPaBHEHHIA:

}’o'—'(P(X,CpCz);} (10.6)

Yo =0:(x, G, Gy).

§ 10.1. NMpocrTeifiine THNbI UHTETPUPYEMbIX ypaBHeHu#
BTOPOro NOPAAKaA, CIlyYan NOHNXEeHUA NopsAAka

K mpocTeHIIMM THNaM HHTErpUpyeMbiX AH(hepeHIHATbHEIX YpaBHe-
HUHl BTOPOTO TOPAJKA OTHOCATCA YPaBHEHHA, INA KOTOPBIX dyHKuUMA,
crodimas B npasoi yacty popMyisl (10.2), 3aBHCHT WM TOJLKO OT X, HITH
TONBKO OT y, WM TOJIBKO OT y’, T. €. ypaBHeHHs BH/A:
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¥’ = f(x); (10.7)
=10 (10.8)
y'=f(). (10.9)

O6wee pemenne ypasHeHus (10.7) HaXOAMTCA DBYKPaTHBIM MHTEIPHU-
pOBaHUEM.
Vpasuenue (10.8) unterpupyeTcs noacTaHoBKOR

Yy =p, (10.10)

KOTOpas AaeT BO3MOXHOCTh CBECTH €rQ K YPaBHEHHIO C Pa3JesrOINMUCS
TIEPEMEHHEIMU ) U p:

R
y” = dydxdyy dyp,dypf(y)

U3 nocnemHero ypaBHEHMA OTpeleNiAeTcd p, a W3 YpaBHeHMA y =p —
o6umii uaTerpan @ (x,y,C;,C,)=0.

Vpasuenue (10.9) noxcranoBkoit (10.10) cBOAMTCA K ypaBHEHHIO C
PpasieNAOLKUMUCS EPEMEHHBIMU X U p:

w_@& _dp dp_
y dxdxdxf()f()

B HexoTophix ciywasx auddepeHUHaNbHbBIE YPaBHEHUS BTOPOro Mo-
psIKa CBOAATCA K yDaBHEHHIM nepBoro nopsjaka.
YpaBHeHHe

¥ =f(xy") (10.11)

noacranoskoif (10.10) npuBoauTcs Kk ypaBHEHUIO ‘

% = f(x, p)
C HEM3BECTHOM (yHKLUEH p.
VpaBHeHue
Y=y (10.12)
TOIf e MONCTAHOBKOM CBOJUTCA K ypPaBHEHHIO
P il—di =f(, p)

TJie Pois He3aBUCHUMO# TlepeMEeHHOI urpaer y.
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Npumep 1. IlpouHTerpHpoBaTh ypaBHEHHE y” = COSX.
dy 10 dy
dx

PeweHue. Takkak y” = =cosx, dy’=cosxdx, OTKyIa

y'=jcosxdx= sinx+C,, b sinx+ C;.
dx

HuTterpupys eme pas, noyrydaeM:
y= j(sinx+C1) dx = —cosx+Cix+C,,

y=-cosx+Cx+C,.

Mpumep 2. HailTu WHTErpaIbHYI0 KPHBYIO ypaBHeHH y” =x+1,
npoxonsurylo 4epes Touxy My(1,1) U Kacarouzyrocs B 3TOH TOUYKe NpAMOi

)= 1,1
27 2
Pewenune. HaxomuMm cHauana ofuiee pellicHME IaHHOTO YPaBHEHUA.

Hmeem:

y”=‘gc, ‘gc =x+1, dy' = (x+1) dx, y'=j(x+1)dx,

2 2 2
, X dy x x
y =—2 +x+C; —=——2 +x+ G, dy=[—2 +x+C1de,

x3 2

x
=—+—+Cx+0(,.
Y 6 2 1 2
HalizeM u4acTHOE pelleHue, YIOBJIETBOPSIOLIEE YCIOBHAM: Y, =1,
1
Yo =§ ApH xg = 1. Tloacrasnas 3TH 3HaYeHHS B BHIDAKEHMA 1A y (X) M

¥’(x), noxyvaem:

1 1
yO=g+o+ G+ G =l C1+C2=%;}
1 1
‘D==+1+C,=—, C,=-1
Y 2 155 1
4
Creposarensho, Cy=-1, C, =§, MO3TOMY HCKOMas HMHTerpaibHas

KpHBas ONpeAeNAETCA YPaBHEHHEM
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x* X2 4
y=—+——x+—.
6 2 3
NMpumep 3. Haiitn obiee pewenue ypasuenua y” = 2y”.
PeweHnwue. IlpaBas yacTh JaHHOTO ypaBHEHHs 3aBHCHMT TOJNBKO OT )’

Oto ypasHenne Buna (10.9). [Monaras y’ = p, HaxonuM:
, dp
yim——=— —=2y =2p, ;‘=2dx, lnp:

= 2x+ lnci’ p= e2x+lnC' = C,er’ %= C»elx’ d_y= Crelxdx,

’

y=%€2x+C2, y= C]@2x+C2.

5
Npumep 4. IlpounrerpupoBars ypaBHenne 3y” =y 3.
Pewenue. Iro ypasnenne Buna (10.8), Tax kak mpaBas 4acTh €ro 3aBH-
4
cuT TONLKO OT y. Ilonaras y’ = p, monyuum y” = p—I-)-. VpasHeHnue nepe-

dy

NMUUIEM B BHJIE

dp _ -3
3p—=y3
&y
HuTerpupys nociensee ypasHeHHe, HAXOHHM:
22 22
pP=C-y 3 nm p=%\C,—-y 3.

Tak kak p= %, TO JUTA ONpENENEHHUA Y IONy4aeM YPaBHEHHE

1

= Wl —————
\} y_g "‘\JCly -1

1

3
X+ CZ =ij“L;d.‘y—‘.
\}Clyg—l

OTKYZIa
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HJI}I BBIYUCJICHH NOCJICAHEr0 HHTErpaia caejiaeM noacTaHOBKY
2
3 2
Cly 3~ 1=1¢ 5

OTKyZHa
1 1

y?=(t2+1)2- — dy= 3¢ (12 +1)2
c? c,2

CrenosaTenbHO,

1 3@ +1 3 (¢
= J @ )dt-—2 —+1 .
3 c? t c? |3
Cly -1

OKOHYATEITBHO MOoJIy4acM
1 2 2
x+C2—+ C]y -1[C1y3+2J
ct
Mpumep 5. [IpouHTErpHpOBaTh YpaBHEHHE
(1+x3)y”-2xy"=0.

PeweHue. Oro ypaBHeHue Buna (10.11), Tak kak B HEro SBHO HE BXO-
auT uckoMas Gyuxuus y. IonoxuM y* = p, Torna

= &y _dp
& dx
Y ypaBHEHHE TPHHUMAET BHI

(1+x2)%—2xp= 0 win (1+x2)dp—2xpdx= 0.

Pasfiensis iepeMeHHbIe, IOTydHM
d_p _ 2xdx
p 1+x>

Wnuterpupys, HaxoaAUM
In|p|=1In(+x*)+In|C],
OTKyIa
| p=C(1+x?).
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Tax kak

p=%, TO %: C(1+x%),

H, CJICAOBATCIBHO, OGlIIee PECHICHHE ONPEACIACTCA d)OpMleoﬁ
x? ’
y= Cl —4 X |+ C2 .
3
3ameuauue. Paznenss NIEpEMEHHBIC, MBI MNpEanojarajm, 4ro p#* 0,

1+x%2 20, TI03TOMY MOIJIH IOTepath pemenus p=0, 1+ x2=0. Us HIEPBOTO

papeHCTBa Bbitekaer, yto y' =0 u y=C. Oynxums y = C sBasercs peuicHuem
MCXOIIHOTO YPaBHEHHSA, B UEM MOXHO YOEAUTHCA HENOCPEACTBEHHO. DTH pelleHHs
nony4alorcs u3 obmero pemenus npu C; = 0. Bropoe paBeHCTBO HEBOIMOKHO

IPH JEHACTBHTENBLHLIX X, OHO HE onpeacniaer (l)yHKlIHIO, AB/IIOULYIOCH PCUHICHHEM
JAAHHOTO YPaBHCHHA.

Npumep 6. IlpounTerpupoBaTh ypasueHue yy” —y’2 = 0.
Pewenue. Dro ypasHerne Buna (10.12), Tak Kak OHO He COAEPNKHT
SIBHO aprymeHTa x. [lonoxum y’ = p, Torna

oW Y b _dp L dp

& dy & dy dy

[ToxcTapiss BeIpaxeHus IS y° M y” B MCXONHOE YPaBHEHHE, TMONY4HM
YPaBHEHHE NIEPBOTo MOPAAKA C Pa3feNsIOIUMHKCS IEPEMEHHBIMH  H p: -

.p‘

/.
yw—-—p =0
dy
Pazpenas HEPEMECHHBIC, NTOJTYYHM
P _ % =0 (py=0)

Hurerpupys, Haxoanm
In| p|=1n|y|+m|c)|
otkyma p=Cy.
Tak kak p=y’, TO % = C,y. HHTerpupys 310 ypaBHeHHe, MOMydacM

ln|y|=C,x+ln|C2l wi y = C,e”.
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3ameuanue. Pemenns y=0, y=C (3’ =0) nonyvarorcs us obuero

pewenns coorsercrento npu C, =0 u C) =0.

3apaun .
IMpounrerpuposath audepeHIHaNbHbIE yPABHEHHS BTOPOro HOpsIKa:
1
1. y” =sinx. 2. y'=-—.
x
” 6 s
3. y'=—. 4. 4" Jy=1
y
3
5. y”=—1—(\/1+y'2) . 6. xy”"—y =0
a
7. (1+x)y"+y?+1=0. 8. »w +y2+1=0.
OTBeThI )
1. y=-sinx+Cx+C,. 2. y=Inx+Cx+G,. 3.Cyt-6=

=(Cx+GC,)>. 4.3x+cl=4,/c+,/§(,/§—_2c). 5. (x—C)2 +
+(y=Cy) 2 =d®. 6. y=Cx*+C,. 7. y==Cx+(C{+D)In(C, +x)+
+Cy. 8. (x+C)2 +y* =CL.

§ 10.2. OgHopoaHbie auddepeHunanbHbIe ypaBHeHUA
BTOPOro NOpPAAKa C NOCTOAHHLIMK KO3 PULMeHTaMK

Hupdepenyuancubim ypasHenuem §mopo2o NOPAOKA ¢ ROCMOSHHbIMU
K03ghpuyuenmamu HasLIBAETCA YpaBHEHHE BHA

ay” + by’ +cy= f(x), (10.13)
rae a, b, ¢ — noctostHHbIe, f(x) — GYHKIMS OT X.
Ecmu f(x)=0, To ypasuenue (10.13) Ha3bIBAETCA 00HOPOOHBIM OU-

ghepenyuanbHbiM ypasHeHueM ¢ NOCMOSHHBIMU KOduyuenmamu WK
ypaBHeHHeM Oe3 npaBoii YacTH:

ay”+by’ +cy=0. (10.14)
Vpasuenue (10.14) M0oxHO NPUBECTH K BUY
v+ py +qv=0. (10.15)
VpaBHEHME ]
k*+ pk+g=0 (10.16)
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Ha3bIBAETCA Xapakmepucmuueckum ypasHenuem nis ypapaenus (10.15).
B 3aBucumocTH ot xopHei#t k; U K, XapaKTEpHUCTHYECKOTO ypaBHEHHs

(10.16) nomyuaem obutee peiweHue ypasHenns (10.15) B Bune

y=Ce e, ‘ (10.17)
ecnu k) v k, — pasnuvHble NEHCTBUTEIbHbIE qncnai

y=(Cix+Cy)el, (10.18)
ecnu ky = k,;

¥ =e*(C, cosPx + C, sinPx), ©(10.19)

ecnu k; = o +iB, k, = 0= iP — KOMIUIEKCHBIE YnCha.

NMpumep 1. Haiitu obmee pemenne ypasHenus y” —~5y"+6y=0 u
BbIJICJIMTS YaCTHOE PEHICHME, YAOBJETBOPAIOUIEE HAYAILHBIM YCIOBHSM:
y=1 y'=2 npu x=0.

Pewenue. Xapaxrepucriueckoe ypasHenne (10.16) mma  manHHOro

YPaBHEHuUs npuHUMaeT Bua k> — 5k + 6= 0. -
Tak kak 3TO ypaBHeHME HMeEET pa3lHYHble ACHCTBHTENbHLIE KOPHH
ky=2, k, =3, 10 B cooTBeTcTBHM C (popmysoit.(10.17) obuee pemenue

naHHOro ANGpepeHUHaNbHOTO YpaBHEHHS TAKOBO!

y=Ce™ +Cye*.

Yto6sl HAHTH HCKOMOE YaCTHOE PELIEHHE, NOCTABAM HAYATBHbIC JaH-

HBLIC B BBIPAXKEHHA 1A y U y’, Te ’

’ 2 C 2x 3C 3x

Y =2Ce” +3Ce™.
IozncTanoBKa 3THX JaHHBIX IPUBOLMT K CHCTEME YPaBHEHMI:
1= Cl + CZ; }
2=2C, +3GC,,
OTKyJa ONpPEeNeNsIOTCS 3HAYEHHs IPOM3BOJIBHBIX HocTOsHHBIX: C) =1,
C, =0. CrnepoBatenbHO, MCKOMOE HAaCTHOE PEIIEHHe ompesenisercs (op-
MYyJI0i
y= e2x .

Mpumep 2. Ipounrerpuposars ypasuenune y”’ + 4y’ +4y=0.

PeweHne. Xapakrepucruueckoe ypaBHenue k> +4k+4=0 nmeer
PaBHELIE KOPHH k) = ky = —2.
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B cootmercteun ¢ dopmynoit (10.18) nomydaem obiuee pemieHue Hc-
XonHoro i pepeHIUaNBHOTO YPaBHEHHA

y= e-zx(cl + sz).

NMpumep 3. INpounterpuposats ypaBHeHHe " +y ' +y=0.
PeweHue. XapakTepHCTHIECKOE ypaBHEHHE

K +k+1=0

3 1 3

1
HMeeT KOMIUICKCHbIE KOPHH k; = —5+1 > ky= —5 i—. B cootBer-
creuu ¢ ¢opmynoii (10.19) HaxonuM obiee penleHHe

-2 3 3
y=e 2[Clcms—‘/zlx-i- C, sin%x}

Npumep 4. Haiitn o6iee pemenune ypasHena y” +3)” = 0.

PeweHne. Xapampucmqecxoe YPaBHEHHE k2 +3k =0 nMeer KOpHH
kl 0 kz =-3,
Ofwee penerne onpeaeutca GopMynoi

y= C] + Cze_3x B

Npuwmep 5. IpounterpupoBats ypaBHenue y” +4y =0.

Pewenue. XapakTepHCTHHECKOE YpaBHCHUE k*+4=0 wumeer MHu-
MBbi€ KOPHH k; =2i, ky =—2i.
OOb1wee penieHHE JAHHOTO YPaBHEHHA:

y = C, cos2x + C, sin2x.

3apaun
Haittn ofmue peurenus oRHOPOAHBIX HHpdepeHIMANEHEIX YpaBHEHUIH
BTOPOTO MOPAZAKA C TOCTOSHHBIMH KO3QHIMEHTaMH:

1. y"—4y"+3y=0. 2. y'+2y’-8y=0.

3. y"+3y'+2y=0. 4. y" -4y’ =0.

5 y'-2y"+y=0. 6. y”+8y +16y=0.
7. y"=4y’+13y=0. 8. y”"+6y’'+25y=0.
9. y"+9y=0. 10. y” —16y=0.
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OTBeTHI

Ly=Ce*+Ce*. 2. y=Ce™* +Cre ™. 3. y=Cie™* +Cye
4. y=C+Ce*. 5. y=e"(C/+Cx). 6. y=e*(C,+Cyx). T.y=
= > (C,cos3x+Cysin3x). .~ 8 y=e 3"(C1 cos4x+6'2 sindx), 9,.y=
=C,cos3x+C,sin3x. 10. y=Cie* + Ce™** :

-2x

§ 10.3. HeogHopopHble Ampcpepeuuuanbuble ypaBHeHuUsA
BTOPOro NopsAKa ¢ NOCTOAHHLIMK xoaq)qmuueu'ramu

HeoduopoOHoe Oougpgepenyuanvroe ypasnenue emopozo nopsidka ¢
nocmosHHbIMY K0P uyuenmamu IMeeT BUI

Y+ py' +qy=f(x). (10.20)
O6uee pemenue ypasHenus (10.20) naxoxures o gpopmyine
y=y,+, (10.21)

rae yo — obuee peuieHne COOTBETCTBYIOLIErO0 OAHOPOAHOrO YpaBHEHHA

Y'+p' +qy=0, (10.22)

a Yy — 4YacTHOe pellleHye HEOJHOPOAHOTO YPaBHEHMS.
B npocteitmux ciryyasx, korna ynkaus f(x), BXxoasmas B ypaBHCHHE
(10.20), aBnsgercs moKa3aTeNbHOW WM NOIMHOMOM, YKa3aHHOE YacTHOE
pelleHHe HAXOAWTCA ¢ TOMOINBI0 METOa HeOTpeAeNIeHHbIX Ko3dduLueH-

TOB.
Ecnn

f(x)=ae™, (10.23)
TIe a, m — NOCTOSIHHBIE, TO YacTHOe pemeHue ypasuenus (10.20) HaxonsaT B
tdopme
y=d4e™, - (1024)
KOTAa m He SBJAETCS KOpPHEM XapaKTepUCTHYECKOTO YPaBHEHMS MNIA ypaB-
nenus (10.22), u B popme
7= Axe™ umu y= Ax’e™, (10.25)
KOFa m — COOTBETCTBEHHO NPOCTOM WIM KPaTHBI KOpEHb XapaKTepUCTH-

4eCKOro ypaBHeHHs.
Ecnu

f(x)=acosmx+ bsinmx, (10.26)
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rie a, b, m — NOCTOSHABIE, TO YacTHOe pemeHue ypasHeHus (10.20) noxyT B
dhopme

y = Acosmx + Bsinmx, (10.27)

KOraa
PP +(g-m’) #0, (10.28)

U B dopme

y=x (Acosmx + Bsinmx), (10.29)

Koraa
p=0, g=n’. (10.30)

Ecnn

f(x)=F,(x), (10.31)

rae P,(x) —MHOTOYNEH CTENEHW 7, TO 9ACTHOE PeLICHWe YPaBHEHMA
(10.20) nuxyT B hopme

Y =0n(x) (10.32)
npu
g#0 (10.33)
4 B popme
7=x0,(x) (10.34)
npu
g=0, p#0. (10.35)

NMpumep 1. Ipounterpuposats ypasHeHHe y” —2)" +2y= 6e**.
PeweHwue. HajliteM cHauana ofilee pelleHAC COOTBETCTBYIOILEIO OX-
HOpPOIHOTO ypaBHenuda y” —~2y’+2y=0.

XapakTepUCTHIECKOE YPaBHEHHE k* =2k +2=0 uMeeT KOMILIEKCHbIE
kopru ky =1+i, k, =1-i. CnenosarensHo, obuiee pelIeHHe OIHOPOAHO-
ro ypaBHEHHsA TaKOBO:

¥o = €*(C,; cosx + C, sinx).
Haxo[uM YacTHOE pelleHHe MCXOOHOro ypaBHeHus. Tak Kak B JaHHOM

cirydae f(x)=6e2" (r.e. f(x)=ae™, roe a=6, m=2) n m=2 He 18-
JISETCA KOPHEM XapaKTEePHCTHUECKOro YPaBHCHHUS, TO B COOTBETCTBHM C
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topmyioii (10.24) umeM 4acTHOE peleHre B BUE
= Ae¥.
Haxons npousBoaHbie 3To# ynkuun ' =2 4e**, 7” =4A4e?* u noxcras-
75 BRIDAKEHNA A ¥, J’, §” B HCXOOHOE ypaBHEHHE, MOIYYHUM
44e* ~2-24e% +24e™ = 6e*, 24e™ = 6e**.
Tak Kak § — pellieHHe ypaBHCHH, TO TIOCHEHEE PABEHCTBO BHITIONHS-

€TCA IUTA BCEX X, T. €. ABJISETCH TOKAECTBOM,

246> =6e™,
OTKyZa

24=6, A=3.

CnenoBarebHO, YaCTHOE PEIEHHE MMEET BUA j = 3e2*.

Ha ocropanuu dopmyist (10.21) nonyuaeM obmee pelieHe HCXOMHO-
O YpaBHEHHS

y=e"(C, cosx+C,sinx)+3e’".
NMpumep 2. Haiitu obuiee pemenne ypasHeHus
Y-y =2y=e.
PeweHue. Xapakrepuctuieckoe ypaBHeHue
kK -k-2=0
uMeer KopHu k; =2, k, =-1, mo3toMy ofliee peleHHE OXHOPOIHOTO
YPaBHEHHs

Y-y -2y=0
onpezensercs popmynoii y, = Ce** +Cye™*.

Oyuxkmus  f(x) =e** nonydaercs u3 ¢opmynsl (10.23) mpu a=1,
m=2. Tak xak m=2 —npocToii KOPEHb XapPaKTEPHUCTHYECKOTO YpPaBHE-
HHA, TO B COOTBETCTBMM ¢ topmyinoit (10.25) yactHoe pemenue uimeM B
BUJE

7 = Axe™.
IMoncTasnas B UICXOJHOE YpaBHEHUE BRIPAXEHUs And y, y', y~, rae
7’ = Ae¥ +24xe? | 7" =44e* + 4 Axe™,
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TIOTy4HM
(446% +4 Axe™ )~ (A +2 Axe’™) -2 Axe™ =¥, 34e¥ =e**

1
otkyna 34 _1 A =3 Cne,uosa'renbﬂo y= ; 2

Ha ocHoBaHuH q)opmynm (10. 21) nmomyyaem obiuee. peme}me

y C,e +C2e +%xe2.

Mpumep 3. HpOPIHTCI'pPIpOBaTL ypaBHeHne |

—-4y' +4y = e
Pewenne. Coomemmyromee OJHOPOAHOE ypaBHEHHE

Y =4y +4y=0 '
uMeeT obuiee peleHne
¥ =(C+Cpx) e**

TaK KaK XapakTepHCTUIECKOS YPaBHCHHE

k*-4k+4=0
pMeeT paBHBle KOPHU ki =k, =2.

YacTHOE pellleHHe MCXOAHOTO YPaBHEHUs MLIEM B BUAEC = Ax?e™,

n6o m=2 — OBOIHON KOPEHb XapaKTEPUCTUUECKOTO YpaBHEHUA. HaxonnM
npoW3BOAHbIE QyHKUMH V!

7' =2Axe™ +24x%e™; 7" =24e™ +84xe™ +4A4x%e
¥ TIOJICTABJISEM BLIPKEHHUS [UIL ¥, V', ¥~ B ypaBHEHHE, NOTy4aeM
2 A +8Ave® +4 Ax?e? —4 2 Axe™ +24x2 ¥ ) +4 4 e =¥

70) 81
246> =™,
OTKyZAa

24=1, A=—1—.
2

1
TakuM 06pa3oM, MOJTy4EHO YACTHOE pEUICHHE Y —-2—x2e , ofuiee peuie-

HYe onpenenantcs GopMmyoi
y=(C, +Cyx) e’ +—;— x%e™,
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Mpumep 4. Haittu obinee pemicHHe ypaBHEHHA
Y +3y +2y=2x% —4x-17.
Pewenne. [lpaBad yacTh JAHHOrO ypaBHEHHS SBIAETCA IOJHHOMOM
BTOpoOit crenenu f(x)= Py(x)=ax’ +bx+c, rae a=2, b=—-4, c=-17.
Tak kax g#0, To B cooTBeTCTBMH C dopMynol (10.32) yacTHOe pemeHue
HIIEM B BUJE
7=0(x)=Ax? + Bx+C.

Ioncrapnas BbIpakeHMA WA y, y =2Ax+B, 7”=2A4 B panHOe

yPaBHEHHe, NOydaeM

24+3(2Ax+B)+2 (Ax® + Bx+C)=2x* —4x—17

2Ax? +(6A+2B) x+(2A+3B+2C) =2x* —4x-17.

Mockonexy j — pemenne audepeHIHANBHOTO YPABHEHUS, TO MOCHICHHEE
PaBEHCTBO ROJDKHO BBIMOJHATLCH IS BCEX X, T. €. ABIAETCA TOXAECTBOM,
M03TOMyY KO3((HLUHEHTEI NP ONMHAKOBELIX CTEMEHSX X, CTOSLIME B PasHEIX
YacTsaX, paBHbI MEXIY co6oil:

24A=2, 6A+2B=—-4, 24+3B+2C=-17.
W3 nosyueHHO# cHCTEMBI YpaBHEeHUM HAXOAHM, YTO
A=1, B=-5 C=-2,
TI03TOMY
y= x?—5x-2.
O61ee petIeHHe COOTBETCTBYIOLLETO OAHOPOAHOTO YPAaBHEHHS
Yy +3y +2y=0
onpenenseTca Gopmynoi
Vo =Cie™™ +Cye™ >,
TaK KaK XapaKTepHUCTHYECKOE YpaBHEHHE k2 +3k+2=0 wumeer KOpPHH

k; =-1, k, =-2. Ha ocnosanuu ¢opmyus (10.21) nonayuaem obiuee pe-
HIeHWe ’

y=Ce* +Cre” ¥ +x2 —5x -2

HCXO/IHOTO YpaBHEHH.
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fipumep 5. [IpounrerpHpoBaTh ypaBHEeHHE
y' =Ty +10y= x?%.
PeweHue. [IpaBas yacTs JAHHOTO YPaBHEHHMS €CTb MHOrOWICH BUIA

fx)= ax®+bx+c, toe a=1, b=0, ¢=0. Tak kak g # 0, To pelieHne
HIIEM B BHIE

y= Ax? + Bx+C.
IoacTansas B A2HHOE YpAaBHEHHE Bﬁipaxeﬂux s y, ¥, y”, roe
¥ =24x+B, 7" =24,
nonyuaem 24 —7 (2A4x+ B)+10 (Ax* + Bx+C) = x
HIH
104x2 +(10B—144) x+(24-TB+10C) = x*,
OTKyZIa
104=1, 10B—144=0, 24~7B+10C=0.
Pemas ofyqeHHYIO CHCTEMY YPAaBHEHH, HAXOAUM
A=0,1, B=0,14, C=0,078,
[O3TOMY
7 =0,1x* +0,14x + 0,078.
OO6iee pelieHne COOTBETCTBYIOILLETO OTHOPOAHOIO YPaBHEHNA
y’'=Ty +10y=0
omnpenenseTcs GopMyJoi
yo = Cie”* +Ce™,
TaK KaK XapakTCpUCTHUECKOE YpaBHEHHE
k2 -7k+10=0

AMeEET KOpHH &, =2, ky =5.
Ha ocHoBanuu Gopmyiisi (10.21) nomyyaem ofiiee pelueHye

y=Ce™ +Cye™ +0,1x* +0,14x+0,078

HCXOIAHOIO ypaBHEHHS.
NMpumep 6. Haiftn obuee pelenne ypapHeHus

y” _ 3yr = xz.
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Pewenue. Tak kak B 1aHHOM cirydae g =0 (B 1€BO YacTH OTCYTCTBY-
€T 'WIeH, coaepxauuii y), To B COOTBETCTBUM ¢ $opmynoii (10.34) yactHoe
pelIeHHE HILEM B BUZIE

¥ =x (Ax? +Bx+C), y=Ax*+ Bx? +Cx.
Ioncrapnss B ypaBHEHHE BhIPAKEHUA

¥ =3A4x? +2Bx+C, 7" =6Ax+2B,

HOMYYNM
(64x+2B)~3(34x> +2Bx+C) = x>
WK
—94x* +(64-6B)x+2B-3C=x?,
OTKyHa
-94=1, 64-6B=0, 2B~-3C=0.
Ciien0BaTenbHO, '
i:—%x3 ——;-xz —22—7x.
CooTBeTcTBYIOLIEE OMHOPOAHOE YPABHEHHE
y'=3y’=0
umMeeT obliee peleHue
yo =G +Cype™,

TAaK KaK U1 XapaKTEpPUCTHYECKOro YpaBHeHMs k> —3k =0 noy4aeM
k] = 0, k2 =J.
ITo ¢opmyne (10.21) nonyuaem oGiuee pemenue

Mpumep 7. IlpounrerpupoBath ypasHeHUE
Y’ +4y" +4y =2sin2x + 3cos2x.

PeweHune. [lpaas 4acTh JaHHOrO ypaBHEHHA SBJIAETCH TPUTOHOMET-
PUYECKHM MOJUHOMOM BUAAa f(x)=acosmx+bsinmx, rae a=3, b=2,
m=2. Tax xak Bpmosinserca ycnonue (10.28), B cootseTcTBUHU C OpMY-
noii (10.27) 4acTHOE peLeHne ULIEM B BHIE
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¥y = Acos2x+ Bsin2x.
Haxons rpon3BoaHbIe
¥y’ =-2Asin2x+2Bcos2x, y” =—4Acos2x—4Bsin2x

1 TIOACTABJIAA B NAHHOE YPaBHEHUE BEIpaXeHUa g ¥, V', 7, nomydmm

—4Acos2x —-4Bsin2x+4 (-2 A4sin2x +2Bcos2x)+

+4 (Acos2x + Bsin2x) = 2sin2x + 3cos2x

win
8Bcos2x ~8A4sin2x = 3cos2x+2sin2x,
OTKYZa
8B=3, -84=2,
T. €.
A= —%, B= %.

CrnenoBaTelbHO, 4aCTHOE pelleHHe onpeaenseTcs GopMynoi
- 1 3.
y =——c082x +—sin2x.
- 4 8

CoOOTBETCTBYIOIIEE OMHOPONHOE YPaBHEHHE
y'+4y’+4y=0
uMeeT obliee peleH e

X

Yo=(C+Cpx) e,
Mo dopmyne (10.21) HaxomuM oblee pelicHHE aAHHOTO YPaBHEHHA

y=(C+Cyx)e -% cos2x+% sin2x.

Mpumep 8. Haifru obmee permeHHe ypaBHEHHA
y” =12y’ +36y = sin3x.

Pewenue. [lpaBas 4acTb NaHHOTO YPAaBHEHHS SBIAETCH TPUTOHOMET-
pHYECKMM MHOTOWIEHOM Buaa f(x) = acosmx+bsinmx, rne a=0, b=1,

m=3. Tak kxak sbimonHeHo ycuosue (10.28), YacTHOE pElICHHE HIIEM B
BHJE
¥y = Acos3x+ Bsin3x.
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Haxonum npoussoassie
¥y’ =-3A4sin3x+3Bcos3x, y” =—9Acos3x—9Bsin3x.
INoactasnss BelpaxeHus L4 y, y’, 77 B JaHHOE YpaBHEHHE, MTOTy4aeM
p ; Y, ¥,y yp Ty

(—9A4cos3x—9Bsin3x)~12 (-3 4sin3x+ 3Bcos2x) +

+36 (A cos3x + Bsin3x) = sin3x

(274-36B) cos3x+(27B+ 36 A4) sin3x = sin3x,

OTKyAa
- 274-36B=0, 27B+36A4 =1
Pewag nomy4eHHy10 CHCTEMY YpaBHEHMH, HAXOAUM
4
4 gL
225 75

Cnenona’renmo, HMEEM YaCTHOEC PEIICHUE

A=

—-_ 4 1 .
y =——cos3x +—sin3x.
225 75

CooTBeTcTBYIOILEE ONHOPOAHOE YPABHEHHE
Y —12y'+36p=0
HMeeT oblee pelieHue
Yo =(C +Cyx) €™,
TaK KaK JUI1 XapaKTepHCTHYECKOTO YPaBHEHHs
k* -12k+36=0,
nojayyaem k, =k, = 6.

ITo dopmyse (10.21) Haxomum obLiee pemeHne

4 1
=(C; + Cyx) €% + —— cos3x+— sin3
y= G+ Gx)e™ + o0 cosdxt oo sindx

HCXOIHOTO YPaBHEHHSA.
3ameyaunue. YactHoe peimieHue Mbel HCKaiM B BHme y = Acos3x+
+Bsin3x, aHe B Buge y = Bsin3x, Tak kak u3 Toro daxta, uto a =0 He cre-

ayer, uto A=0.
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3apaun

L y'—6y—Ty=32%. 2. y"+2y'—8y=12¢"
3. y"-2y +y=€". 4. y"+7y +12y=24x" +16x-15.
5, y"+y'—6y=—x2——?%- 6. y" -4y’ +3y=x-1

7. y"—2y’=6x2—10x+12. 8. y”-3y —10y=sinx+3cosx.
9. y” -8y’ +12y=-65cos4x. 10. y” +16y =—24sin4x.

Otpernl
L y=Ce*+Ce ™ =2e%. 2.y =Ce ¥ +Cye™* +2xe?*. 3. y=

3x —4x 2

=(C1+C2x)e"+%x2e". 4. y=Cie ™ +Coe” " +2x° —x-1 5. y=

1 1 1
=C,e2x+C2e_3"+—l—x2+—x+l. 6. y=Ce*+Ce" +7x+35. T y=

6 18 3 3 9
9
=C, +Cye™* -x° +x2-5x. 8 y=Ce*+Ce > BT sinx—gg— COSX.
1
9. y=Ce% +Cye** +2sindx +7 cos4x. 10. y = C;sindx+C, cosdx +

+3xcosdx.
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[naea 11.

AuddepeHumansHble ypaBHeHUA nopsaaka Bbille
BTOporo. Cucremnl anddepeHunanbHbIX
ypaBHeHU

§ 11.1. YpaBHeHus, onyckalouiue NOHMXKEHUe NopaaKa

VpaBHeHHe BHIa

¥ = f(x) (11.1)
PEUIAETCA TyTEM #-KPaTHOrO HHTErPUPOBAHHA.
YpaBHenue
F e, y®,y% D y™My=0, (11.2)

He coziepxaiee HCKOMOH (QyHKIMH y, MOACTaHOBKOM
Y& =4, 11.3)
rae y(" ) _ Husmias w3 MPOMU3BOJHBIX, CBOAMTCSA K yPaBHEHHIO
F,uu,u,... . u"=0, (11.4)

MOPSAJIOK KOTOPOro paBeH n— k.
YpasHenue

F3,y .,y B yED 0y =g, (11.5)

HE copepKalliee HE3aBUCUMOI MEPEMEHHON X, TaKKE AOITYCKACT MOHMKCHHC
nopsAaAKa C rIOMOIIbIO TOACTAHOBKH

y'=p.
NMpumep 1. Pemurs ypaBHeHHe y” = sinx.

Pewenue. B nepoif yacTi 3TOro ypaBHeHHs CTOUT TPEThA NPOM3BOLHAS
MCKOMOH (QyHKLHH, B NIpaBoit — GyHKUHMS TOJBKO OT X, 3TO ypaBHEHHE BUJA

d-))ll

11.1). Tak kak y”' = , TO
(11L.1) =

@ ”

s sinx, dy” =sinx dx,

OTKyza
y'= jsinx dx =~cosx+Cj.
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@I

IMockonsky y” =——, TO HOCTEQHEEC YpaBHEHHE MOXHO MEpenucath

TakK!:

@I

jd-x—-=—cosx+C1 win dy’ = (—cosx+C,) dx.

HHTerpupys, nomydaemMm
y' =-sinx+Cix+C,

dy = (—sinx+ Cyx+C,) dx.

HHTerpupys enle pas, HaxoxuM obIIee pellleHHe UCXOAHOrO YPaBHEHHS
C
y= cosx+—é1—x2 +Cox+Cy.

Mpumep 2. Peumrts ypasuenue xy'° +y” = 0.

PeweHue. 270 ypasHenue Buma (11.2), mis kotoporo k=3, n=4.
TpuHAMan HE3LIYIO NPOM3BOJAHYIO Y™ 32 HOBYIO HEU3BECTHYHO (yHKIMIO
%, OCYIIECTBUM MOACTaHOBKY (11.3)

”

=u,

du
OTKyZa YV = = TakuM 06pa3oM, JAHHOE YpaBHEHUE CBOJMTCH K ypaBHe-

HHUIO NIEPBOTO NMOpAAKA OTHOCHTEIILHO U

du dx
xu'+u=0 wm —+—=0,
u X
M3 KOTOPOTO MOIyyaeM
C
u=-—L.
x

Tak kak u=y™, TO AIA ONPENENCHNA y HIMEEM YpaBHEHHE

e
- £
x

7’

B KOTOPOM NpaBasi 4acTh 3aBHCUT TOJBKO OT X, T. €. ypaBHeHue Buzaa (11.1).
TpHxaBl KHTErPUPYS, HOTY4aEM COOTBETCTBEHHO!

y”=J-§—1—dx=C1 Inx+GC,, y"=C Inx+C,y;
x
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Y =CxInx-x)+Cyx+C;;

y=¢ [% lnx—%x2J+£22—x2 +Cix+C,
7617}
/ y=Cix* Inx+Cjx> +Cyx+C,,
roe
G-G, =G 2c,

Mpumep 3. Pemurs ypasHenne yIV =2y”.
Pewenue. Ionoxam y” =u, Torma y'’ =u, HO3TOMY YpaBHEHHE
NPHUMET BHJ,
du
' =2u, = =2u.
Pasniensis nepemennsle (B npeanonoxenu, uro ## 0) u HHTErpHpYA,
MOJYYHM
Inu=2x+C, u=e***¢ =C,e*.
s 1
Tak kak
u= y”/’ TO yr// — CleZX’
OTKyJa:

y"=%e2x+CZ; y'=£4l-e2x+C2x+C3;

y=%82x+§2—2‘x2+C3x+C4. (A)

3ameuanne.Eomm =0, T.e. " =0, 10 Y'=C), ¥y =Cx+GC;,

C .
y=— x? 4 Cyx+C,. o peleHue nosyqaerca u3 dpopmynsi (A) npu C; = 0.
) 3 4 1

3anaun
Pemuts ypaBHeHus:
1. y"=2x 2. y" =cosx.
2 1
3. yi” = .C(;Sx ) 4. yIV -2
sin” x x
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4

5. xy”+2x%y" =1 6. V") +0")’ =1

OTBeThI
4

1. y=x—+£‘-x2+C2x+C3. 2.y=—sinx+&x2+C2x+C3.
12 2 2
3. y=Insinx+Cx* +Cx+C,. 4. 6y =x3Inx+Cx* +Cyx? +Cix +C,.

5. y=( lnx+C2x+C3—-21—. 6. y=Cy;+Cyx—sin(x+Cp).
x

§ 11.2. JilnHetiHbie OAHOPOAHDIE YPABHEHUA C NOCTOAHHLIMY
KoathpuLmMeHTaMm

IuddepenunansHoe ypaBHEHHE
a,y™ +a, YV 4. +ay tay +ay=0, (11.7)

TO€ a,,Q,_;,-.., ), — NOCTOSHHbIC BENUMMHbI, HA3BIBACTCS JUHEUHbIM

OOHOPOOHBIM YPaBHEHUEM N-20 NOPAOKA C NOCMOAHKLIMU KOS puyuenmamu.
O6mee pemenve ypasuenus (11.7) onpenesnsercs popmynoit

y=Cy+Cyy + Gy + .+ Cyyy (11.8)

[HE Y,-.-» Y, — €70 JMHEHHO He3aBUCHMbIEC YacTHbie pewenus. [Tocnenuue
HAXOIATCA ¢ IOMOLLBIO XapPaKTEPUCTHIECKOTO YPABHEHHS

ar" +a, "+ art +ar+ay =0. (11.9)

ECNi¥ XapakTepHCTUIECKOE YPaBHEHHE MMEET # JCHCTBUTENBHBIX Pas-
JIMYHBIX KOpHEH r,(m=1,2,...,n), TO KAKIOMY U3 HUX COOTBETCTBYET 4a-

CTHOE pellieHHe
Vu=e" (11.10)
u obwee pemeHue ypasHeHus (11.7) npunuMaet BuR
y=Ce" +Ce" +...+C,e". (11.1D
Ecnu ypasHenve (11.9) umeer k AEHCTBUTENBHBIX PaBHBIX KOpHeH
r=r,=...=r (T. €. KOPEHb #; UMEET KpaTHOCTE k), To B popmyse (11.8)
VM COOTRETCTBYIOT PEILCHUA
yy =€, y, =xe™, ..,y =xe (11.12)
OnHOKpPATHLIM KOMIUIEKCHO COTIPSIKEHHBIM KODHAM 7 , =0t aB-
p p p 1,2 Yp

uenns (11.9) B popmyre (11.8) cOOTBETCTBYIOT pEUICHHUA:
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» =e™ cosPx; y, =e™ sinfx. (11.13)
KOMIUIEKCHO COMPSXEHHBIM KOPHSM fa ="aii[3 KpaTHOCTH k& COOT-
BETCTBYIOT CIIEAYIOUINE YACTHbIE PETEHHA:
¥ =e™ cosPx, y, =xe™ cospx, ..., y, =x*e®™ cosPx;
(11.14)
Viet =€ sinfix, yy,, =xe™ sinfx, ..., yp, = x* "1™ sinpx.

NMpumep 1. Pemmts ypaBHenue y” —2y” —y +2y=0.

PeweHnune. Jlna 1aHHOrO YPaBHEHUs C IIOCTOSHHBIMHA KOI(PULHMEHTAMU
COCTaBMM XapaKTEPHCTHYECKOE ypaBHEHHe (IIDH 3TOM HYKHO COXPaHHThb
K03 QHUMEHTBI; BMECTO y NOCTaBUTH 1, BMECTO €€ NPOM3BOAHOHN A-ro mo-

pAnKa nocraButh r* ):
r’=2rt—r+2=0.
Tpeobpa3ys neByIo YacTh ypaBHEHUS, ONYYHM
ri(r-2)-(r-2)=0, (r-2)(*>-1)=0,
OTKyZa ‘ '
n=-1L, n=1,n=2
B cooteercteum ¢ popMynoit (11.11) nonyuaem obiuee peienue
y=Cle™* +Cye* + Cie?*.
3aMeuyanne. Hymepauus kopHell He UMeeT CYIIECTBEHHOTO 3HadeHui. B
CaMOM JieJie, ECIIM CUMTATh, 910 1} =2,7, =—1,73 =1, To o6wee pemenue ompe-
nenurcs GopMynoit
y=Ce* +Che™* +Cye®,

KOTOpO€ OTJIMYACTCH OT HaWACHHOro Bume TONbKO 0003HAYCHUAMH NPOU3BOJILHBIX
TNOCTOAHHBIX.

Mpumep 2. Pemnts ypaBHeuue y” —7y” +15y -9y =0,
Pewenune. CocraBuM XapakTepUCTHYECKOE YpaBHEHHE

P =1 +15r-9=0,

OIMH U3 KOPHEH KOTOPOTro 7; =1 MOXHO MOTYYHTH METOROM TIPOO.
Taxk xax

(7 =72 +15r=9): (r =) =r2 —6r+9,
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TO ypaBHECHHE NPHHHMAET BUA
r-D(@2-6r+9)=0,

OTKyAa r, =r; =3. Takum oGpaaou, XapaKTepPHCTHIECKOE YPABHEHHE HME-
eT oaMH TpOCTOM (OIHOKPaTHbIM KOpeHb ry =1) M JBYKPATHbIH KOPEHb
rp, =3 (k=2).

B cootsercreuH ¢ dopmynamu (11.12) u (11.8) nonyuaem obmee pe-
HIeHHe

y=C,e* +Ce* +Cyxe™

y=Ce* +(C, +Cyx) .
Mpumep 3. Peunts ypaBHEHHE yIv -16y=0.
PeweHxne. XapakTepHCTHYECKOE YPaBHCHHE

4 ~16=0 wm (2 -4) (> +4)=0
HMeeT KOPHH
rl =2, rz =—'2, r3 =2’, r4 =-2i.
MHHMBIM COTIPSKEHHBIM KOPHAM 73 H 7, (WIS KOTOPBIX O = 0, B=2)
COOTBETCTBYIOT YaCTHbI€ PSHICHHA
y3 =c0s2x, y, =sin2x,

' nosyueHHsie u3 dopmya (11.13).
Takum o6pasoM, obinee pelieHHe HMEET BU],

y=Ce™ +Cye * +C;cos2x+C, sin2x..
Npumep 4. Pewnrs ypasuenue y'' —4y” +8y” -8y’ +4y =0.
PeweHnue. COCTaBUM XapaKTEPHCTHYECKOE YPaBHCHHE

r*—4r’ +8r2 -8r+4=0.
TTpeoGpasys JieByio 4acTh 3TOTO YPaBHEHHA, MOy MM
rt—ard 482 —8r+d=rt-4r’ +4r2 +4r2 —8r+4=
=2 =2r+2)> =(r2 -2r+2) (r* -2r +2) =0,

OTKyIa r2=2r+2=0, r2-2r+2=0.

ClieNoBaTeNbHO, KOMIIEKCHO COMpsKEHHbIE KOPHHM XapakTepHcTHHe-
CKOFO ypaBHEHHMAI rj, =1Xi HMEIOT KpaTHOCTh k=2. Tak kak B AaHHOM
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cryyae oo=1, P=1, 10 B coorBeTcTBUM ¢ Qpopmynamu (11.14) u (11.8)
of1ee pelneHHe UMeeT BAN

y=Ce"cosx + C,e” sinx + Cyxe™ cosx + Cyxe” sinx

y=¢e"[(C, +Csx) cosx +(C, + Cyx) sinx].

Npumep 5. Pemwrs ypasuenue y® +2y@V) 437 =0,
Pewenne. CocraBuM XapakTepHCTHUECKOE YpPaBHEHHE, COOTBETCT-
BYIOHIee JaHHOMY avddepeHIIHANEHOMY YPaBHEHHIO:

re2rt 412 =0.
TIpeo6pasys AeBY10 4acTh 3TOT0 ypaBHEHUS, HOIYUUM
Pt +2r2 + ) =0 wm F2(* +1)> =0.
Taxum 06pa3oM, XapaKTEPHCTHYECKOe ypaBHEHHE
rr (r? +1) (r? +D=0

UMEET ONMH ABYKpAaTHBIH ACHCTBHTENBHBIN KopeHb r=0 (rn=r, =0) u
Mapy HBYKpPaTHBIX MHMMBIX CONPSXEHHBIX KOpHEH r==i (ry=r, =1,
rs =rg =—i). o popmymam (11.14), (11.12) u (11.8) monyuaem oGiuee
penieHue

y=C +Cyx+(Cy + Cyx) cosx +(Cs + Cgx) sinx.

Mpumep 6. Penmts ypasnenue y® +2® —2,7 3 =0,
Pewenune. XapakrepucTHieckoe ypaBHEHHE
a2t -2,2-1=0
MMEET fBa KOpHA 7, =1, r, =—1, KOTOpblE MOXHO TIOTYYHTH METOIOM
npo6, Mo3TOMY JieBas YacTh €ro AOJDKHA AenuThcs Ha (r—1) mHa (r+1),
CJIEXOBATENBHO, U HA (r2 —1). TIpousBens ykasaHHOe AeJICHHE, TOIYYHM
42, 2P 1) (PP =) =10 +3rt 432 +1=(? +1)%.
Hrak, XapakTepucTU4eCKOe YpaBHEHHE IPUHHMAET BUSA
=D+’ =0 wm -+ > +D >+ D +1)=0.
OT0 ypaBHEHHE MMEET IBa YKA3aHHBIX NPOCTHIX AEHCTBUTENBHEIX KOPHS

H [IBA MHHMBIX KODHS KPaTHOCTH k=3 (r,=r, =r, =i, r,=r, =r =-i).
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B cootserctBuu ¢ opmynamu (11.14), (11.12) u (11.8) naxonum obmee
pelleHne

y=Cie* +Cye™* +(Cy +Cyx +Csx?) cosx +(Cg +Cyx+ Cox?) sinx.

3apaun
Pewwuts ognoponusie auddepeHIManbHbIE YPABHEHHSA C IOCTOAHHBIMU
k03¢ dunprenramMu: ’

1. y”"-y"—4y'+4y=0. -6y”"+11y’—6y=0.
3. y”-3y'-2y=0. -3y”+3y’~y=0.
5. yIV _81y=0. 6. ¥V —6y”+14y” ~14y’ +5y=0.
7. y(s) +4yIV +y™—-10y” -4y’ +8y=0.
8. y(6) + 8yw +16y”=0. 9. y(s) - y(6) - 9yIV -11y” -4y =0.

2. y 7
4- ylll

10. y(g) +2y(7) +y(5) =0.
OTBeThI
1. y=Ce*+C,e™ +Coe™ (=1, r,=2, rn=-2). 2.y=Ce" +
+Ce* +Ce”  (n=1, =2, r=3). 3.y=(C+Cx)e* +Cie**

(h=r=-1 n=2) 4 y=(C1+C2x+.C3x2)e" (n=r=n=1.

5. y= C,e”* +C,e™ + C,cos3x + C,sin3x (r=3, r=-3 r=3,
r,==3). 6. y=(C,+Cx)e" +(C,cosx+C,sinx)e”™  (r,=r,=1,
r=2+i, r,=2-i). 7. y=(C, +Cyx) €™ +(C3 +Cyx +Csx*) &>
(n=r=1 n=r,=rs==-2). 8. y=C,+C,x+(C; +C,x) cos2x+

+(Cs + Cyx)sin2x (rn=r=0, rn=r=2i, r,=r,==2i. 9, y=
=Ce” +C,e™™ +(C, +C,x+ Cox*) cosx +(Cy +Cyx+ Cyx?) sinx
n=2, n==2, n=r=r=irg=rn=r=-I0. 10. y=C, +Cyx+
+Cx* +C,x° + Cx* +(Cy +Cx) cosx +(Cy +Cox) sinx ~ (n=r, =r=
=r,=r=0, r,=r=i, Rp=r=-I). .

§ 11.3. IlunediHble HeOAHOPOAHDIE YPaBHEHUA C

NOCTORHHbLIMU KO3 PULUesTamMmn
Juddeperimansroe ypaBHEHHE
a,y™ +a, YV +. +ay” +ay +agy = f(x) (11.15)

HA3bIBACTCA JIUHEIIHBIM HEOOHOPOOHBIM YDABHEHUEM C NOCMOSHHbIMU KO-
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shpuyuenmamu a,, a,_,,...,a,, ay, a,.
Ecmu f(x)=0, 1o ypaBrenue (11.15) craHOBHTCH OXHOPOAHBIM:

(n-1)

a,y™ +a, y"V+ . +ay”+ay +ayy=0. (11.16)

O6mee pemrenne ypasHerus (11.15) onpenessercs Gpopmynoit
y=yt+y (11.17)
rae y, —ofiee pellleHUE COOTBETCTBYIOHIETO OXHOPOMHOTO YpPaBHEHHA
(11.16), a ¥ —gacTHOe pemieHre AHHOTO HEOMHOPOAHOTO YPABHEHMS.
B npocreiiluux ciayqasx 4acTHOe pelieHue MOXeT GbITh HaleHo ¢ mo-

MOIIBIO METOZIA HEOTIPEAENEHHBIX KO3 (HIMEHTOB.
Ecnu

f(x)=e" B, (x), (11.18)

rae P,(x) — MHOTOWIEH CTENEHH /M, TO YaCTHOE PEIUCHHE HIIYT B BUIE
y=e¥"M, (x), (11.19)

rae M,,(x) — MHOTOWIEH TOM XK€ CTENeHH m C HEONpEHENEHHBIMH K03(¢-

¢dunMeHTaMH, eClTH O He ABJIACTCH KOPHEM XapaKTEePUCTHUECKOTO YpPaBHE-
HMA, COOTBETCTBYIOLIEro ypaBHeHMIO (11.16), u B BUae

y=xte®™ M, (x), (11.20)
€CIIH 0. — KOPEeHb YKa3aHHOTO ypaBHEHUs KPaTHOCTH k.

B uactrocty, mpu o.=0 f(x)=P,(x) " ecniu o =0 He ABnsETCA
KOPHEM XapaKTEPHUCTHYECKOrO YpaBHEHMS, TO CYIIECTBYET YAaCTHOE pelue-
Hue y= M, (x), ecmm o =0 — KOPEHb XapaKTEPHCTHYECKOTO YPaBHEHHUS
kpaTHocTH k, T0 7 = x¥ M, (x).

Ecmn

f(x)=e"™ [P (x) cosPx + QO (x) sinfix], (11.21)
rne P(x) u Q(x) —MHOrowieHsi, HanbonbIas CTENEHb KOTOPLIX M, TO
YaCTHOE PELICHHE ULIYT B BHAE

y=e" [M(x)cosPx + N (x) sinPx], (11.22)

ecin O.+if} He SBIAETCA KOPHEM XapaKTePUCTHYECKOrO YDAaBHEHHS, H B
BHUJIE

¥ =x*e™ [ M (x) cospx + N (x) sinfx],. (11.23)
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rae M (x) u N (x) — MHOroWIeHbl CTENICHH /1, €I o+ i — xopeHb yka-

33HHOTO YPaBHEHHs KPaTHOCTH k.
Ecnu

f@) =[x+ f[(x)+ f3(x), (11.24)
rae f,(x), f,(x), fi(x) — dyHxuuM Buza (11.18) 1 (11.21), To cymect-
BYET 4aCTHOE PEILICHHE

y=n+yty (11.25)

onpenenseMoe yKa3aHHbIMH BbIIIC PAaBUNIAMH.

B obmeM ciy4ae 4acTHOE pEelICHUE YPaBHCHHA (11.15) Moxer GBITB
HalleHO C TOMOILEI0 MemoOd 6apuayuu HNPOU3EONbHLIX NOCMOAHHBLX
(merona Jlarparmka). Ecim

y=Cn+Cyy+...+Cyy

ofmee pelueHue OTHOPOJHOTO YPaBHEHWA (11.16), To obmmee pelneHUe He- .
oxsOpoaHOro ypaBHeHus (11.15) uityT B BHAE

y=C1(x)y1+C2(x)y2+...+C,,(x)y,,. (11.26)

®yuxmun C)(x), C5(x), ..., C,(X) HAXOMAT U3 CUCTEMBI ypaBHEHUI:

Ciyy+Ciyy+...+Coy, =0;

Cyi+Coys+...+Coyn =0,

(1127)
COD 4 O 4.+ Oy =0
D +Cp TV 4+ Oy = (@)

NMpumep 1. Pemmnts ypaBHeHHE y”’+y=e2"(x2+x+1).

PeweHune. DTo JUHEHHOE HEOLHOPOAHOE YPABHEHHUE TPETHETO NOPAAKA
¢ TOCTOSHHBIMH K03(dulineHTaMH, npaBas 4aCTh KOTOPOTro €CTh byHKLUUA
puna (11.18), roe 0.=2, P, (x) =x* +x+1,T. e. m=2.

Haiinem cHauana ofilee peleHHe COOTBETCTBYIOLIETO OXHOPOAHOIO
ypaBHEHUA

y///+y= 0.

Tak KaK XapakTepHCTHYEeCKOe ypaBHEHHC r3+1=0 umeer KOpHH

1 i3 1 i3
n=-1n= -yt BETy T TO 06lIEe peieHHe OXHOPOIHOro

ypaBHeHus onpenensetcs Gopmynoi

354



X

- NE) 3
Yo=Cie " +e 2 (Cz cos-;-x+C3sin~i—x .

B coorserctBuM ¢ ¢opmynoit (11.19) uacTHOe pelzeHHe HCXOXHOTO
YPaBHEHHA UILEM B BHIE
y=e”*(Ax* +Bx+C),

HOCKOJIBKY YHCHIO OL =2 HE ABJIACTCS KOPHEM XapaKTepHCTHUECKOTO ypaB-
HeHUA H P, (x) — MHOrOWIeH BTOPO# CTeneHy.

Haxoaum npousBoaHbie QyHKIMH y:
7 =e” (2Ax+ B+2Ax* +2Bx +2C);

¥ =e**(2A+84x+4B+44x> +4Bx +4C);

7" =e?*(124+24 Ax +12B + 8 4Ax” +8Bx +8C).
ToncraBnss BeIpaXKeHHs WA ¥ U y”’ B HaHHOE YpaBHEHHE M COKpa-
Ias Ha e, MOJMyYHM TOXKAECTBO

124424 4x+12B+9A4x> +9Bx +9C = x> +x+1,

OTKyza
94=1, 244+9B=1, 124A+12B+9C =1
. ,
P
9 27 81
no3TOMYy
j=e* (lxz ——5—x+1—7).
9 27 81

Obmee PCLICHHE NaHHOTO YPAaBHCHHA HMECT BUA

x

- V3 3
y=yy+y=Ce " +e 2 (CzcosTx+C3sin—2—x +

2
g | X 32 17)
9 27 81
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Mpumep 2. Pemmuth ypaBHEHHE y”+y =xt,

Pewenwe. [Ipasas yacTh ypaBHEHHs €CTb QyHKIMA BHIA (11.18), ma
kotopoii a =0, m=4.
XapakTepHCTHYECKOE YpaBHEHUE

Par=0 wmr (2 +0)=0

uMeer KOpHH 7, =0, r, =i, r,==—i, TO3TOMy O0IIee PELIEHHE ONHOPOA-

HOro ypaBHeHus y” +3’ =0 onpenensercs GopMyno#
¥o = Cy +C, cosx + Cysinx.

Tak kak 9ucio o.=0 SABIAETCA TPOCTBIM KOPHEM XapaKTEPUCTHYECKO-
IO YpaBHEHHs, TO YaCTHOE PEICHHE HILEM B BHIC

7 = xe®* (Ax* + Bx> + Cx* +Dx+E)
WA
7= Ax® + Bx* + Cx* + Dx* + Ex.
HaxomuMm nmpou3BoAHbIe GYHKLHH Y

¥ =54x* +4Bx® +3Cx* +2Dx + E;
7" =204x" +12Bx* +6Cx+2D;

™ =60A4x* +24Bx +6C.

TMoacTaBias BHIpaXeHUt 11 y’',y” B NaHHOE ypaBHEHHE, MOJTY4HM
TOXHAECTBO

60Ax2 +24Bx+6C +5A4x* +4Bx> +3Cx> +2Dx+ E =x*,

OTKyIa
54=1, 4B=0, 604+3C=0, 24B+2D=0, 6C+E =0,

A:—;—, B:O’ C=—4’ D=0, E=24
Takxum o6pazom
y:%x5—4x3+24x
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5
y=C, +C, cosx+C; sinx+———4x? +24x.
1 2 3 5

Mpumep 3. IlpounrerpuposaTs ypaBHeHHe y” —3y”+3y —y=2¢".
Pewewnune. B ganHom ciyuae npaBad 4dacts — pyHkima suga (11.18),
rae o =1, m=0. Yucno o =1 paBHO TPeXKpaTHOMY KOPHIO XapaKTepUCTH~

4Yeckoro ypasHeHus r> —3r2 +3r—1=0, MO3TOMY 4aCTHOE PEHICHHE B CO-
orBeTcTBHH C dopmyoif (11.20) uimem B Buze
F=ax’e®.
JOuddepeHunpys ¢yHkumro y, moaydaem:

7 = (a3 +3ax2) e*; 5" =(ax’ +6ax? +6ax) &*;
7 = (ax® +9ax? + 18ax +6a) e*.
[ToxcTaBsnss HalAeHHbIe 3Ha4YeHHA V', 7",y H Y, cokpamas pe3yib-
YLyy Y, COKp pesy.
TaT Ha e*, THOMy4HM

6a=2, a=l.
. 3

Tax kak y, = (C, +C,x+C;x?) e*, T0 obluee pelleHHe TAHHOTO ypas-
HEHus onpenenurcs Gopmyoi

1
y=(C, +Cyx+Cyx?) € +§x3e’°.

NMpumep 4. Pemutb ypaBHeHWE
v

¥ —y=e™ +e”™ +cospx.

PeweHune. XapakTepHCTHUYECKOE YpaBHEHHE
rf-1=0
HAMEeT KOpHH ry = 1,7, =—1,ry =i, ry =—i, mo3TOMY
yo=Cie” -!;Cze"" +C; cosx + C, sinx.
B cootBercTBUY ¢ dopmyoii (11.25) uineM YacTHOe peLIeHHe:
Y=y +y,+5s,
rae
¥ = Ae™, ¥, = Be™™, ¥, = Csinfix + Dcospx
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COOTBETCTBEHHO YaCTHBLIEC PCLICHHA ypaBHeHPIﬁ

ox

yIV_y=eax’ yIV_y=e— , yIV—y=COSﬁ)C.

Haxofi NPOM3BOAHBIE 7', 73,73 MW NOACTABIAA MX BBIPAXEHUS H

%15 V2, Y3 B HOCIEHHAE yPABHEHMA, IOy HM:

A= 41 , B= 41 , C=0, D= 41
o -1 o -1 B* -
O61ee peleHne UCXONHOTO YPaBHEHH HMeeT BUL
P +e™™  cosPx
at-1  B*-1

y=C,e" +Cye”* + Cssinx+ C,y cosx +

3ameuanue. Bcayuae, ecmm o= =1, obmee pemenne Gyzer:

- . x _y. Xxsinx
y=Ce* +Cye* + Cysinx+ Cycosx+—(e* — ")————
1 2 3 4 "

B 3TOM Cliyuae YaCTHEIE PEIICHHA HYKHO UCKATh B BHLE:
y, = Axe*; ¥, = Bxe™™; y; = x (Csinx + Dcosx).
Npumep 5. Pemwuts ypaBHenue y” +y’ =tgx.
PeweHue. XapakTepHCTHYECKOE YPaBHEHHUE r3+r=0 uMeer xopuu
n =0, r, =i, r;=—I, NO3TOMY
‘ y =1, y, =cosx, y; =sinx
1 oblee pelieHye OJHOPOJHOTO YPaBHEHH s BhIpasuTCs HopMyson
¥y = C, +C, cosx +C; sinx.
MeTOOM BapHALMH MPOH3BOJIBHBIX MOCTOAHHBIX HAXOIMM oblee pe-
[IeHHEe JAHHOTO HEOAHOPOIHOTO YpaBHEHMA, ojaras
y = Cy(x)+ Cy(x) cosx + C;(x)sinx.
Cucrema (11.27) mna onpenenenns ¢yukumit C(x), C, (x), C3(x) 3a-
[MIIETCS TaK:

C, +C;cosx+Cjsinx =0;
~C;sinx+C;cosx =0,
—Cjcosx—Cjsinx =tgx.
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YMHOXHB 06€ YacTH BTOPOTO YpaBHEHHA Ha Sinx, TPETHEro — HA COSX
H CJI0XXHB NOYIEHHO, NOIyIUM
C; = —sinx.
H3 BTOpOTO ypaBHEHHA UMeeM
2

sin® x
Cy=-

cosx
CroXHB MOYNEHHO NEPBOE YPABHEHHE C TPETHUM, TIOJTyYHM
Ci=tgx.
HHTErpapys TpU NOMYYEeHHBIX YPAaBHEHNUSA, HAXOMM:
Ci(x)=-Incosx+C;;

Cy(x)=cosx+C,;

x n
C. =sinx—Intg| —+— [+ C;,
3(x) x ng(z 4) 3

rae Cy, C,, C; — NpOM3BONEHBIE IOCTOSHHEIE,

CnenoatensHo, ofluee pelleHHe JaHHOTO HEOAHOPOXHOrO YPaBHEHHS
BbIpa3uTCca popMysoit

x T
=-~Incosx—sinx-Intg| —+— |+
y 8(2 4]

+C, cosx+ C; sinx + Cj,
rze C, =C, +1.

3apauu
PewuTs nuHeHHEIE HEOAHOPOJHbIE YPaBHEHHA C MOCTOAHHBIMH KO3()-
(umenTamMu: ' "

L y”—y"+y —y=(x+1)e*.

Y =Ty +6y=x>.

vV -8y +23y” - 28y +12y = x.

'V —2y” +y=—8e"* +8¢* +12sinx —12cosx.
y(s) —-y"=x.

y© 43V ¢ 3y” +y =9sin2x.

X

NSy s W

Y7 +2y" +5y = 4xe”™ — 68cos2x + x.
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8 IV -3y"—4y=x? +1+&>* +4cosx.

C noMOIIBIO METOAA BADHALMH NMPOM3BOJIBHBIX MOCTOAHHBIX PEHINTH
NHHEHHbIE HEOHOPOIHBIE YPaBHEHUA:

9. y”-3y"+y -3y=sinx.
2x3+x*—4x-6

4

10. y”-2y"—y'+2y=
) x

OtBerTnl
1. y=C1e"+C2cosx+C3éinx+e2"(E———f‘—). 2.y=—1-(x2+lx+

5 25 6 3
3x+7

+%)+cle"+c2e2*+c3e‘3". 3. y= +(C +Cyx) e +Cie” +
+Ce*. 4 y=(C+Cyx+x?)e* +(Cy +Cyx—x?)e™™ +3sinx - 3cosx.
3 X X

5. y=C+Cyx+ 2;—+ Cie ™ + C4e—5 cos—;i X+ Cse_E sin—;)— x. 6. y=
.1 -
=(C, + Cyx+ C3x?) cosx +(Cy + Csx + Cx?) sinx - = sin2x. 7. y=—(x+

2
+1)e™* +8cos2x —2sin2x + JIC—O_—22_J56+ C, +Cye™" cos2x + Cye” " sin2x.

2 1 e3x

- _ xsi
8. y=Ce™ +Cye™ > +C;cosx+C, sinx— > o4 £ __ZxXsmx
4 8 50 5

—21si .
= (e +C,sinx+Cy cosx+w+—x— (3cosx—sinx). 10. y=
200 20

_ 1
=Cie* +Coe ¥ +Cie** +—.
1 2 3 .

§ 11.4. CucTembl NUHEHHbIX ypaBHEHUIA C NOCTOAHHLIMM
ko3 duLmeHTammu

Cucmemoti nvHedHbIX auddepeHIMaNbHBIX YPAaBHEHHA MEpBOro Mo-
pAIKa C IOCTOSHHBIMU KO3((HINEHTAMH Ha3bIBAETCS COBOKYIHOCTb AU(-
(depeHIMATEHBIX yPaBHEHHI:

Yi=apn tapyy .+ ayy, + f1(x);
Yy =ayy;+a +.o.tay,y, + L)
2 T a1 tany,; 2mVn T J2\X)s (11.28)
y;x =auN +a,y) +...+ayy, +fn(x);
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TOE Yi,)3s..-» )V, — HEM3BECTHBIE (DYHKUMH HE3aBUCHMOM NEPEMEHHON X;
a; (i,k=1,2,...,n) — NOCTOSHHbIE BEJIMIUHEL.

Ecnu mpu Bcex paccMaTpHBaeMBIX 3HA9€HHAX X BCE JaHHBIE (GyHKIMHA
Se(x)=0 (k=1,2,...,n), To cucrema (11.28) HasbiBaeTCA 0OHOPOOHOH, B

TIPOTHBHOM CJIy4ae — HeOOHOPOOHOU.
Pewenuem cucremsl (11.28) HaseiBaetca cuctema n GpyHKumi

N =0(x), ya =2(%), s Yy =9, (%), (11.29)

obpamatomux pasenctsa (11.28) B ToxIeCTBA.
3agaua Kowmu. Haiimu maxoe pewenue (11.29) cucmemor (11.28),
Komopoe npu x = X, npuHuMano 6ul 3a0aHHbIE IHAYEHUA

Nnxo)=by, y,(x)=by, ..., y,(x)=b,.

Metonom nckmodenus (n ~ 1) HeusBecTHRIX QyHKIMI cucTeMa (11.28)
B HEKOTOPBIX CITy4asx MoxeT ObITh cBefieHa K HudepeHInansHOMY ypas-
HEHHIO #1-TO NOpALKa OTHOCHTENBHO OJJHON W3 HEU3BECTHBIX (yHKIIMIA.

3aMeuanue. Ecin He3aBHCHMYIO NepeMeHHYI0 0GO3HAYMTL 4epes !, To
cucreMa (11.28) npumer Bug

. n i
Vo= Dauy i) (k=1,23,....n), (11.30)
I=1

‘TAe TO4KOH 0603HaueHa Npou3BogHAA 110 . DTOT crioco6 0603HaYEHNs OYEHD YaCTO
MPUMEHSAETCS B MEXAHHKE. ‘
Mpumep 1. Pemuth cucTeMy ypaBHEHHiA

dy dz

—=z, —=-

dx dx
PeweHwne. OracucreMa U3 ABYX YPaBHEHHI C OCTOSHHBIMH K03(du-
UMEHTaMH OTHOCHUTEJILHO BYX HEU3BECTHBIX QyHKIMHA y ¥ z. uddepenuu-
PYy# IIO X NIEPBOE ypaBHEHHE, HAXOAHUM

d? y_d
e’ dx
Ilpun¥Mas B0 BHUMaHHE BTOPOE YPaBHEHHE CHCTEMBI, TIOMyYaeM
2 2
d—;—} =-y, d—;—} +y=0.
dx dx

Takum o6pasom, naHHas cuCTeMa CBeIEHA K OHOMY nudepeHLMaTs-
HOMY YPaBHEHHIO BTOPOTO TIOpAJKA C MOCTOSHHBIM k03 (HLHEHTOM OTHO-
CHTENIBHO HEU3BECTHOI (yHKUMH y. PemnM 310 ypaBHenue. Tak kak Xapak-
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TEPHCTHUECKOE YPaBHEHHE r>+1=0 mMeer KopHH 7 =i,r, =—i, TO 06-
Iee pelieHue onpenenuTcs GopMyoi

y=C, cosx+C,sinx.
OTCIONA U M3 IEPBOTO YPAaBHEHHS! CUCTEMbI HAXOUM Z:
z= %: —C;sinx + C, cosx.
Hrtak, monydeHo o0Ine peleHne CHCTEMBI:
y = C, cosx +C, sinx; z=—C,sinx+C, cosx.

NMpumep 2. PemwTs cUCTEMY ypaBHEHHM:

—2:—=Sy+4z; %=4y+52.

HaiiTi pemieHue, yIOBICTBOPAIOIIEE YCIOBHIO: - y = 2,z=0 mpu x=0.
PeweHne. JInpdepennnpys mo x NEpBOEC YPaBHCHHE M MOACTABILAA

BBIpAXKEHUA UIA TIEPBBIX TMPOHU3BOAHBIX H3 JIaHHO# CUCTEMBI, TOJyIHM

2
i—}i=5ﬂ+4(—‘i§=5(5y+4z)+4(4y+52),

&x* dx
d2
gf— =41y+40z. )
N3 HEpBOTro YpaBHECHHA CUCTEMBI HalifeM z:
1({ady ;
=—|=-5y| . B
z 4.( e y) (B)
Toxcraemnss Buipaxenue (B) B ypasHenue (A), HaX0IUM
= nn(g-v)
2 =41y+10| =-5y |,
FEIRhY Y
2
4y _10% 9y wm y”—10y' +9y=0.

&
Peinas 91O JMHeHHOE OMHOPOAHOE YPaBHEHHE BTOPOro mopsjka ¢ Io-
CTOSHHBIMH KO3 duumentamu (cM. § 15.2), nomyuum
y=Ce* +Cye’ . _ ©)
®yHxuusa z BeIpaxaeTca popmyiioit (B), wis uero HaxoauM »
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y' =Ce* +9C,e°*.
CnegnoBarebHo,
1
z=7 [Cie* +9C,e° —5(Cie™ +Cye®)] = - Cie”* + Cye™.

OGiiee peLIcHHE CHCTEMBL:
y=Cie" +Ce°"; z=-Cie* +Cye’. (D)

Pemnm 3anauy Komm, T. €. HalizeM pelneHue, yIOBIETBOPAIONIEE YCII0-
B0 y =2, z=0 npu x = 0. [ToacTaBnas 3Ti 3Ha4eHnd B cuctemy (D), no-

TY4UM
2=C+GC,,
0=-C,+GC,,
otkyaa C; =1, C, = 1. Hrak, noiay4eHo JacTHOe pEIICHHE -
y=e*+e”*, z=—&* +e°*.
Mpumep 3. Pemuts cucTeMy ypaBHEHHIH

%=5x-3y+2¢e%;
y=x+y+5¢".

Pewexue. 3ro cucrema Buga (11.30), Toukoit 3gech 0603HaueHa mpo-
H3BOJHAA MO HE3aBUCUMOi epeMenHo# . Kak 1 B ipesIAymux npuMepax,
3TO CHCTEMA JIBYX ypaBHEHHIM OTHOCHTENHLHO ABYX HEM3BECTHBIX (QYHKIMI X

¥ y, HO 3Ta CHCTeMa SBIA€TCH HeomHopomHolt (f,(¢)=2e", f,(f)=5e™").

IToxaxkeM, YTO CHCTEMY MOXHO NMPHUBECTH K HEONHOPOZHOMY JIHHEHHOMY
YPaBHEHHIO BTOPOTO NOpAAKA ¢ NMOCTOAHHEIMH Koddpduimenramu. udoe-
peHIMpYs MO ¢ TIepBOE YpaBHEHHE W MOJACTABIAA BHIpAXEHWA WA X,y U3

ypaBHe}mii CHACTEMBI, HAXOOUM

F=5%-3p+6e” =
=5(5x—3y+2e*)-3(x+y+5¢"")+6e*,

¥-22x+18y=16e> —15¢". (A)
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HaiizeM y 13 NepBOro ypaBHEHHSA CHCTEMBL:
y=%(5x—)2:+2e3’). (B)

[ToacTaBnAA BRIpaXkeHUe 14 y B ypaBHEHHE (A), MOTydHM

£-22x+6(5x—i+2e)=16¢* —15¢7",

%—6x+8x=4e* —15¢7". (©)

Peinas 3T0 JIMHEHHOE HEOAHOPOLHOE ypaBHEHHME BTOPOro mopsika ¢
MOCTOSHHBIMH K03 QHIMEHTaMH, HAXOIHM

x=Ce¥ +Cye —4e* -7, (D)
Taxk xax
£=2Ce* +4Cye" —12¢* +e7',

TO U3 ypasHeHHA (B) nomydaem

y= % [5(Cie* +Cpe* —4e™ —e™")-
—(2C,&* +4C,e" —12¢" +e7)+2¢"],

y=Ce* +§ Cye* —2¢* —2¢7". (E)

O6mee pemenue onpeaensiercs Gopmynamu (D) u (E).
3ameuyauue. YacrHoe penieHHE ypaBHCHPDl (C) neobxonumo 6510 HCKaTh
B BHJIE

X = fl + fz N
rae ¥, —YacTHOe pelCHHC ypaBHeHWs X — 6% +8x =4e”, X, —4acTHOE pelie-
HHe ypaBHeHus X — 6x +8x =~ 15¢™*, npwuem X, = Ae>, X, = Be™!
Mpumep 4. Pewuts cHCTEMY yPaBHEHHIA:

=y, y=z, Z=X.

PeweHue. JlupdepeHunpys mo ! neppoe ypaBHECHHE H NPUHHMAs BO
BHHMaHHe BTOPO€E, HAXOINM

i=y, x=z

JluddepeHuupys TOCNEIHEE ypaBHEHHe M NPHHMMasd BO BHHMaHHC

TPEThE YPAaBHEHHE CHCTEMBI, MOJTYYHM
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X=z, ¥=x.
Pewum 3710 nHHENHOE ONHOPOJHOE yPABHEHHE TPETHErO MOPANKA C 0~
CTOAHHBIMH K03 Ppuumenramu. UmeeM

t

- V3 V3
x=Cpe' +e ? [Czcos—2—t+C3sin71 . (A)

Tak kak y =%, 10

=Ce' +e 2 -
Yy 1 5

_L(C3‘\/—3.—C2 ‘\/5
— 2

_gzﬁ_wa_si,,ﬁ,} ®)
2 2
ITockonsky z=y, TO
t
i=Cielte 2(ﬂﬁcos_@,+
2 2.
+# sin?t} ©)

O6mee pemenne cucteMs! onpeaensetcs Gopmynamu (A)— (C).
NMpumep 5. Pemurs cucremy:

X=x+z-y;
y=x+y=-z;
z=2x-y.

Pewenne. [JuddepeHunpys no ¢ nepeoe ypaBHEHHE W IPHHUMAA BO
BHHMAaHHE BCE YPAaBHEHHA CHCTEMBI, HAXOHM

X=x+i-y=x+z=-)+2x-y)—-(x+y-2),
X=2x+2z-3y.

Huddepenunpys eue pas, no;xydaem
X=2x+22-3p=2(x+z-y)+2(2x—-y)-3(x+y-z),

X=3x+5z-Ty.
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Takum o6pa3oM, LI ONpefeNeHns X, y, z Yepe3 X,X,X HMeeM TpY

YpPaBHEHUA:
X=x+z-Yy,;
X=2x+2z-3y;
X=3x+5z~T7y.

Pemas 3Ty CHCTeMY OTHOCHTENBHO X, ¥, Z, IOTyYHM

A
x=i’ y=._Z., z=éi’
A A A
rane
11 -1 i1 -1
A={2 2 -3|=2 A =% 2 -3|=%+2i-%
35 -7 £ 5 -7
11 % 1 % -1
A,=|2 2 F|=45-2 A,=|2 ¥ -3|=Si-4E+i
3 5 X 3 ¥ -7
CrnenoBarensHo,
- =i‘-’52?"13‘— WM % — 25— %+2x = 0; (A)
y=EE wm y=2i-%; ®)
=-———5x“;"+x né:%(sx-4x+se). ©)

VpasHenne (A) SBIACTCH JHHEHHBIM OJHOPOINHBIM YDAaBHEHHEM
TPETLErO NOPAAKA C HOCTOAHHBIMHU KoddduienTamu. Pemnas ero, HaxoauM

x=Ce' +Cye™ +Cye”. (D)

U3 ypasuennit (B) u (C) ¢ yueroM dopmyssl (D) nomyyaeM cOOTBETCT-
BEHHO:

y=Ce' -3Ce™"; B

z=Ce' —5C,e”" +Cse™. F)

HTaK, oblnee peLieHHEe CHCTEMBI OpeenaeTcs popMynamMu (D) - (F).
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3agaun
PemtuTes nuHeHHbIE OHOPOAHbIE CUCTEMbI C MOCTOAHHLIME KO3(¢HIIH-

€HTaMHU:
dx
Q=—2y; —=Y;
1 & 2, 4
=z —aiV—:Zy_
dx dt
3 ¥=Yom g TTEHY
y=x+y y=3y-2x.

Petuuts iMHe#HEIE HEOTHOPOAHBIE CHCTEMBI C MOCTOAHHBIMU KO3 du-
LHEHTaMH:

5.

¥=3x—dy+e ¥, 6 x=2x-3y;
T y=x-2y+2sint.

y=x-2y-3e" %,
PeunTh jIMHeHHbIE OHOPOIHBIE CHCTEMBI C TIOCTOAHHBIMH KO3(dHIH-
EHTaMH:

X=3x-y+z x=4y—2z-3x;
7. y=x+y+z; 8. y=z+x;
z=4x—-y+z. z=6x—6y+5z.
OTtBethl
1. y=Ce ¥, z=Cye”. 2. y=Ce¥; x=%e2'+C2.
3. x=2Ce* -4Ce™; y=Ce” +Cre™. 4. x=€%(C, cost+C,sint);
y=e"[(C, +C,)cost +(C, ~C,)sinz]. 5. x=Cie”" +4Cye* +3¢7%,;

y=Ce™ +Ce¥ +4e7¥ 6. x=3Ce' +C,e” +3sint; y=Ce' +Cre™' —
—cost+2sint. 7. x=Cie' +Cye* +Cye™; y=Cie' —2C,e¥ +Cye™; z=
=-Ce' -3C,e* +3Cye”. 8. x=Cie' +Cie™"; y=Ce' +Cye”,;

2=2C,e? —~Cye™.

367



Pa3den VI.

YucneHHbie Memoob!

Cnaea 12.
MpubnuxeHHoe pelueHne ypaBHEeHUA

§ 12.1. OTAeneHune KOpHe# ypaBHEHUH

KopHeM ypaBHEHHSA
f(x)=0 12.1)
Ha3BIBaeTCA Takoe 3HadeHHe x =& apryMeHTa, IPH KOTOPOM 3TO ypaBHe-

Hue obpamaercs B ToxaectBo: f(£)=0. KopeHb ypaBHeHusa (12.1) reo-

METpHUECKH MpeicTaBIAeT coboi abcumccy TOHMKM NEPECcedeHusd, TOMKH
KacaHHs WIH APYro# obuieit Touky rpaduka ¢pynkuus y = f(x) 1 ocH Ox
(puc. 12.1).

yA yA yT
0 EC > 0 Z  x O E X
a) 6) 8)
Puc. 12.1

OTIEeNUTH KOPEHb YPABHEHHsA — 3HAUYMT HAHTH TakoH KoweuHbil poMe-
KYTOK, BHYTPH KOTOPOTO MMEETCS eOUHCmEeHHbil KOPEHb JIaHHOrO ypaB-
gerus. OTzeNeHne KOpHEH MOXHO OCYIIECTBHTh aHATUTHICCKUM WIH Ipa-
¢uyeckum crnoco6oM.

JUis otmeneHms kopHeii ypasHenus (12.1) MpHMEHSIOT CleyIOUIMH
KpuTepHii: ecnu Ha otpeske [a,b] ¢yHxkums f(x) HenpepbiBHA M MOHO-
TOHHA, a €€ 3HAUCHHs Ha KOHI@AX OTPE3Ka MMEIOT Pa3HbIe 3HAKM, TO 3TOT
OTPE30K COAEPXKHUT OJHH M TOJIBKO OIHH KOPEHE YpaBHEHHUA f(x)=0. Joc-
TATOYHbIM NMPH3HAKOM MOHOTOHHOCTH GYHKUMHM f(x) Ha OTPE3Ke SBIAETCH
COXpaHEeHHE 3Haka ee Mpou3BoaHoM (ecmu f'(x) >0, To dyHKIHUA BO3pAc-

Taet; ecnmu f'(x) <0, dyHKuuA yOBIBAET).
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Oraenenve xopreit ypaBHenus (12.1) MOXHO BEINONHHUTH rpadUueCKH,
HOCTpoMB rpaduk GyHKIMH f(X), 110 KOTOPOMY MOXHO CYIAHTh O TOM, B
KaKHX MPOMEXYTKaX HaXOJATCA TOYKH Iepeceuenus ero ¢ ochio Ox. B He-
KOTOpBIX Cly4asx Ienecoo0pasHo mpeacTaButh ypasHenue (12.1) B 5kBu-
BaJICHTHOM BHJIE:

Si®) = f2(x) (12.2)

C TakMM pacdeToM, 4ToObl rpadmkm Qymkmmit y, = f,(x) u y, = f,(x)
CTPOHIIMCE Mpolne, YeM rpaduk f(x). Kopens ypasnenus (12.2) npencras-
naer coboil  abcuuccy TOYKH mepeceyeHMss rpaduKOB n = fi(x),
Y2 = f>(x). Takum croco6oM MOXHO, HampuMep, OTAEIIHTH KOPHM ypaB-

Henna x° + px+q=0; 310 GynyT abGCuUMCCHI TOYEK NepecedeHus MpAMOit

Yy=—px—q unuHud y=x>.

NMpumep 1. OTaenuTh KOPHH YpaBHeHHs x- +2x—1=0.
yh Peweuune. B nmaHHOM ciyuae

\ y=x3 F)=x*+2x-1, f'(x)=3x*+2.
1 Iockonbky f’(x)>0 mpu Beex x, To

¢ynkuns f(x) Bo3pactaer B mpome-
M KYTKE (—oo,+00). KopeHb cumraercs
0 ) OTIENCHHBIM, €CITA YKa3aH KOHEYHBIH
'\ ] x> npoMexyTok (a,b), Ha KOTOpoM OH

y=-2x+1 HaxonuTcsas. MeTtoxoMm mpo6 Haxomaum
e otpesok [a,b], nna  kotoporo

%:

Puc. 12'2

f(a) f(b)<0 (r.e. Ha KOHIAX OTpe3-

ka ¢yHkups f(x) npuEMMaeT 3Haue-
HHSl pa3HbIX 3Ha1<on) JI1s 3TOrO BBIYKCIMM 3HAUYEHAS (GyHKUMM TIpH HEKo-
TOPBIX 3HAYEHUAX apTyMEHTA:

FED=(=1’ +2(=-D)-1=-4<0, £(0)=-1<0, f(I)= 1+2-12250,

Tak xak f(-1) f(0)>0, To Ha otpeske [~1,0] koOpHs HeT; TOCKOJIBKY
J(0) £(1) <0, To xOpeHs HaxOAUTCH Ha oTpe3ke [0, 1].

3ameusanue 1. MoXHO ykasaTe OTPE3OK MEHbUIEH IUIHHBI, KOTOPOMY
TNPUHANNEKUT KopeHb. B3ss cepenuny orpeska [0, 1], t. e. monoxmus x = 0,5, no-

nysum  £(0,5)=(0,5)> +2-0,5-1>0. Tak xax f(0) £(0,5)<0, to xOpeHs
Haxonutes Ha otpeske [0; 0,5]. Dror npouecc MoxHO MpoxomKaTh.
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3aMeuanne?. KopeHs JaHHOTO ypaBHEHHS MOXHO OTAENUTEH M rpaduue-
cku. [Tpuaanyum ypaBHEHHIO BUI x* ==2x+1, r. e pux (12.2), 1 nocTponM rpa-

¢urn dyHxuuit y = x}, y=-2x+1 (puc. 12.2). Oy rpaduku nepecexaoTcs B
To4Ke M, aGeumcca KOTOPOH NPUHAUIEKHT HHTEPBAITY 0,1).

Npumep 2. I'paduuecku OTAETHTH KOPHH ypaBHeHus xInx—1=0.
PeweHue. Jl[aHHoe  ypaBHEHHE

1
npencrasuM B BuAe Inx=— (x#0)
X

H PaccMOTpUM Trpaguku ABYX GyHk-
1

mwit: y=lx, y=— (puc.12.3).
x

Ipaduky >THX GyHKUMI MepecekarnT-

cs B €IIMHCTBEHHO} Touke M, abcumc-

ca KOTOpOi NMPUHALIEKHT HHTEPBAITY

(1,2). CnenoBaTenbHO, €IMHCTBEH-

Puc. 12.3 Hbiii KOPEHbL YpaBHCHHMA HAaXOOMTCH B
uatepsane (1,2).

3anauu
Ornenure KOPHU ypaBHEHUH:

1. P+3x-1=0. 2. x*-5x+1=0.
3. xf-1=0. 4. x*+x-3=0.

5. x +4x+3=0. 6. x>-2x+7=0.
7. x*=3x+1=0. 8. x*-7x+4=0.
9. x*-3x*+1=0. 10. x*+4x2-6=0.
1. x*+x-1=0. 12. x*-4x*+1=0.
13. € +x-3=0. 14. & +x*-2=0.

15. (x-1?%-sin2x=0.
OTBeTHI
1. (0,1). 2.(=3,-2), (0,1}, (2,3). 3. 0,1). 4.(1,2). 5 (-L0).
6. (-3,-2). 7.(-2,-1, (O, D, (2). 8 (-3,-2), (O, 1, (2,3).
9. (-1,0), (0,1), (2,3). 10. -4,-3), (-2,-D, (1,2). 1. (0,1,
(-2,-D. 12. (-2,-1), (-1,0), (0O, D, (1,2). 13.(-3,-2), (=2,-D.
14. (-2,-1), (0,1. 15. (0,1, (1,2).
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§ 12.2. Mevop kacaTenbHbIX

Meton xacareneHbix (wiM meton HiloToHa) coctouT B CIIEAYIOLIEM.
ITycTb Ha oTpeske [a,b] HAaXOAMTCA €XMHCTBEHHBIH KODEHb & ypaBHEHHs
(12.1). Tlposenem kacatenbHylo k kpuBoii y = f(x) B Touke A (a, f(a))

‘ I0 mepecedeHus ¢ ocbio Ox
y A A (puc. 12.4): ee ypasheHHe
HMeeT BHI
y=f(@=f"(a)(x-a). Io-
naras B 3TOM ypaBHEHHH
y =0, Haxoaum abcumccy x,

& b TOYKHM T[EepeceveHHs Kaca-
0l 2 x. x x x’ TeNBHOK ¢ oceio  Ox:
1 X NB = dS@ e
| =L "
(@)

*keHuH, uro f'(a)#0. A6c-
LHCCY X; TOUKH MEpeceyeHus

Puec. 12.4

KacaTe/IbHOH C OCbI0 Ox MOXHO B3ATh B KA4€CTBE X; — NEPBOrO IPHOIIIKE-

Hud xopHdA. IlpoBeis kacaTensHyl0 wHepe3 COOTBETCTBYIOIIYIO TOUKY
Ay (xy, f(x;)) 1 Baiins Touky ee nepecedeHus ¢ ockio Ox, MOMYYHM Xy —

BTOpOE NPHOIIDKEHHE KOPHA. AHAJIOTHIHO ONpPEAENSIOTCA HOCHEAYIOMmuUe
npuGnixenns. B MeTole KacaTebHLIX n-0¢ MPUOIDKEHHE BEIMUCIAETCH 10

¢opmyne

LG g3 123
ey =123 (12.3)

TNpHYEM 33 Ha4albHOE MPUGNIKEHHE IPHHEMAETCS TAKOe 3HaYeHHE X, U3
orpeska [a, b], ans xoToporo BhinONHAETCH yenosue Pypoe

S(xg) f7(x)>0. (12.4)

Ecnu dynkuma f(x) HMCEET OTIIMYHYIO OT HYJIA NPOU3BOAHYIO f'(x)
Ha oTpe3ke [a,b], TO oleHKa aGCOMOTHON MOrPEITHOCTH BLIYHCIEHHH Ol
pesensercs popMynoi

Xp = Xp-1

|§~x,,lsf+’:"l, (12.5)

re k= min | £(x)]
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NMpumep 1. MeronoM KacaTeIbHBIX Halith ACUCTBUTENbHBEIA KOpPEHB
YpaBHECHHUA x}+x-3=0.

PeweHune. 3anucaB JaHHOE YpaBHEHUC B BHIE x> =—x+3 unocrpous

rpaduxu dbyHkum# f;(x)= x3, fo(x)=—x+3, Hai«‘meM, YTO eAMHCTBEHHBIN
KOpEeHb YpaBHEHHs MPHHAIIENHT OTpe3ky [, 2]. YkaxeM OTPe30K MEHb-
meil IIMHBI, HA KOTOPOM HaxOAMTCSA kopeHb. Tak kak fx)= x> +x-3,
f,2) = (12)° +12-3=-0072<0, f(13)= (1,3)° +1,3-3=0,497>0,
TO KOpEHb JIEXHUT Ha oTpe3ke [1,2; 1,3]. CepenuHo#i 3TOro OTpe3ka ABJACTCA
Touka x =125 Tlockonbky f(1,25)= (1,25)3 +1,25—- 3= 0,203125>0 u
£(1,2) <0, TO HCKOMBLA KOPEHb MPHHAIEKHUT OTPEIKY [1,20; 1,25]. JlanHas
dynxkmua  f(x)=x" +x-3 fi(x)=3x*+1,
f7(x)=6x, UOPUHEMAIONIWE TNOJNOXKHUTEIbHbIE 3HAYCHMA Ha OTPE3KE
[1,20;1,25]. B kauecTBe Ha4aJlbHOTO NpHOMDKEHUA BO3BMEM Xg = 1,25, Tak

HMeeT NpOU3BOIXHBIC

KaK Jiis 3TO¥ TOUKH BeinonHseTcs ycnosue (12.4).

Pe3ynbTaThl BEIYHCICHHUH, BBINOJIHEHHBIX MO dopmyne (12.3) 3anuckl-
paeM B Tabmmue 12.1, u3 KOTOpOM BHIHO, 4YTO HCKOMBIH KODEHb
x=121341

Tabnuua 12.1

3 Sx)= Six) = S(x4) Xppp = Xy =
Xn b s 2 FHED) S(xa)
=x"+x"—3 =3x"+| fl(xn)
1,25 1,953125| 0,203125 5,6875 0,035714 | 1,214286
1,214286 | 1,790452 | 0,004738 | 5,42347 0,000874 | 1,213412
1,213412 | 1,786590 . 0,000002 | 5,417107 |0,0000004 1,213412

Mpumep 2. BruucauTh NPUOTIKEHHO N0 METOLY KacaTeNbHBIX C TOY-
HOCTBIO 1O TATH AECATHYHBIX 3HAKOB IOCHE 3anATo¥ GONbUIMA OTpHNA-
TeNbHBI! KOPEHb YPAaBHCHMA x}-12x-8=0.

PeweHnue. I'paduuecku oTACIAS KOPHI AaHHOTO ypaBHEHUA, 3akiioa-
€M, YTO ypaBHEHHME MMeEeT TP ACHCTBHTEbHBIX KOPHS; GOIbIIHA OTpHLA-
TenbHBIA KOpPeHb MPHHAWIEXKUT 0Tpe3ky [—1,0]. VkakeM OTpe3oK MeHb-

el UIHHBI, HA KOTOPOM HAXOAMTCA KOPEHb; 3TO OTPE30K [-0,7;-0,65].-
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TTockonbKy F7(x) = 6x, £"(—0,65) <0,
f(=0,65)<0, f(-0,65) f”(-0,65)>0, T.e. BoimonueHo ycnosue (12.4),
TO B Ka4eCTBe HyNeBOro mpubmokeHus Gepem x, =—0,65. Ilo ¢opmyne

(12.3) BBIYMCIAEM MOCIEHOBATENbHBIE MPUOIMKEHHS, 3aMMCHIBAEM HX B
Tabnrme 12.2, #3 KOTOPOIt BHIAHO, YTO HCKOMBIH KOPEHB X = —0,694593.

Tabnuua 12.2

n X, f(x) o L) Xl
0 -0,65 | -0,474625 | —0,093175 | -0,044223 | —0,694223
-0,694223 | —0,003902 | —0,094759 | —0,000370 | —0,694593
2 | -0,694593 | —0,000003 | —0,095711 |—0,0000003 | —0,694593
3axaun
MCTO}.IOM KaCcaTCNbHBIX Haﬁnnre neﬁcmm‘enmme KOPHH ypaBHerm:
1. x*+x-1=0. 2. x3-x+1=0.
3. X+x-3=0. 4. x-x+3=0
5. x*+x+1=0. 6. x*+2x-4=0
7. x3-3x+3=0. 8. x +8x-6=0.
9. x*+x+1=0. 10. x*+5x-3=0.
11. x*+4x-2=0. 12. x°-6x+4=0
OTBeThI
1. 0,682328. 2.-1,324718. 3.1213412. 4.—1,671699. 5.—0,6823.

6. 1,179509. 7.~2,103803. 8.0,706011. 9.0,724492. 10.-1,875719; 0,577721.
11. 0,492738. 12. - 1,700040; 0,693378; 1,310235.

§ 12.3. MeToa uTepaumn

Ecnn xakuM-1u60 criocoGoM MOTydyeHO NpUOTIKEHHOE 3HAYEHHE X,

kopHi ypaBHeHus (12.1), To yToYHEHUE KOPHS MOXKHO OCYLIECTBHTH METO-
AOM MOCJEAOBATEIBHBIX NMPHOTMKEHNH HIH METOROM MTepauuid. Jng sToro
ypasHenue (12.1) npencrasnsror B BUe

x=0(x), (12.6)
4TO BCET/la MOXKHO CHENaTh, U MPUTOM MHOTHMH CHOCOGAMH, HaPUMED,
x=x+cf(x), 12.7)

ra¢ ¢ — NpoH3BOJIbHAS MOCTOSHHASA.
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ITycTh 4MCHO Xx; €CTh pe3yNbTaT NMOACTAHOBKH X, B IPaBylO 4acTb
ypasuenus (12.6): x; =@ (xp); mamee, x, =@ (xj), x3=0(x;),...,
X, =@ (X,1). (12.8)

ITpoliecc MOC/IEAOBATENBLHOTO BBIYHCICHHA 4Hcen x, (n=1,2,3,...)

no ¢opmyne (12.8) HaspiBaeTCs METOZOM TOCIENOBATENBHBIX MPHOIIKeE-
HUI{ WIN METOAOM HTEPaLHii.
HUtepammonnsiit npouecc cxoaures ( lim x, =&), ecnu Ha orpeske
n—> oo

[a,b], conepxkameM kopeHb & M €ro mociieoBaTeNbHble NPUOIKCHNSA,
BBITIOJIHEHO YCJIOBUE

max | ¢’ (x)|<g<1. (12.9)

3aMeyaHuE. B KayecTBe Xo MOXHO B3AThb NpOM3BOABLHOE 3HAYCHHUE W3

VIHTEpBANA, COAEPIKALIEro KOPEeHb; TaKOH MHTEpBal MOXHO CAENaTh AOCTATOYHO
MarnsiM.

fApumep 1. MeTonoM wurepanmii HaWTH MEHBIIMHA MONOXKHUTENbHBIN

KOpeHb YPaBHEHHSA x> —5x+1=0.

PeweHune. ['padpuyeckn oTAeNAd KOPHH JAaHHOTO YPAaBHCHMS, 3aKIOYa-
€M, YTO YpaBHeHHe WMeeT TPH JCHCTBHTENLHBIX KOpHS, JIeXKaluX B 0TPE3-
kax [-3;-2], [0;1]), [2;3]. Haiinem MeHpIIMH MOJOXHTENBHbIN KOPEHB,

npHHaIexamuiit otpe3ky [0;1]. Vxaxem OTpe3ok MeHbIIeH IIHHBI, Ha

KOTOPOM HAXOAMTCS KOpeHb. ITockonbky f(x)= x*=5x+1, f(0)=1>0,

f (—!—) = 1 ——5— 1= ——lél <0, TO KOpeHs NpUHALIEKHT oTpe3ky [0; 0,5].

2) 8 2
JlanHoe ypaBHeHue npuBeaeM k Bumy (12.6):
3
= (x—;_ll WA x = @ (x),
_&2+D o= =3
rae @ (x)= P Tak kak @’(x) = Pt stosl(p(x)l <l TO YC

nosue (12.9) BEIIONHEHO; TIpOlIECC UTEpalmi OyAEeT CXOMUTHCS. BBﬂB B Ka-
YyecTBe HAYAILHOTO MNPHOMIDKEHUS CepelvHy OTpe3ka, T.e. NPUHAIB
xo = 0,25, BbIYHCIEHHE MOCNEAYIOIMX MPUONIIKEHHH MPOBEAEM IO dop-
Myne
(x +l)
Xps1 = 5
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Pesynbrém STHX BBHIMHUCNICHHH NpeicTaBieHEl B Tabmuue 12.3, u3 kotopoii
BH/IHO, YTO MCKOMBIi kopeHs x = 0,20164.

Tabnuna 12.3
n Xn x,f xi +1 _"a =+1 ys
0 0,25 0,01563 1,01563 0,20313
1 0,20313 0,00838 1,00838 0,20168
2 0,20168 0,00821 1,00821 0,20164
3 0,20164 0,00820 1,00820 0,20164

3aMedanue. [IpH HAXOKICHHH ABYX APYTHX KOPHEH UCXOIHOrO ypaBHe-
HHA METOJOM MOCIENO0BATENLHBIX NPHOMMXEHUH Yxe HelNb3s MONb30BATECH HOPMY-

(x3+l
5

a0l x = , TaK Kak

3x 27

max |¢’(x)|=_max S

3

2qxj<d 2qxjes

T. &. ycnosue (12.9) He BhimonHseTcs. B 3TOM ciiyyae naHHoe ypaBHEHMe
ClefyeT MpeNCTaBHTh B APYroM BUIE, HATIDHMEp, X =35x—1; Mg byHK-
wn @ (x)=35x—1 ycnosue (12.9) na orpeskax [-3;-2], [2;3] 6ymer

BBITIOHATHCS .
Npumep 2. Meronom uTepammit HANTH OTPHL@TENBHBIH KOPEHb YpaB-

Henus x* +x-3=0.
PeweHue. [laHHOe ypaBHEHHE HMEET Ba HEVCTBHTENLHBIX KOPHS; OT-
PHLATENBHBIA KOPEHL HAXONMTCA Ha OTpe3ke [—1,5;—1,4], Tak kak mis ero

KOHLIOB BBINOJIHAETCs yenoshe f(~1,5) f(-1,4)<0.
Vpasnenue 3anuiem B puzae (12.7):

x=x+c(x* +x-13),

rA¢ ¢ — MPOMN3BOJbHAs MOCTOSHHAs. BbibepeM 3HaueHHe ¢ Tak, 4To6B! 1UIs
dyskmmn @ (x)=x+c (x* +x-3) Ha otpeske [—1,5;-1,4] BeINOAHAIOCH
ycnoBue (12.9). B kauecTBe Takoro 3HaYeHHs MOXHO B3sTh ¢= 0,1, Torna

¢ (x)=x+0,1 (x4 +x=3); p(x)= 0,lx* + L1x-0,3;
! =04 3 L1 ’ = 1
¢O=04r"+1L  max lo'()|=025<1,
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T. €. BhIMONHeHO ychosue (12.9) ana ¢ymxumm @ (x) Ha oOTpeske
[-1,5;-1,4].
B3aB x, =—1,45, BRIYHCIECHWT TOCHSTYIOMHX npubIKeHAHR OCyIeCT-
BUM 110 dopMyne
X, =0,1x! +1,1x, - 03

¥ TpeACTaBUM pe3ynsTaThl B Tabnuue 12.4, u3 KOTopoﬁ Bmmo 4TO
x=-1,45262 — KOpPEHb NAHHOTO YPABHCHHS.

Tabmuua 12.4

4

2 4 4 x_ ., =0]lx +

n *n X Xn 0,Lx, Llx, Ylx -0
dx, -03

- 1,45 2,1025 | 4,42051 | 0,44205 | —1,595 | —1,45295
—1,45295 | 2,11106 | 4,45657 | 0,44566 | —1,59825 | —1,45259

—~1,45263 | 2,11013 | 4,45265 | 0,44527 | —1,59789 | — 1,45262

0
1
2 | -1,45259 | 2,11002 | 4,45218 | 0,44522 | —1,59785 | —1,45263
3
4

—1,45262 | 2,11011 | 4,45256 | 0,44526 | —1,59788 | —1,45262

Mpumep 3. MeronoM utepauuii HAHTH NEACTBHTEIIbHBIE KODHH YpaB-

Henns x° +x—3=0.

Pewenue. ['paduyecku oTAENAA KOPHH JAHHOTO YPABHEHHS, 3aKII0Ua-
€M, YTO YpaBHCHHME UMEeT eJMHCTBCHHBIA NeHCTBUTENbHBIH KOPEHB, MPH-
Hajpnexaumi otpesky [1,2]. Jins pellleHHs ITOrO ypaBHEHHA METOIOM

mepaunﬁ HE UMEET CMBICJA IPCACTABIATh €r0 B BUAC X = 3—x-5, TakK Kak

bysxkmma @(x) =3- x° ¥MeeT mpousBomHyIO ©’(x)= —5x*, s xoropoit

(p’(x)l=|—5x4l>l Ha otpe3ke [1,2], T. €. HE BBHINOJHACTCA YCIOBHE

(12.9). Ecmm ke TpeicTaBUTh JaHHOE  YpaBHEHHE B BHIC

. 1 , . 1
x=3-x ((x)=¥3-x), T0 P(X)=——F=——= ™® |(p (x)‘S—< 1
4 53y3-x" 5
npu 1< x < 2. TlockonbKy B 3TOM ciydae ycnosue (12.9) BBIIONTHEHO, Mpo-
uecc urepaii 6yaeT CXOOHTHCA.
BhIYHCIIEHHA NPOBEIEM C TIOMOLIBIO HaTypalbHbIX JHorapu¢mos. Jlora-

pudpMUpys ypaBHEHUE X = Y3-x, nomydaem Inx =% In (3—x). TlpuHnMas

xo =1, HaxonuM Inx, = % = O’—6593—1— =0,1386, oTtkynma x; =1,1487.
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Tlocnenyromme NpUOITHKEHAA HaxouM 1o dhopmyie

Inx, = M;—-—Sxﬁl W 3aIMCHIBAEM pe3yNbTaThl B TabiuLe 12.5.
Tabnuua 12.5
n Xp 3-x,, In(3-x, ) Inx, x,
1 1,1487 1,8513 0,6159 0,1232 1,3111
2 1,1311 1,8689 0,6253 0,1251 1,1332
3 1,1332 - 1,8668 0,6242 0,1248 1,1329
4 1,1329 1,8671 0,6244 0,1249 1,1330
5 1,1330 1,8670 0,6243 0,1249 1,1330
- 3amaum
MeroznoMm urepanmii HakinuTe neACTBUTENbHBIE KOPHH YPaBHEHHUIA:
1. x*+3x+2=0. 2. x*+6x-5=0.
3. P+3x-1=0. 4. x*-6x+7=0.
5. x*-3x2-1=0. 6. x*+4x*-1=0.
7. x*+2x-1=0. 8. x'-6x+3=0.
9. x’-5x+5=0. 10. x®—-x-1=0.
11. e *~x-2=0. 12. x+Inx-2=0.
Otreth!

1.-0,5961. 2. 0,760133. 3. 0,322185. 4. - 2,90057. 5. 3,103803. 6. — 0,53740;

—3,93543; 0,47283. 7. -1,39534; 0,47463. 8. 0,51140. 9. — 1,680494. 10, — 0,77809;
1,13472. 11. 0,4464. 12, 1,55701.
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naea 13.
NpubnuxeHHoe BbIYMCIIeHUe onpeAeneHHbIX
MHTerpanosB

§ 13.1. ®opMynbi NPAMOYronbLHUKOB

Cbopmynu NpAMOYTOJNBHUKOB UMEIOT BUA

n—1

jf(x)dx B =hOu Rttt (3D
] n
jf(x)dxzhzyk =h(y +y, +... V), (13.2)
a k=1
rage
(b-a)
h= - , Ve =f(x¢), x, =a+kh (k=0,1,2,...,n. (13.3)

®opmyna (13.1) HaspiBaeTcs (OPMYJIOH JIEBBIX IPAMOYTOJNEHHKOB
(puc. 13.1a), dopmyna (13.2)— dopMynoii MpaBLIX NPSIMOYrONILHHKOB
(puc. 13.16). .

A
y B 4 — B
A A
A T
Ola=x, x, X, b=xn7 0| a=x, X; X, b=)?x’
9 Puc. 13.1 o

A6comoTHas TNOrpeMIHOCTh METONA NpAMOYTOJIGHHKOB ONPEACIACTCA
HEPaBCHCTBOM

R, (f)|<(b “) M (13.4)

rae M=:2%,|f,(x)l'
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Ilo ¢opMynam PAMOYFONBHUKOB, MPHHAB 7 =10, BLI9MC-

npumep 1.

JATh J = J‘

PeweHnue. 3nech h=11;0—=‘01

E)

COOTBCTCTBYIOIINX 3HAYEHMH apryMeHTa M QYHKUIHH, HEOOXOAMMBIX I

0

1
+x3

CocraBum Tabauiy

NPAGIIKEHHOTO BEIMHCIIEHAA JaHHOTO HHTerpana (Tabmuma 13.1).

Tabnuna 13.1

k Xk x; 1+x} T f(lx") )
T

0 0 0 1 1
1 0,1 0,001 1,001 0,99900
2 0,2 0,008 1,008 0,99206
3 0,3 0,027 1,027 0,97371
4 0.4 0,064 1,064 0,93985
5 0,5 0,125 1,125 0,88889
6 0,6 0,216 1,216 0,82237
7 0,7 0,343 1,343 0,74460
8 0,8 0,512 1,512 0,66138
9 0,9 0,729 1,729 0,57837
10 1 1 2 0,5

; $:=7.60023

Tak Kkak Zyk =8,60023, Zyk =8,10023, o o popmynam (13.1) u
k=1
(13.2) COOTBETCTBEHHO MOJTYYHM:
J, =0,1-8,10023 = 0,81002.
Mpumep 2. Ha ckombko uacteit crexyer pa361m, [IPOMEXYTOK HHTEr-

J, =0,1-8,60023 = 0,86002,

PHPOBaHHA, YTOOBI C TOYHOCTEIO 110 0,1 BEIYHCIIHTE j

Nk
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PeweHue. AGCOMOTHAA MOTPELIHOCTh MPH BEIYHCICHUH ONPEAENEHHO-
ro MHTErpaja ro MeTOAY NMPAMOYTONbHHKOB ONMPENENFETCA HEPaBEHCTBOM

(13.4). B 3ana4e cTaBUTCS YCJIOBHE | R,(f )| <¢, rae € =0,1. CooTHOIIEHHE

b—a)* M
|S ¢ GyueT BBINOTHEHO, €CITH G-a' M

<€, OTKyHa

Sb-a’M

e (A)

1

B pamnom cmydae a=2,b=7,e=01. Tak kak f(x)=

d

x+
, 1
f(x):—— 3 M maXIf (x)l_ ,TO
2{(x+2) 2exs
(7-2)*-
n2—-——-——z7,8.
2-0,1

TIOCKONBKY # — YMCIO LENoe, HyXHO B3aTh n=38. (s yro6cTsa BeIYMC-
NEHAN MOXHO TpUHATE 1 =10).

3anaum
o ¢opmyam MPAMOYTONEHAKOB, MPUHSAB 7= 10, BBIYMCIHTL ONpene-

JICHHBIC KHTCTPAJIBL.
il

1. -!xixz' | 2.

10
3. J'sz +2 dx.
0

sin3x dx.

0,9
5. Isinxz dx.
0

o

&
o
(=3
v
=

Ha ckonpko 4Yacteif ciieayer pa3GuTh IPOMEXKYTOK HHTETPUPOBAHUS,
4TO6HI MO (POPMysIaM MPSMOYTOJIBHHKOB C TOYHOCTBIO 10 0,1 BBIYMCIHTH

HHTETPAJIbI:
1

2
! Inx dx. 8. lﬁ’_‘—l
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9. |cosdx dx. 10. sin%dx.

© S0 | A
© G 00 | 2

OTBeThI ) 7
L J,=1603; J,=1348. 2. J, =0303; J, =0314. 3. J, =48,891.
4. J,=0565 J, =0,640. 5. J, =0,266. 6. J, =0,444. 7.5. 8.5. 9.3.

§ 13.2. ®opmyna Tpaneumn
®opMyna Tpaneuuii HMeET BUJ

J.f(x)dx h( +y] +y2+ +yn—- LG_)’ : (135)
rae

h=b—a

X =a+kh, yy=f(x) (k=0,1,2,....,n)  (13.6)

IpaBas yacts Qopmyner (13.5) BepaxkaeT mwIomams ¢urypsl, cocros-
Ie# U3 Tpaneuu, BLICOTa KaX/IOH M3 KOTOPBIX paBHa & (puc. 13.2). Eciu
R, — ocrarounslii unen npubnmwkenHoi popmys (13.5), To

(b-a)*M
R, |S———F—, 13.7
_ 4 12n? (13-
rae M= ;Eaé,lf”(x)l
Mpumep 1. ITo dopmyne tpa-
vh ;

NELH BBIYUCJIUTH J. npu
A B 0 vx+4

n=>,,

Yo Y1 ; Y Pewenue. C nomoumsio popmyn
(13.6) maxomum h, x,,y,: h=],
h
1
» x =k, =
0| a=x, x, x, b=x, x k Yk (xk +4

~ Puc. 13.2 (k=0,1,2,3,4,5): x,=0, x =1,
X =2, x3=3, x,=4, x5=5;

=T-.= 0447, y,=0409, y;=0377, y,=0353,

va—‘

7__
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1

}’Szg-

ITo dopmyse (13.5) nomyuaeM

=1-(0,250+ 0,447 + 0,409 + 0,377 + 0,353+ 0,166) = 2,002.

dx
[5=

3ameuanue. [NonyuyenHoe npubIHKEHHOE 3HAYCHUE HHTErpaia Majlo oOT-
NMYAeTCs OT PelyNBTaTa, HAHACHHOTO C MOMOIBIO HOPMY B Huiorona-JleiiGuuna:

5
(x+4) 2d(x+4) 2 (x+4)2
7]

NMpumep 2. Ilo popmyne Tpanewuit ¢ TouHocTsio 20 0,01 BHIYHCIHTH
3
dx

x-1
2

Pewenwue. s onpenescHUd 4Mcla n OTPE3KOB, HA KOTODBIC HyXHO
pasbuTh NMPOMEXYTOK WHTETPUPOBAHMS, BOCHONL3YEMCS HEPAaBCHCTBOM

(13.7). Hepagenctso IR,, |St~: 6yHeT BHINONHEHO, €CIH b-a) M —1_2“)2M ,
n
OTKyAa
(b-a)’M
: VI
Tak xax €=0,01,
f@ ==, =, =
x-1 (x ._1)2’ (x _1)3’
” = =2
|f ()| = max roess (x- 1)3I > 10

3-2°%-2 _ [1:2:100 _ 50
z" =J =1’—>J16=4.
12-0,01 12 3

TIOCKONIBKY 1 — 9HMCIIO HEN0E, TO MOXHO B3ATh N= 5. Onpenenus n,
Haitnem h=02, x,=2+02k (k=0,1,2,3,4,5: x,=2, x =22,

1 .
xk-—l'

Xy —_—2,4, X3 = 2,6, X4 = 2,8, X5 = 3; Ve = Yo = ]., W= 0,833,
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¥, =0,714, y3=0,625, y, =0,556, y, =0,500.
ITo dopmyne (13.5) nomydaem

I——~h( Yy sty + y) 02 (0,5+0,833+0,714+

+0,625+ 0,556+ 0,250) = 0,2- 3,478 = 0,6956.

3aMmevyanue. IlomyyenHsiit pesynsrar YAOBNETBOPSAET YCHOBHAM 3a/ayH.
JHeitcTeutensHo,

3

dx
jx—_1= In (- 1)|3 ~0,6931; | R, |=|0,6931- 0,6956| = 0,0025 < 0,01
2 .

3anaun
ITo ¢opmyne Tpaneuwit, npunsas rn=10, BeYHCIHTE OIpeE/ICHHbIE

mrrerpanm TIPH yKa3aHHBIX 3HAYECHHAX NlapaMeTpa p:

lj i Dp=b 2 p=2 3)p=3% 4 p=4 5 p=5
o Xt P
6) p= 67)p 78)p 8 9) p=9; 10) p=10.

1

J755 D=t 2p=2 3 p=3 4 p=4 5 p=s
5 1+ px
6) p=6,7) p=7;8) p=8,9) p=9; 10) p=10.
o ¢opmyne Tpanewnit ¢ TounocTbIO 10 0,01 BRIYHCTHTE OIIpEACEH-
HBIE HHTErpaibl:

3 2
. & s [E
x+2 X
0 1
1,2 3
5, j & dx. 6. _[ In2x d.
0 1
OTBeThI

L 1)0,69314; 2)0,40555; 3)0,28769; 4)0,22315; 5) 0,18232; 6) 0,15415;
7)0,13353; 8)0,11778; 9)0,10536; 10)0,09531. 2. 1)0,69314; 2)0,56078;
3)0,46442; 4)0,40551; 5)0,36231; 6)0,32906; 7) 0,30257; 8) 0,28089;
¥} 0,26280; 10) 0,24744. 3. 0,916. 4. 0,693. 5. 2,320. 6. 2,682,
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§ 13.3. ®opwmyna napabon

®opmyina napabou (win popmyna CHMIICOHA) HMeeT BUA

b
h
J‘f(x)dngb’o +4 Y3+ + Y )2 H Y+t yy,)], (13.8)

rne

b—a

h=2—, xy=a+kh, y,=f(x) (k=0,1,2,...,n). (13.9)
n

[pasas yacte Gopmynsl (13.8) BeipakaeT Iwiowanb GUIryphl, cOCTaB-
neHHo# u3 napabonvdeckux Tpamemw# xoMyoM,x,, x,MyM,x, u T. 1
(puc. 13.3). yra MMM, rpaduxa ¢yHxumu f(x) 3ameHeHa gyroi
niapabosel, mpoxonsineit depes Touku My, M|, M,. AHanormuHas 3aMeHa
MpOH3BeeHa 1 JUT OCTATBHBIX AYT.

A
y Y y=F(x)
[ ——
>M0 M, / M, M, M Ms
0 a=x, X, X, X; X, X5 Xg x=

Puc. 13.3

Ouenka ocratousoro wieHa ¢opMyisl (13.8) onpesnensercs HepaBeH-
CTBOM

NS
|R, |5Q—-")—Af, (13.10)
180 (2n)
rae M = max |fw(x)|.
asx<b
1,
NMpumep 1. [lo ¢opmyne napabon BHYHCIMTH J‘ﬂ dx, UpHHAIB
X
0

2n=10.



PeweHue. CooTtBeTcTBYIOMMI HEoNpeeNneHHbIH HHTErpan I =X dx
. S 4

ABNIAeTCA «Hebepyummed HHTErpanioM». Tak kak nepoobpazHas MOMLIHTE-
rpatbHOM (YHKUHM B JaHHOM CIydae He BRIDaXKACTCA B 3NEMEHTapHBIX
¢yskumax, o ¢opmyny HetoroHa-Jleii6HuIa 34eCh NPHMEHHTh HENb3A.
JlaHHBI# MHTErpall MOXHO BBIYHCIIMTH TOJIBKO IPHUOIMNKEHHO.

CocraBuM  Tabmviy  COOTBETCTBYIOLMX  3HaueHMH  QyHKumm:

v, = f(x,) = S‘ixk (k =1,2,...,10) (cm. Tabx. 13.2).
k Tabmuma 13.2

k X sinx; ¥, (k — nevernoe) ¥, (k — uernoe)
1 0,1 0,09985 0,99850
2 0,2 0,19867 0,99335
3 0,3 0,29552 0,98507

4 0,4 0,38942 0,97355
5 0,5 0,47943 0,95886
6 0,6 0,56464 0,94107
7 0,7 0,64422 0,92031
8 0,8 0,71736 0,89670
9 0,9 0,78333 0,87037
10 1 0,84147
z 4,73311 3,80467

HMockoneky h=0,1, 4(y;+y;+ys+y;+y)=4-473311=18,93244,

=1,84147, 70 mo d¢opmyne (13.8) momyuaem J.ﬂdx~—[yo+ym
+4(yl+y3+y5+y7+y9)+2(y2+y4+y6+y8)]=%(1,84147+]8,93244+

+7,60934) =0,94611.
‘NMpumep 2. Ilo dpopmyne napa6on ¢ TourocTsIO 10 0,0001 BHYMCAUTE

1
J' dx

5
01+x

13 3ak. 1205 385




PeweHue. Bocnonssyemcs dopmynoii (13.10). Hepasencrso | R, | <t
6yner BLINOIHEHO, KOTAa

(b-a)’ M

5.
180-2n)° <€, T.e. IpH 2n=4 M.

180 ¢
Haiigem 3Hauenne M = max | V) l Tax kak
asx<h ’

2 ” | L, 1=327
f(x)_ zaf() (+ )zaf()'— (1+x2)3’

24(x-x%) v 24 (5x* —=10x% +1)
a0 T ey

T0O M= On<la;(1 I f v (x)|=24 (MakcumyM MOAYNA 4YETBEPTOH IPOM3BOXHOM
SX!

[ x)=

Halifled ¢ moMomBio f V(x)=-240x —ﬂ-—t}—) Iockonbky a=0,

(1+x )
b=1, M=24, £¢=0,0001, To

5
ey 120 24 _cog
180-0,0001
Tak Kak 2n — YHCJO IeJIoe M YETHOE, TO MOXHO B3ATh 2n=38. 3ame-

b-—a 1-0
2n

yad, 4t0 h= =0,125, y,=1, yg=0,5, cocraBnsem Tabiuiy

3HauCHHH Y, =# (Ta6numa 13.3).
k

o dopmye (13.8) nomyuaem
1

+A( + Y3+ ys+y) 2 (1 H Y+ V) +ys]=

= —2—% (1+4-3,14672+2-2,38118+0,5) = 0,785395.

3ameyanne 1. TTonyueHHoe 3Ha4€HHE JAHHOTO MHTErPaa JUIUL LIECTHIM
JAECATHYHBIM 3HAKOM OTJIMYAeTcs OT 3HAYEHHMs; HaliieHHoro o dopmyne HeloToHa-
Jle#ibuuua:
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1

—=arctgx| = % ~0,785398.

0 0

3ameuanne 2. B oueHke norpemwnocts Gpurypupyer sHaucHue MAaKCHMY-
Ma MOJy/1s HETBEPTOM IPOU3BOAHOMN OT NOABIHTErpaibHON QyHKLMH. OTHICKATh 3TO
3HAYCHHE MHOTA 0Ka3bIBACTCA 3aTPYAHUTENBHLIM. BechMa ynoGublii criocob oueH-
KM TOYHOCTH PE3yAbTaTa — KOHTPOJILHBII NPOCYET MO TOM e GopMyIe, HO € yaBO-
€HHEIM L1aroM (C YMEHBIIEHHEIM B 1B Pa3a YUCIOM OTPE3KOB pa3bHeHUs).

Tabnuna 13.3
k X 1+x} ¥, (k - negersoe) ¥, (k — uernoe)
1 0,125 1,01563 0,98461
2 0,250 1,06250 0,94118
3 0,375 1,14063 0,87670
4 10,500 1,25000 0,80000
5 0,625 1,39063 0,71910
6 0,750 1,56250 0,64000
7 0,875 - 1,76563 0,56637
8 1 2
> 3,14678 2,38118
3anaun

Ho ¢opmyne napabon, npurss 27 = 10, BLYHCIHTE ONpENEIEHHBIE HH-
TErpatbl IPH yKa3aHHLIX 3HAYECHUAX HapaMeTpa p.

1
1. jl D) p=12) p=23) p=34) p=45) p=5
1
dx
2. .["2—'7; D p=L2) p=23) p=3,4) p=45) p=5.
Ox +p

OTBeThI
1. 1)0,785398; 2)0,667853; 3)0,588826; 4) 0,536078; 5)0,488999. 2.
1) 0,785398; 2) 0,231824; 3) 0,107250; 4) 0,061245; 5) 0,039479.
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Cnaea 14.
MpubnuxeHHoe pelweHne audpdepeHUUANLHBLIX
ypaBHEHUN

§ 14.1. MeTon Sinepa

Mycts TpeGyerca pewnTh 3amady Kowm: HaiTH pemenve audpepen-
LHAJIBHOTO YPaBHEHHUA

¥ =f(xy), (14.1)

YIOBJIETBOPSIOIIEE HAYaNBbHOMY YCIOBHIO Y (Xo) = Vg.

TIpy YHCICHHOM pewieHHH ypaBHeHms (14.1) 3ajada CTaBHTCA Tak: B
TOUKAX Xg, X|,X3,-.., X, HAUTH NMpUOIIKEHMA y; (k=0,1,2,...,n) nna

3HadeHuii TouHoro pemenus y (x, ). PasHOCTE Ax) =X, —X; BO MHOTHX
CITydasX NPMHMMAIOT MOCTOSHHOM A W Ha3bIBAIOT IIAroM CETKW, TOTAA
x, =xg+kh (k=0,1,2,...,n). (14.2)

Meron Diinepa Ans pellenHus yka3aHHoW 3ajauu Kol OCHOBaH Ha
HETOCPE/ICTBEHHOH 3aMeHe INPOM3BOAHON Pa3HOCTHBIM OTHOMIEHWEM IO

npuGmwkenHoil  popMyie % =f(x,y), rae Ay=y@x+h)-y(),
Ax=(x+h)—x=h.

[puGnmkeHHble 3HAYEHHA V), B TOUKAX X, = Xg +kh BBIYMCIAIOTCS MO
dopmyine

Vsl =V th O, ) (£=0,1,2,...,n). (14.3)

Npumep 1. C nomoumsio Merona Jinepa HaWTH 3HAUCHHA PELUCHHUS
ypaBHeHHs y’ = y+x2, yznopnersopsaiomero ycinosuo y (0)=1, B nepsbix
nATH Toukax otpeska [0; 0,5] mpu A=0,1
Pewenmue. Ilo ¢opmyne (14.2) Haxomum Toukd x,=0; x; =0,
x=02; x3=03 x=04 x5= 0,5. 3uayenus wuckoMod GyHKIHH
y =y (x), YAOBIETBOPAOLICH YCIIOBHAM IaHHOW 3aa4i Ko, HaxonuM B

cooTBeTCTBHH ¢ Gopmyinoit (14.3). Pe3ynbTaThl BEIMHCICHHH OTPAKEHDbI B
Tabmuue 14.1.

3ameuanue. TouHOe pelicHue ypasHenus y’ =y + x?, YAOBAETBOPAIO-

mee ycnosuo y (0) =1, Beipaxkaercs dopmynoit y = 3¢* —x2 —2x—-2. Cneno-
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parexsHo, y (0,4) =3¢ - (0,4)2 —2-(0,4)-2=1,5154,

Tabnuna 14.1
Kk x 2 S(x,y )= K (x,,y)= Ve = Vi *
k Xk Yk =y, + X, —0l0y +x2) +hf(x, %)
0 0 0 1 1 0,1 1,1 -
1 0,1 0,01 1,1 1,11 0,111 1,211
2 0,2 0,04 1,211 1,251 0,1251 ' 1,3361
3 0,3 0,09 1,3361 1,4261 0,1426 1,4787
4 0,4 0,16 -1,4787 1,6387 0,1639 1,6426

NMpumep 2. Meroxom Ditepa HaliTi 3HadeHus pemieHus Auddepen-
IMANBHOTO ypaBHeHHs Y’ =2x-—y, i Kotoporo y(1)=1, B naru Toukax
otpeska [1; 1,5], npunss ~=0,1.
Pewenne. Ha ocuoBanuu dopmyns (14.2) onmpeneisieM TOYKH X =1;

=L x=012; x3=13; x4,=14; x5=15 3uaueHus uckoMoi ¢yHk-
M y =y (x), yIOBIeTBOPSIONICi yCIOBUIO AaHHO# 3anayn Komy, BEMHC-

asem no ¢opmyne (14.3). Pe3ynsTaTsl BLIMHCICHHI 3aHEcEeHbl B Tabnuiy

14.2.
Tabnuna 14.2
ki %k 2% f_(z s =’:Jf,§:§;fk—) 2o | S
=2x, -y,
0 1,0000 1,0 2,0 1,0000 0,1000 1,1000
1 1,1000 11 2,2 1,1000 0,1100 1,2100
2 1,2100 1,2 2,4 1,1900 0,1190 1,3290
3 1,3290 1,3 2,6 1,2710 0,1271 1,4561
4 1,4561 1,4 2,8 1,3439 0,1344 1,5905
5 1,5905 1,5 3,0 1,4095 0,1410 1,7315
3apaum

Ipunss h=0,1, Mmerogom DJiltepa pemMTh YKa3aHHYI0 3amavy Kormu

JUIA KaXI0TO U3 YpaBHEHUH:
1. y'=y+3x, y(0)=-1, x€[0;0,5].
2, y=x-2y, y(0)=0, xe[0;1].
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. Y =x+y%, y(0)=1, x[0;1].

.y =x2y+x®, y(0)=1, xe[0;1].
. y'(y2 +x)=y, y(H=1, x e[1;2].
OTBeTBI ‘
1. yy==-1L y,=-118; y;=-1238 y,=-12718; y,=-1279.
2. y,=0; y,=001, y,=0,0278; y,=0,0524; ys;=0,08192. 3. y, =11,
v, =1231 y, =1,402536; y, =1,629246.

3
4. y=x +y%, y(©0)=1, xe[0;1].
5
6

§ 14.2. MeTop PyHre-Kytra

Meton Pynre-Kyrra — ofuH U3 HaubGonee ynoTpeOUTENbHBIX METONOB
MOBBIIEHHOH TOYHOCTH.

Iycts TpebyeTcs HalTH YMCIEHHOE pelieHne ypaBHenua ' = f(x, ),
YIOBJIETBOPAIOLIEE YCIIOBHIO ' (Xy) = V.
Hnes merona Pyrre-KyTTa cOCTOMT B IpeICTABICHHH Pa3HOCTH
Ay(x)=y(x+m)-y(x) (14.4)
B BHJE CyMMBI MOTIPaBOK k; ¢ Kodpduumentamu p;: Ay = piky + prky +
+..4pk, e ki =f(x,y), kp=f(x+ohy+PByk), ..., k,=hf(x+
+(X.,h, y+ Brlkl + Br2k2 +...+ ﬁrr-]kr—l)-
Koadpumentsl p;, o ;,B; Haxopar cpaBHeHHeM pasioxeHudi Ay u

k; mo creneHaM h. B ciaydae r =4 nomyvaior

k1=hf(x:J’), k2=hf(x+g,y+%),

. (14.5)
b= (x+2ye 2] kwGrhyek)
Ay=—é—(k1~+2k2 +2ky +ky). O (146)
Ipu x=x, ¢ noMouipio dopmyn (14.4) — (14.6) Haxoaum
Yin =Yi+Ay; (=0, 1,2,...), (14.7)
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Fae -

by, = (k] + 20, + 2K + K, (14.3)

K = hf(x;, ),

; h k
k% =hf(x,-+3, J’i"'?l), :
, (14.9)

ky=hf [x,-+-;—l, Vi +%i],

ki =hf(x,+h y,+K). |

Meron Pynre-Kyrra npaMeHnM Taioke K cucreMaM auddepeHuHarn-
HEIX ypaBHEHMH IIEpBOro Nopsaxa, a Takke K OObIKHOBeHHBbIM auddepen-
IMAILHBIM YPaBHCHHAM BRLICINMX MOPAAKOB.

Mpumep 1. Merogom Pynre-Kytra Haiftn pemenne 3anauu Komm s
ypaBuenua y’=y—x2,y(1)=0,x€[l,2] B mepBHX IATA TOYKaX, B3SB
h=0,1

PeweHwue. ITockoibky B JaHHOM CIydae f(x,y)=y—x2 H B CHIy yC-

JoBma xg =1, y,=0, T0 f(xp,¥0) =0 —xg =.0—1=—1. ITo ¢dopmynam
(14.9) naxomum: k{ = hf (xg, yo) = 0,1 (=1) =—0,1; k? =0,1£(1,05,-0,05) =
= 0,1[(-0,05) —(1,05)2]=-0,1152; ky =0,1f(1,05,-0,0576) =
=0,1[(-0,0576) — (1,05)*] =-0,1160; k =0,1£(1,1;-0,1160) =
=0,1{(-0,1160)-(1,1)*]=-0,1326. Tlo dopmyne (14.8) BEUHCIHAM

Ay, = % [(-0,)+2(-0,1152)+2 (-0,1160) + (—0,1326)] =—0,1158.

3Hauenve y, BRMHCTHM IO dopMmyne y; =y, +Ay, (cM. dopmyry
(14.7) npu i=0): y; =0+(-0,1158)=-0,1158. Taxum oGpasom, moryde-
HO MpubMIkeHHOE 3HaYeHue y; =—0,1158 mpu x;, = 1,1

C nomomsio dpopmyn (14.9) mpu i =1 HaiineM NpUGIIKEHHOE 3HAYe-
HUE y, TIpH X, = 1,2, pemmB HoBYIO 3axady Komu s TOro xe ypaBHEHHA
y=y-x%, y(1,))=-0,1158. '

AHaJIOTHIHO HaXOOUM Y3, V4, Vs. Pe3ynbTarsl pemeHHa HCXOMHOH 3a-
Ja4M TIpeICTaBIIeHB! B Tabmune 14.3.

- 391



Tabauna 14.3

- S= Ay; =
il x Y x,_2 FOpy) = kj=hx p; . Y;
_ 2 =3 p:k: =ls
=Y =% | % £(x;.9;) F=Leatl ek
ol 1 0 1 -1 ~0,1 1
1,05 -o00s |1,1025] -1,0525 | -0,1152 2
1,05 —0,0576 |1,1025| -1,1601 | -0,1160 2
11| —o1160 | 1,21 | -1,3260 | -01326 1 | -0,6950 |-0,1158

X, =xg +h=11y, =y, + Ay, =—-0,1158.

11 L1 ]| -0,1158 1,21 | - 1,3258 -0,1326 1
1,15] -0,1821 |1,3225| -1,5046 -0,1505 2
1,15 -0,1910 |[1,3225] -1,5135 -0,1514 2
12| -0,2672 1,44 | —1,7072 -0,1707 1 -0,9071 | -0,1501

x, =x5 +2h=12,

¥, =y, + Ay, =—0,1158 + (-0,1501) = -0,2659.

2|12} -0,2659 1,44 1 —1,7059 -0,1706 1
1,25] -0,3512 | 1,5625| —1,9137 -0,1914 2
1,25 -03616 |1,5625] —1,9241 -0,1924 2

F 1,3 | —-0,4583 1,69 | —2,1483 -0,2148 1 - 13,1150 | -0,1925

X3 =xq+3h =13,

Y3 =y, + Ay, =—0,2659 + (~0,1925) = —0,4584.

3113} -0,4584 1,69 | —2,1484 -0,2148 1
135 -05858 |1,8225| ~23883 | 02388 | 2
1,35] -0,5778 | 1,8225] —2,4003 —-0,2400 2
1.4 | -0,6984 1.96 | —2,6584 ~0,2658 1 -1,4382 | -0,2397
Xy =X +4h=14,

Y4 = y5 + Ay, =—0,4584+(-0,2397) = —0,6981.

41 141} -0,6981 1,96 | —2,6581 -0,2658 1
1,451 -0,8310 {2,1025| —2,9335 —-0,2934 2
1,45| —0,8448 }2,1025| —2,9473 —-0,2947 2
15| ~09928 | 225 | -3,2428 -0,3243 1 - 1,7663 | -0,2944
x5 =xy +5h=15,

¥s = ¥4 + Ay, =-0,6981+(-0,2944) = -0,9925.
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Mpumep 2. MeroaoMm Pynre-Kyrra Haiitu peiieHue 3anauu Komu ms
ypaBHeHma y’ =3x+y, y(0)=-1, xe[0,1], mpunss A=0,L

Pewenue. Kak 1 B npeapigymieM OpuUMepe, C MOMoOIbI0 ¢opMyn
(14.7) - (14.9) HaxonuM 3HaYEHUA ¥), Vs, V3, Vs, Vs (CM. TaOmuty 14.4).

Tabauua 14.4

S = .=
i ox; ¥i 3x; | 3x,+y; k; P; Ay
1
Z \Piki| =%S
0 0 -1 0 -1 -0,1 1 -0,1
0,05 -1,05 0,15 -09 -0,09 2 -0,18
0,05 - 1,045 0,15 - 0,895 - 0,0895 2 -0,1790
0,1 - 1,0895 03 -0,7895 —-0,07895 1 —0,07895 |- 0,08966
x, =01y, = yo + Ay, = ~1+(~0,08966) = —1,08966.

1] 01 | -1,0896| 03 |-078966| ~0,07897 | 1 | —0,07897
0,15 | -1,12915 | 045 | —0,67915 | -0,06792 | 2 | —0,13584
015 | —1,12362 | 045 | ~067362 | -0,06736 | 2 | -0,13472
02 | -1,05702 | 06 |-055702| -0,05570 | 1 | -0,05570 |-0,06754
%, =0.2,y, =y, +Ay, =—108966+(-0,06754 = 115720

2| 02 [ -115120| 06 |-055720 | ~0,05572 | 1 | 005572
025 | ~1,18506 | 0,75 | —0,43506 | -0,04351 | 2 | —0,08702
025 | —1,17896 | 0,75 | —0,42896 | -0,04290 | 2 | —0,08580
0,3 | —1,20010 0,9 -0,30010 | -0,03001 1 —0,03001 |-0,04309
X3 =0,3,y; = y, + Ay, = —1,15720 +(—0,04309) = —1,20029.
3| 03 | -1,20029| 09 |-030029 | —0,03003 | 1 | -0,03003
035 | —1,21531 | 1,05 | -0,16531 | ~0,01653 | 2 | -0,03306
035 | —1,20856 | 1,05 | —0,15856 | -0,01586 | 2 | -003172
04 | -121615 | 12 |-001615| —0,00162 | 1 | —0,00162 |-0,01607
x4 =0.4,y, = y, + Ay, =—1,20029+ (~0,01607) = —1,21636.
4] 04 |-121636 | 12 | -o001636 | —000164 | 1 | —0,00164
045 | —121717 | 135 | 013283 | 001328 | 2 | 0,02656
045 | ~1,20971 | 135 | 014020 | 001403 | 2 | 0,02806
05 [-120232 | 1,5 | 029768 | 002977 | 1 | 002977 | 001379

x5 =0,5,y5 = y, + Ay, = -1,21636+0,01379 = —1,20257.
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3ameganne. TouHoe pemicHHe ypaBHeHus )’ =3X+ )y, YIOBICTBOPAIO-

mee ycnosmio y=-—1 npu x=0, Bipaxaerca dopmyroit y=2e" —3x-3.

C1e/10BATEIEHO, y(0,5)=2¢% —3.0,5-3=2-1,6487-1,5-3=—-1,2026.

ITOT pesyNTAT COBMANAET CO 3HAYEHHEM, BRIYMCICHHEM 10 MeToay Pynre-Kyrra
s =—1,20257).

3apaun
Metonom Pyrre-Kytra, mpunas h=0,], HaliT NpuGIDKEHHBIE pemie-
HuA mudpepeHIMATLHBIX YPaBHEHHUI, yIOBIETBOPSIOLIAE YKa3aHHBIM yCIIo-

y=x-y, y(0)=-1, x€[0,1].
y=x2-y, y(0)=2, x€[0,1].
y=x+y, y(0)=1, xe[0,1].

Yy =2x-y, y(0)=1, x€[0,1].
Yy =x-y+2, y(1)=0, xe[},2].

-]
sl-.As».N:-.E

OTtBeTnl

L y=-09, y,=-08 y3=-0,7; Y4=-06;, ys=-05;
Ye=—04; y;=-03; yg=-02; yo=-01 »=0 2.y =181
¥y, =164, y3=149; y,=136; ys=125 ys= Li6; y; =109,
ys=104; y, =101 3. y;=111034L y, =1242805 y;=1399717;
yq =1,583648; ys =1,797441; Ve =2,044235; ¥, =2,327503;
¥s =2,651079;  yg =3,019202;  y; =3,436559. 4. y; =0,9145125
y, =08561927;  y; =0,8224552; y, =08109608; ;= 0,8195928;
Vs =0,8464358;  y, =0,8897568; y; =0,9479878. 5. y, =0,1099996;
y, =02399993;  y;=0,3899991, y, =0,5599988;  ys=0,7499986;
¥e =0,9599984; y, =0,0119000.
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[naea 15.
NHTepnonupoBaHue yHKUMiA

§ 18.1. UnTepnNONALMOHHBLIA MHOTOUYNEH Jlarpanxa
HHTeprionauHOHHbIM MHOFOYIEHOM Jlarpamka Ha3pIBaETCSH MHOTOWIEH
(r=x) (x=x) ... (F=x ) (K= X)) . (x—x,)

x0) (X = x1) ... (X = x4 4) (% = Xgar) .. (2, — x,,)

(15.1)
3OTOT MHOTOHNEH YHOBNETBOPAET YCIOBUAM P () =y,,k=0,1,2,

P(x)= Zyk oo

+++> M, TI€ X} — y37Ibl (WIM [IOJIOCK!) HHTEPIIOALMH, ) — 3aaHHbIE YHCIA.
Hnrepronsuronnoit gopmyroit Jlarparxa HasbiBaeTcs tbopmyna

OE Zy,, -

Gr=x) X =%)  (E=2Xpy) (K= Xp) - (X —,)
X0) O =X1) e (X = X)) (0 ~ X)) oo (g =)

(15.2)

Dopmyner (15.1) u (15.2) MOXKHO 3a1IHCaTh Tak:

P,(x)= m(x)z ; f(x)= w<x)2

(_xk)w( ) 7 (x— xk)m(xk)

rae
®(x)=(x~x5)(x—x))...(x—x,), (15.3)

o' (xp) = (xg —xg) (x; =X) e (g = X4g) (B = Xpey) oo (% - Xp):
Ipoussoas unTepnonuposanne pysKuun S (x) no dopmyne Jlarpamnxa
(15.2), 3aMeHSIOT 3Ty BYHKLHMIO [IOTHHOMOM B, (x), coBnagatommm c Heil B
n+1 JaHHBIX TOYKax OTpe3ka [a, b]. B OCTAIBHBIX TOYKAX 3TOrO OTpe3ka
PasHoCTh R, = f(x)— F,(x) OTIMYHA OT Hy1a W mpeAacTaBNsET coboll Mo-

TPeLIHOCTE MeToAa. OTa Pa3sHOCTh, Ha3biBacMasd OCTATOMHBIM YWICHOM WH-
TEPHOILUH, OnpeeneTcs GopMyo
o (x
R)= 1)
+D°
B KOTOpoH @ (x) Bbipaxkaercs paBeHcTsom (15.3), & — Touxa IIPOMEXYTKA
[a, 5], 3aBucsamas ot x.
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Mpumep 1. Hailitu wHTepnONAMOHHBIN MHOrOWIeH Jlarpamka, KOTO-
peii B TOukax x,=-3, x,=-1, x, =2 IPHHAMACT COOTBETCTBCHHO
3HageHms y, =-5, y; =-11, y, =10.

PeweHwne. Ilpu n=2 dopmyna (15.1) umeet BUA

(x—x) (x—x,) + (x—xy) (x=x,) + (x—x) (x—x;)
(xp —x) (x0 —x2) : (% —xp) (%1 —x3) 2 (% —x0) (¥ —x7)

B(x)=y,

Hoacraenss B 9Ty GopMyITy 3afaHHbIE 3HAUECHHA, HAXOAUM
(x+D)(x-2) 11 (x+3)(x-2) +10(x+3)(x+1)
-3+ (-3-2) -1+3)(-1-2) Q2+3)(2+D’

B(x)=-5
P2(x)=—%(x2 —x—2)+1—61(x2 +x—6)+%(x2+4x+3)=

=%[—3(x2 ~x~2)+11(x* +x-6)+4 (x* +4x+3)]=—é—(12x2 +30x - 48).

CrenoBartensHo, P (x)= 2x? +5x-8.
NMpumep 2. Halitu urTepnonAmuoHHbIi MHOrowneH Jlarpamka P (x),
s kotoporo P(-D)=-1L,P()=-3,P(2)=1, P(3)=13.
Pewenue. B JIaHHOM ciyqae
x=-1 x=1 x,=2, x;,=3, y,=-11, y,=-3, y,=1, p, =13
Ilpn n=3 dopmyna (15.1) npunumMaet BUR

P(x)=y, (=x)(x=x) (x=x3) ) (x—xp) x—x,) (x—x3)
(x0 —X) (x = X%3) (% — x3) (1 = %) (%1 = %) (%, — x3)
+ (x=x0) (x—x) (x—2x3) (x=xp) (x=x) (x~x,)
W2

(%3 = x0) (% = %) (x2 — x3) g (%3 —x0) (x3 _xl)'(x3 -x;)

Topcraenss B 3Ty GpopMyIiy HaHHbIE 3HAUSHHA, MIOTydacM
x-Dx-2)(x-3) _3 (x+D(x-2)(x-3) +

-1-D(-1-2)(-1-3) 1+n@a-2)(1-3)

1(x+1)(x—1)(x—3)+l3 (x+D(x-D(x-2) =ll—(x3—6x2 +11x—6)—
@+DE2-1n(2-3) @B+D(3B-1N(3-2) 24

P(x)=-11

—%(;:3 —4x? +x+6)—%(x3 —3x? —x+3)+%(x3 —2x2—x+2)=
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3(11 3 1 13 2 11 13 121 3 1 13

— x| =43+l — [+x| — = ——

. 4 4 24 4 3 8
+(—-1—1——E—1+%)=x3—2x2+3x—5.

Hrak, P(x) =x3-2x% +3x-5.
Mpumep 3. Hailtu wnHTEpnONAIMOHHBIH MHorowieH Jlarpamxa s

$yHKIMK, 3an2aHHOMN TabnHueH
x -1 0 ' 1 2 3
y 17 7 5 11 49
Pewenue. B IAHHOM cnyyae
Yo=17, y =1,

X=-1 x=0, x,=1, x,=2, x,=3

y.=5 y;=11, y,=49.
Ilpu n=4 ¢opmyna (15.1) umeeT BUA
~ x=x)(x—x)(x—x3)(x—x
P(-x)=yo ( 1)( 2)( 3)( 4)
(xp — x1) (xp — x3) (39 — x3) (¥ — X4)

+y (x—x) (x=x) (x—x3) (x—x)
: (361 = x0) (31 = %) (X1 — x3) (%) — x4)

+y (x=xp) (x=x;) (x=x3) (x—x)
2 (32 = x0) (x5 = x1) (33 = x3) (x5 —x4)

4y, _ETE) Fo0) (Fxy) (= x,)
> (3 = x0) (3 = %) (33~ %) (%3 — %4)

(x=x) (x=x) (x—x,) (x—x;)
s (x4 —x5) (x, -x) (%, —x,) (x, _xg).

TMoacrasiss B 5Ty GopMyiy HaHHEIE 3HAYCHHA, NIOJyIaEM
P(x)=17 x(x-1D(x-2)(x-3)
-D(E1-D(-1-2)(-1-3)
7(x+1)(x—l)(x—2)(x—3)+5 (x+Dx(x-2)(x-3)
0+1)(0-1)(0-2)(0-3) (1+D-1-(1-2)(1-3)
1 (x+Dx(x-1)(x-3) +49
2+1)-2-2-1D(2-3)

(x+Dx(x-1)(x-2)
GB+1)-3-3-1)(3-2)°
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l'Ipon3Bozm COOTBETCTBYIOLIME BBIMMCIICHUA K npeoGpasosamm, Haxoaum

P(x)=-;%(x4 —6x° +11x2 —6x)—-z—(x4 —5%3 +5%2 +5x—6)+

+§(x4 —4x% +x* +6x)—1—61—(x4 —3xP—x?4+3x)+

+i?—(x4—2x3—x2+2x)=x4(E—l+—5——ﬂ+i‘2)+
24 24 6 4 6 24
3( 17 35 11 49) 2(187 35 5 11 49)

+x | ——+—-S5+———|+x | ———F—F——— |+
6 2 12 24 6 4 6 24

x _£_§_§+_12_.1_1+i?- 7=x4—2x3+3x2—-4x+7.
4 6 2 2 12

CrenosatensHo, P (x)=x* —2x3 +3x% —4x+7.

3anaumn
HaiiTi MHTEpNONALMOHHBIE MHOTOUNEHB Jlarpamka Iy CICAYIOIMX

¢yHKumi, 3agaHHBIX TabaMIAMU:
L x |2 -1t| 3| 2| x | -1} 11}]2

y |12 ] 6 2 y | 10| 6 | 13

5| x| -3|-2]-1|1 2| 6] x|-3]|-2|-1]1]2

yj4 | 7|2 [|-2|11 y |-9[-16]|-3]11]36

OTBeTBI
1. P(x)=x>-3x+2. 2. B(x)=3x*-2x+5 3. A(x)=x’-x"+

+x-1 4 P()=x+2x?-3x+1 5 P(x)=x"+x’-2x"-3x+1

6. 1"4(x)=x4 +2x3 =3x2 +5x+6.
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§ 15.2. Pa3aHoCTH pa3niuuHbIX NOPAAKOB.
PaspeneHnslie pasHOCTH

PaccmoTpuM 3Hadenus y; = f(x;) ¢yHkumM y= f(x) B Toukax x;
((=0,1,2,...): yo=f(x), »i=f(x), ¥, =f(x,),.... Bunmemam Bce-
BO3MOXHBI€ Naphl COCENHMX 3HaYenuit: (¥y,,), (V1,¥2), (M2, ¥3),... H B

Ka)K/[IOM CITy4ae BRIYTEM MpeAbiAyIlee 3HaUCHHE W3 MOCIEeNYIOIEro, noiy-
9HM Pa3HOCTH: Y| =¥y, Yy —Vi» V3~ V3s.... OTH Pa3HOCTH Ha3bIBAIOTCH

KOHEHUHBIMH Pa3HOCTAMH IIEPBOrO MOPARKA WIH MPOCTO MEPBHLIMH Pa3HO-
ctaMH. OGo3HaYeHNA EPBLIX Pa3HOCTEH:
Ao =y1=Yos M =Y2=Y15 cos Dy =Yy = Vn1» @1s5.4)
WIH
Ay, =yia-y (=0,1,2,..).
3ameuanue. Unorma ynorpeﬁnsimcﬂ H Apyrye o603Ha4YEHH, HapUMep,
By. 1 = Vi1~ Vi> f,l =V —Vi-
i+—= =
2 2
PasHocTAMM BTOpPOTO NMOPAAKA, WIA BTOPHIMH Pa3HOCTSAMH, Ha3bIBAalOT
Pa3HOCTH NePBHIX PasHOCTel M 0603HAYAIOT Yepe3 A’y, = Ay — Ay

N

Azyo =4y, - Ay,
AZ.VI =Ay, - Ay,
2
=Ay. —
Ay, =Ay; - Ay,, (15.5)
ANy, =Ny, -Ay,,,
Azyn =Ayn+l —Ayn' J

Pa3sHOCTH TPeThEro MoOpsKa, WIH TPEThH PA3HOCTH, ONMPEAEIAIOTCA M
00603HAYaI0TCA TaK:

By, =Ky =Ky, Ny =Ky, -Ky, .. Ly,=NKy,, -y,

AHaOTMYHO ONpENEIOTCA TOCHEAYIOIHE PpasHOCTH. Pa3HOCTH
(k+1) -ro mopsnka nomy4aloTcs M3 pasHocTeit k -ro mopsanka mno ¢$popmy-
nam

Ay =Aty, - Ay, Ay =Aty, —Afy .. (15.6)

Tabmuua pasHocTelf pa3mHMYHBIX HOPAOKOB CTPOHTCA COITACHO CXEME
(tabmuua 15.1).
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Tabmuia 15.1

x y by Aly Ay A'y Ay
X0 Yo
Ay
* N Ayo Azy ° Al y
1 o
X, Y2 Ay, , Ay,
Ay, Ay IN
x 2 1 4 Yo
3 V3 A Ay, s Ay, .
x . y 3 2 A yZ .
4 Y. 4 Ay4 A y3 .
Xs Ys . :

Ka)K0€ 9HCII0 TOH TaG/IuIpl (HauMHas ¢ TPETHEro CTOI0Ua) ABIAETCS
Pa3HOCTBIO JABYX CMEKHBIX YHCEN CTONONA ClieBa (M3 HIDKHETO YHCIA BHITH-
TaeTcs BEpPXHee, PasHOCTH 3AMHUCHLIBACTCH B CICAYIOLIEM cronbue MexIy
>TME YHciIaMu). Tpetudt cTonben COREP)KUT NEPBBIE PAa3HOCTH, HCTBEP-
THII — BTOPHIE H T. 1.

JIns KOHTPONA BHIMMCICHMA NPY COCTaBICHHH TaGJIAIBl pa3HOCTEH
TIOJIB3YIOTCS CJICAYIOMYM YTBEPXKACHHEM: CyMMa qHCeN B KaXKIIOM cronbre
pasHoCTell paBHAa Pa3HOCTH KpaHHUX 9HCEN MpeIbIIyIIero ctonbna. Ha-
nmpuMep, Ayy+ Ay, + Ay, + o A Ay, A, = = Y0) H (2 — V)

+(y = Y) F oo AP = Vo) T GVt = Vi) = Vo1 ~ Yo

Bce pa3HocTH B TaGlIHile IPUHATO 3aIMCHIBATE LEJIHIMH 1HCIAMU KA B
€ IMHULAX MJIAIIEro paspsaza 3HaueHuM GpyHKIHH.

3aMeuaHue. KOHEUHbIE PA3HOCTH 1-r0 TOPAAKA OT MHOTOYICHA CTEINICHH
71 IOCTOSHHEI, a kKOHeuHble pasHoctn (#+ 1) -To nopsaka pasHbe! HymO. 310 CBOH-
CTBO [I26T MPOCTOH CNocoG coCTaBNEHNs Tab/Hll MHOTOUIEHOB. Henocpeacrsenuno
BEIMMCISEM 3HAYEHMs MHOTOWIeHa s 1+ 1 3HaueHHil apryMeHTa M COCTaBiAeM
TabMHLY, B KOTOPYIO BXOAAT Pa3sHOCTH 1O A-TO MOPsAKA BKTOYHTEILHO. Jaree,
TOMB3YSCH TEM, YTO PA3HOCTH M-TO MOPAAKA TOCTOSHHbL, npoznoskaeM CTonGel
pasHocreit (n— 1) -ro nopsaxa. s NoTy4CHHs HOBBIX YHCEN 3TOTO cronbua cxia-
JbIBaEM COOTBETCTByIomMe pasHoctd (#—1)-ro nopsika ¢ pasHOCTAMH #-ro I0-
paixa. 3aTeM TMOCIENOBATENBHO NPONOIDKAEM cronbupi pasHocredl (n—2)-ro,
(n—3) -ro MOPAAKOB H T. JI. [I0Ka HE NOJYIUM NPOJOIDKCHHE cronbua y; = f(x;),

T. €. 3HaYEHHiIi MHOTO4JIEHA.
PaszieNeHHbIE Pa3HOCTH IIEPBOTO NOPSA/IKA ONPEEIIOTCA GopMynamu

A= _YTh Y=V
f(xbxo)— X, —Xg ’ f(x2,x1)_ X, — X » eves f(xn’xn—l)— X, =X, (157)

n-1
Pa3neneHHble pa3HOCTH BTOPOro NOpARKa T0JTydaroTcA U3 pa3aeJeHHbIX
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pasHoOCTelf Iepeoro nmopska 1o Gopmynam

fx, vx1)_ f(xl’xo)

F(xyx,, xp)= —x
)

f(xs ’xz) f(x, ’xl) (15.8)
fx3x,, %) %
1

AHaJIOTHIHO onpeACHAIOTCA pa3sACNCHHBIE Pa3HOCTH TPETHErO NopsAAKa:

S (x5, %)= f(x,, x;, %)

f(xgsxzaxpxo): s

aTR 159
f(x X X x)=f(x4’x3,x2)_f(x3,x2,xl)' ( )
45 7v35 425 7] x4_x1

PasjgeneHHbie pa3sHOCTH #-TO MOpPANKA IOJNYYAIOTCA M3 pasHOCTEH
(n—1)-ro nopaaxa no popmynam

f(xn’xn—l: xl) f(x —1’ -—27"'3x0)
X, —Xo

f(xn’xn—la---,xlsx0)= . (1510)

B ciygae paBHOOTCTOSINMX Y3JIOB ¢ WaroM h (x, =x,+ kh) pasge-
JIEHHBIE Pa3HOCTH Pa3IHYHbIX MMOPAAKOR HMEIOT BH;

F1,30) =2, fo,m) =2, f(x,, 7, 0)= 200 2L (15.11)

h
A%y, A2
SO xx) =228, S, mm) =220, (15.12)
An
R i: . (15.13)

Mpumep 1. CocrasuTs TabNHIy pasHOCTEH PazTHYHBIX NOPAIKOB TPH
CJIEAYIOINX 3HAYeHUAX x 1 f(x):

Xo=~1 x==2, x, =1, x3=2, x,=3;
=0, »=7, y,=30, y3=-16, y, =-45.
Pewenune. Ilo popmynam (15.4) Haxouum nepBsic pa3sHOCTH:
Avo=y-n=T-0=T7; Ay, =y, -y, =30-7=23;
Ay, =y3 =y, ==16-30=-46; Ay, =y, —y; =—45-(-16)=-29
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B coorsercTBuH ¢ ¢opMynamHu (15.5) BeIYHCIAEM PasHOCTH BTOPOro
nopsaKka:

Ay, = Ay, — Ay, =23-7=16; Ay, = Ay, —Ay; =—46-23=—69;

Ay, = Ays — Ay, =—29—(-46) =17.

TTob3ysch ONPENENEHHAMH H COOTBETCTBYIOIMMH (opMyNaMH 1oiTy-
9aecM pa3sHOCTH TPETHETO MOPAZIKa:

Ay, =Ny - ANy, =—69-16= -85
Ay, =Ny, Ay =17-(—69) =86

¥ Pa3HOCTh Y€TBEPTOrO MOpAaKa Ay, = Ay, - Ay, =86—(-85)=171.
TlonyueHHbIE pa3HOCTH MOYKHO IIPE/ICTABATH B BHJIC Tabuuust 15.2.

TaGmyma 15.2

x y Ay Ay Ay Aty
K A BT
2 ’ 23 —69 -85 171

1 30 —46 it 86

2 ~16 29

3 —-45
3 —45 - 36 1
S -45 -36 1

3amevyaHue. [locneaHue ABe CTPOKH CiryXKatr s KOHTpOIA BBIMUCIICHUIA:
B CTPOKC z 4YHCJia paBHBI CyMMaM “HCCII, CTOSIIIIUX B COOTBCTCTBYIOIIEM cron6-

ne, B CTpOKe S — PasHOCTH MOCHEAHETO0 M NEPBOTO HHCEN COOTBETCTBYIOMIErO
cronbua. CoBrafeHne STHX Yucen (0 AHArOHaK) 03Ha4aeT, YTO BRIMMCICHUA Cle-
naHbl BEPHO.

Npumep 2. CocraBurhb Tabnany pasfeNeHHbIX Pa3HOCTEH pasIMIHEIX

THOPAKOB TIPH CICTYIOMHX 3HAUCHHAX X B ) = JF(x):

x0="3, x1=—2, x2=—1, X3=.1’ X4 =2;
y0=_9! N =_165 }’2=—3, Y3 =11a .)’4=36-
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PeweHune. B COOTBETCTBHH C OIpENENEHIAME HAaXOA¥M paslelcHHbIC
Pa3sHOCTH IEPBOTO MOPAIKA:

Yi—Yo _—16-(-9) _ Yo=n _=3-(=16) ..
’ = 7 s = _13:
e R e )
_»mw_1-(3) yays 36-11
f(xSaxZ) _x2 1_(_1) 7 f(X4,X3)— X3_ 2-1 —25’
Pa3sHOCTH BTOPOro MOpSIKA: '
ey, %0, % )=f(x2,x1)—f(x1,xo)=13—(—7).__10‘
B x) =% -1-(=3)
Flxx x)zf(xi’xz)—f(xz,xl): =13
o X3 —x 1-(-2)~ 7
S (xg, %)= f(x5,%p) - 25-7
f(x4,x3,x2)— x4_x2 2_(_1) ,

Pa3HOCTHU TPETHETO MOpsAIKA:

f(x3,x2,x,,x0)—f(x”xz’x‘) f(xz’xnxo) —2—10=_3;
X3 =X 1-(=-3)

f(x4,x3,x2)——f(x3,x2,xl):6_(_2):
X4 - X 2-(-2)

T f(x4,X3, x21x1)=

’

PasHOCTh YETBEPTOTO IIOPAAKA:

f(x4,x3,x2,x1)—f(x3,x2,xl,xo) — 2_(—3) =
X4 —Xg 2'—(_3)

S(xq, %3, %, X1, %) =

TNony4eHHbIE pa3aeneHHble Pa3HOCTH MOXKHO OpeICTaBHThL B BUsE Tal-
Junel 15.3.

Tabnuua 15.3

x y Pa3nenennsie pasHocti
-3 -9 -7
-2 -16 10 _3
13 L, :
-1 -3 7 2
1 11 6
25
2 36
Npumep 3. Jan muorowren P (x)=x>-2x?+3x+1. UssecTHsl ero
3HAYEHHA npu X =0, x =1 x,=2, x,=3
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P(0)=1, P()=3, P(2)=7, P(3)=19. Haliru 3H2a9eHNs MHOroie-
Hampu x, =k (k=4,5,6,7,8,9, 10).

Pewenune. CocraBmseM TaOMMIy pa3sHOCTEH pa3iHMIHBIX INOPAAKOB
(rabmuua 15.4). '

Tabnuua 15.4 Tabmuua 15.5
x y | &y | A y Ay x y Ay | Ay | Ay
0 1 0 1
I I T A I 1 3, 2| ¢
2 | 7 8 2 | 7 8 1 &

12 12 14
3 19 3 19 26
4 | 45

TMockosbKy I MHOTOWIEHA TPeThel CTENeH: PasHOCTH TPETHETO I10-
pAlKa TIOCTOSHHBI, TO 3Ty TabHIly MOXHO TMPONOJDKMTH, HaYHHAA C IO-

ciieaHero cronbua. 3anuceiBaeM B cronbue A’y cremyromyio uudpy 6;
CKIaIbIBas 3TO YMCNO C 4HMCIOM 8, TomydaeM 14 — HOBOe YHCIO CTONGLA
Azy; AHATOTHYHO TOTyJaeM YHcio 26=14+12 cronbua Ay M 3HadeHue
y4 = P (4) =45 (tabnuua 15.5).

TIpoxoinkasi 3TOT MPOLIECC, NONYYacM HOBYIO tabmmiy (tabmuua 15.6).

Tabnuua 15.6
x y Ay Ay Ay
0 1
2
1 3 2
4 6
2 7
12 6
3 19 14
26 6
4 45 20
46 6
5 91 26
: 72 6
6 163 32
104 ‘ 6
7 267 38
142 6
8 409 44
186 6
9 595 50
. 236
10 831
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CrnienoBaresHo, HaliieHhl MCKOMbIE 3HAYECHHMA NAHHOTO MHOrOYjieHa:
P (5)=91, P(6)=163, P (7) =267, P(8) =409, P (9)=595, P (10) =831

3anaun
Haiitn pa3sHoCTH pa3sNM4HBIX MOPAIKOB!

1.| & 0 1 2 2. & 0 1 2
Xy -1 1 2 Xy -2 -1 1
Vi 10 6 13 Vi 12 6 0

3. k 0 1 2 3 4
X -3 -2 -1
Ve -9 -16 -3 6 11 36

Haiftu PasacneHHBIC PA3HOCTH PA3/IMIHbLIX IIOPAAKOB!:

4. k 0 1 2 5. k 0 1 2
X 2 4 5 Xy 1 2 3
»e | 1 ] 15 ] 28 oy | -4 -7 |-16
6. k 0 1 2 3
Xk . -2 -1 0 1
Y - 16 -3 6 11 36

7. Jlau muorouneH P (x)=2x%*—5x+7 u ero 3mauenws: P (0)=7,
P (1)=4, P(2)=5. Haiitu 3Hauenus P (k), roe k=2,3,...,10. .

8. Jlan wMuorounen P(x)=2x>—4x?-6x+15 u ero 3HaueHus:
PO)=15P(M)=7,P(2)=3, P(3)=15, P(4)=55. Haifti ero 3HaueHus
mpu x=35,6,...,10.

9. ITan muorowten P (x)=x*-x*+x?-x+3 u ero 3mauenus:
P0)=3,P(1)=3,P(2)=13,P(3)=63, P(4)=207. Haiitu ero 3nave-
HEA IpHA x =5, 6,...,10.
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§ 15.3. MHTepnonNAUMOHHLIA MHOrouneH HbioToHa
HH‘I‘CpHOJIXHPIOHHLIM MHOTOWICHOM HrioTOHa HA3BIBa€TCA MHOTO4YJIEH

P(x)=y, +(x—x0)f(xo,xl)-.i-(x—xo)(x—xl)f(xo,xl,x2)+...

et (=) (= x)) oo (X=X, 1) (X5 Xp5 005 X0 )s (15.14)

B KOTOpOM  f(xq, %), f(xgs X15 X2)s .05 f (%95 X5 .-, X, ) — Pa3OENEHHBIC
Pa3HOCTH Pa3MYHBIX HOPAIKOB. ITOT MHOTOWIEH YHOBJIETBOPACT yC/IOBH-

M Y =f(xk)= Pn(xk) (k = 0, 132’--'1 n)'
HrTepnonaunonnoil gopmynoi HeloToHa HassisaeTcs popMyna

S(X) =y +(x—x0)f(x0,x1)+(x-x0)(x—xl)f(xo,xl,x2)+...

vt (x=x) (x=x) e (x—x,1) f (X0, %), X555 X,)- (15.15)

3ameuanue 1. INockomsky moGoii k-if wien Maorowiesa HetoTona 3asu-
CHT TONBKO OT K TEPBLIX Y3J/I0B MHTEPIOILHM H OT 3HaYeHUH GyHKIMH B ITHX y3-
nax, go6aBleHNE HOBHIX y3NOB Bhi3EIBaeT B dopmyne (15.14) nume noGasnenue
HOBBIX YICHOB 0€3 W3MCHEHHS MEPBOHAYAILHBIX. JTO ABIAETCS CYHMIECTBCHHBIM
npeuMymecTBoM MHOorouneHa HeloToHa 10 CpaBHEHMIO C MHOTO4JICHOM Jlarpamxa.

3amevyanue 2. B cuily eIMHCTBEHHOCTH MHTEPIOIAIHOHHOTO MHOTOYIIC-
Ha M-Off CTENleHHW MHTEpPHOJLHMOHHBIE MHOrowleH HiloToHa meperpynmmpoBkoit
YJEHOB MOXHO NPeoOPasOBaTh B MHTEPIONAUMOHHEIA MHorounen Jlarpamka u 06-
patHo.

B ciyyae paBHOOTCTOSUIMX Y3JIOB HHTeprnonsaummu (x; = Xo+h,x, =
xo+2h,...,x, =xg+nh) wu3 Gopmymsl (15.15) ¢ yd4eToM paBeHCTB
(15.11) — (15.13) nony4aercs HHTEproNAuMoHHas ¢opmyna HeioToHa s
«MHTEpPNONHPOBAHNUS BIEPEI»:

AZ
2!;‘; (x—x0) (x=x)+

FG= 3+ 2 G x0)+

3

Ay,
kY

+ (x—xo)(x—-xl)(x—x2)+...+

Ao (e ) (x=%) (X ). (15.16)
nh"

+

Sra opMysa yno6Ha MpH HATEPTIONUPOBAHKH GyHKIWMH M1 3HATeHUH
x, GIM3KAX K HAUMEHBILEMY Y31y Xg.

Hnrepnonaumonnas GopMyna HBIOTOHA I (HHTEPTONMPOBAHHA Ha-
3a/» MMeET BUI;
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2 3
SO = g+ (2 2 (1) (5 -3, + S x
X(x-x,)(x~x,) (x—x"_2)+...+%(x—x,,)(x—x,,_l)...(x—xl). (15.17)
n!

- ®opmyna (15.17) ynobna npH HHTEPHIONHPOBAHUH (GYHKIM A 3Ha-
qeHui x, GIM3KHX K HAUGONBINEMY Y3y X,,.

3ameuanue. B dopmyne (15.16) xoadpuuMeHTE MHOrOUIEHA COIEPKAT
KOHEYHBIE  Pa3sHOCTH  pPasAMYHBIX MOPANKOB, MpPHHALIExauled  Bepxuel
(amcxonsmeit) crpoke Tabnuubl pasHocTedt (cM. Tabmuty 15.1). B gopmyie (15.17)
K03 UIMEHTEI MHOTOYICH2 COAEPKAT Pa3HOCTH PA3MYHBIX HOPSJAKOB, MPHUHAA-
JexKaIlHe HIDKHEH (Bocxoasmel) CTpoxe 3ToiM TabMHIkL.
Npuwmep 1. Haifru uATepnonaimonHbii MHorowieH HeloToHA A

dyHK1IIH y=f(x), eciid HM3BECTHEI ee 3HaYeHHUA:
f@=1Lf@)=151(5)=28.
PeweHnne. B JaHHOM ciIydae Xg=2,% =4,x, =5,

Yo=Ly; =15y, =28 OrMeruM, 4TO y31B HE ABJIAIOTCA PABHOOTCTOA-
muMHE (Tak KaK Xj — Xy # X, — X, ). HHTepnonsmonnkiti Muoroarex (15.14)
Npd n=2 NpHHAMAET BHJ
By(x) =y +(x—x0) f(xp, Xo) + (x = %) (x = %) f(x2, %1, %) - @
BEIHCIHM pa3/ieicHHbIE Pa3sHOCTH:

15-1 28-15 _

=——2= = 2N

1 % 7, f(x,,%)=222L= 13,

f( 1 0) 17 %o 4-2 f( 2 xl) Xy — Xy 5—-4
S, %, %)= SO, %)= f 1, %) _13-7 5

Xy — X 5-2
TToncraBus 3TH 3HaueHHa B (opmyny (I), Halimem HCKOMBI WHTEpIIO-
JANMOHHEIN MHOTOWIeH HuloToHa:
PBx)=1+7Tx-2)+2(x-2)(x—4).
3amevaHue. PackpsiB cko6ky H NPUBEAA NOAOGHBIE YIEHE], MOIYIUM
| Py(x)=2x? —Sx+3.

NMpumep 2. Haifrm mHOrOwIeHs! HpIOTOHA «MHTEpPIIOIMPOBaHHA BIie-
eI H KHHTEPIIONMPOBAHHA Ha3zamy iA PYHKIMH, 3axaHHOMH Tabniieit

x 0 1 2 3
y 5 1 7 29
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BrraucneTs 3HaueHns QyHKumd npa x = 0,5 1 x =2,5.
PeweHue. B nanHOM ciydae
X =0, x,=1, x,=2, =3, y»=5 » =1, y,=7, y;=29; y3ml
MHTEPIIONTHPOBAHKA SBIAIOTCA PABHOOTCTOAIMMH "
(¥, =%, =%y =Xy =X3 =X =1).

CocraBuM TabmMIy KOHEYHbIX Ppa3sHOCTEH PpasHIHbIX IOPANKOB
(rabmaua 15.7).

Tabnuna 15.7
x y Ay Ay Ay
° 2 -4 10
! 1 6 p 6
2 7 22 =
3 29 =

Yncna BepxHei (HMcXonAmeH) CTPOKH 3TOH TabMIE! (TOXICPKHYTHI
OHOM YepTOif) BXOAAT MHOXHTEIIMU B k03 HIHEHTH MHOTOUACHA Hsio-
TOHa 11 GOPMYJB! HTEPIOMpOBaHKs Briepe». IIpaBad yacTs dopmysl
(15.16) mpu n=3 npuUHAMAaeT BUI

Ay, Ay
P(x)=Y, +—h° (x—xo)+——2!h‘2’ (x—=x) (x—x)+
A3
+ﬁ(x—x.,)(x—x,)(x—x2)

Hcnons3osas yClIoOBHE 3aJa9d H yKa3aHHBIC THCIA, HaliileM MHOTOWIEH
He10TOHA [UTA «MHTEPIIOIMPOBAHUA BHEPED)

-4 10 6
Pe(x)=5+T(x—O)+E?1—2(x-—0) (x—l)+3—!i3—(x—0) (x-D(x-2),

R,(x)=5—-4x+5x(x—l)+x(x—l)(x-—2). {mn

Uncna uukHelt (BOCXOAAMEH) CTPOKH Tabmuubl 15.7 (MOXYEPKHYTHI
ABYMst YEPTaMH, BKITIOYas U GHCIO 6) BXOJAT B KOIDQHIHMEHTE MHOTOWIE-
Ha HbloToHAa IS HHTEpIONMpOBaHMsA Hasamy. IIpasas 4acts QopMyIbI
(15.17) npu n=3 nUMeeT BUK

A Ay
P”(x)=y,+%(x—x4)+2!h; (x—x,) (x—x;)+
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A3
+
3th?

> (x- X ) (x—x3)(x—x,)-

Hcnons3oas yciosue 3afa4y ¥ 9McHa Tabumusr 15.7, momdepkHyThIE
IByMa depramu (BKOuad 4ucio 6), HaﬁneM MHorowrieH Heiotona misa
«nm'eprxonnponaﬂm Ha3am

P,(x)=29+22 (x—3)+;(x—3) (x—2)+%(x—3) (x=2) (x-1),

P(x)=29+22(x-3)+8(x-3)(x-2)+(x-3)(x-2) (x-1). ()
3uavenne ¢ynkuun npa x =0,5 HalileM ¢ MOMOMIBIO TIEPBOTO MHOTO-
qilcHa:
f(0,5)=F,(0,5)=5-4:0,5+5-0,5(-0,5)+0,5(-0,5) (-1,5) = 2,125,
a 3HaYeHHe QyHKUMM IIPH X.= 2,5 — C IIOMOIIBLIO BTOPOT0 MHOTOWIEHA:
f(2,5)=P,(25)=29+22(~0,5+8(-0,5) (0,5)+(-0,5)-0,5-(1,5) = 15,625.

3ameuanuc. HalineHHbie MHOTOWIEHS! OTIMYAIOTCS TONBKO dopMoii. Pac-
KpbIBas CKOOKH U MIpHUBOAA IIOHOGHLIC YJICHBI, TIOJYy4YacM OAHH H TOT K€ MHOI'OUMJICH
B 06bIqHON dopme:

P(x)=x>+2x" =Tx+5.

3apaun
Haifri uaTepnonsionnsie MHorowieHs: Holotona mia QyHkumii, 3a-
JAHHHIX CIIEAYIOIMMMH TabIuuamu:

L| x 1 3 | 4 2 x | -3 | -2] -1
y | 6 [ 24 | 45 y 8 | 14 | 23

3 x |=3|-1] 1 {2 ]alx]|-1]1|2]3
y | 86| 4|18 y |13 1] 7]2

5.1 x | -1 1 2 3 6. x (-2 |-1]1 213
y |15 1 12 | 41 y | 57T 15) 3|9 |47

7. Haittu HHTEPIONAUUOHHBIE MHOTOYJIEHBI HeioToHa
«MHTEPIIONMPOBAHKA BNEPE» W «MHTEPIONMPOBAHMS Ha3amy WA GyHKIHK
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y=f(x) 1o CleAyIOMMM AAHHEIM: f(=2)==50, f(-)=-22, f(0)=-38,
fH=-2,1(2)=26

8. Haift¥ MHTEpNONAUMOHHLIH MHorowien HbioToHa A $yHKuHH
f(x)=2% Do ee 3HaYCHMAM B TOUKAX Xo=-1Lx,=0,x=,Lx3=2,x4=3
u BeraHCAHTs f(-0,5), f(2.5).

OTBeTbI

1. B(x)=6+9(x-D+4(x-D(x-3). 2. Py (x)=15x* +135x+35
3. P3(x)=x3+3x2v—2x+2. 4. P(x)=x>+2x? - Tx+5. 5. B(x)=-15+
+8(x+ D+ (x+D)(x=D+2(x+ D) (x-1)(x—2), nm P(x)=2x*-3x* +
+6x—4. 6 P(x)=5T—42(x+2)+12 (x+2) (x+1) =2 (x+2) (x+1) X
x(x =D+ (x+2) (x+1) (x=1) (x—2), nm P,(x)=x*-2x* +3x* —4x +5.
7. P(x)=-50+28(x+2)~7 (x+2) (x+D)+x (x+]) (x+2)+x (x -1
x(x+1)(x+2),  P,(x)=26+28(x=2)+11(x=2) (x=D+5x (x=1)X
x(x=2)+x(x-1)(x-2) (x+1), wm P(x)=x*+3>-5"+Tx-8.

8. P,(x):—;-+-;—(x+l)+-‘l;x(x+l) +T12—x(x+1)(x—l) +Zl-8—x(x+1)x
x(x-1)(x-2), P,,(x)=8+4(x-3)+(x—3)(x—2)+%(x—3)(x—2)x

><(x—1)+%(x—3) (x-2)(x=Dx; f(-0,5)=PF,(-0,5)~06992, f(25)=
= P,(2,5) = 5,6680.
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KHkublli MHTepHeT-Mara3uH usgarenscrsa "TerpaCucremc”
http://www.book.shop.by

(moctyneH B Muncke no BECIUIATHOM nunuu: Ten. 210-57-87)

Cnpagounoe uzdanue

T'YCAK Anekceit AnamoBuy

MATEMATUYECKUA AHANMU3 U
ONOOEPEHLIUATIbHBIE YPABHEHUSA:

CIIpaBOYHOE NOCOOHE K PellIeHHI0 32124

Penaxrop C.B. llpoyxo
Juzaitn o6noxku C.A. JJemuoosa
OTBeTCTBEHHDIH 32 BeTyck A. @. Macnuxoe

[ToANycaHo B NEYaTh ¢ FOTOBBIX AMano3nTueos 10.06.2003.
dopmar 60x84 /6. Bymara ana odcetHol neuaru. Fapuutypa Taiimc.
Teuats odcernan. Yen. new. 1. 24,28, Tupax 3100 3k3.

3akas 1205. :

Hayuso-TexHHUeCKOE OOIIECTBO ¢ OTPAHHYEHHOH OTBETCTBEHHOCTHIO "TerpaCucremc".
Jinuensus JIB Ne 76 ot 19.11.2002.
220106, r. Musck, a/a 139 (ten. 219-73-88; E-mail: books@tut.by; http://www.ts.by).

PecnyGnMKaHCKOe YHHTApHOE TPEANPHATHE
«M3narenscTso "Benopycckuit oM neuatd”».
220013, r. Munuck, np. ®. CxopuHbi, 79.
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